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Preface 


The main purpose of the present treatise is to give an account of some of the 
topics in algebraic geometry which while having occupied the minds of many 
mathematicians in previous generations have fallen out of fashion in modern 
times. Often in the history of mathematics new ideas and techniques make the 
work of previous generations of researchers obsolete, especially this applies 
to the foundations of the subject and the fundamental general theoretical facts 
used heavily in research. Even the greatest achievements of the past genera- 
tions which can be found for example in the work of F. Severi on algebraic 
cycles or in the work of O. Zariski’s in the theory of algebraic surfaces have 
been greatly generalized and clarified so that they now remain only of histor- 
ical interest. In contrast, the fact that a nonsingular cubic surface has 27 lines 
or that a plane quartic has 28 bitangents is something that cannot be improved 
upon and continues to fascinate modern geometers. One of the goals of this 
present work is then to save from oblivion the work of many mathematicians 
who discovered these classic tenets and many other beautiful results. 

In writing this book the greatest challenge the author has faced was distilling 
the material down to what should be covered. The number of concrete facts, 
examples of special varieties and beautiful geometric constructions that have 
accumulated during the classical period of development of algebraic geometry 
is enormous and what the reader is going to find in the book is really only 
the tip of the iceberg; a work that is like a taste sampler of classical algebraic 
geometry. It avoids most of the material found in other modern books on the 
subject, such as, for example, [10] where one can find many of the classical 
results on algebraic curves. Instead, it tries to assemble or, in other words, to 
create acompendium of material that either cannot be found, is too dispersed to 
be found easily, or is simply not treated adequately by contemporary research 
papers. On the other hand, while most of the material treated in the book exists 
in classical treatises in algebraic geometry, their somewhat archaic terminology 
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and what is by now completely forgotten background knowledge makes these 
books useful to but a handful of experts in the classical literature. Lastly, one 
must admit that the personal taste of the author also has much sway in the 
choice of material. 

The reader should be warned that the book is by no means an introduction 
to algebraic geometry. Although some of the exposition can be followed with 
only a minimum background in algebraic geometry, for example, based on 
Shafarevich’s book [530], it often relies on current cohomological techniques, 
such as those found in Hartshorne’s book [282]. The idea was to reconstruct 
a result by using modern techniques but not necessarily its original proof. For 
one, the ingenious geometric constructions in those proofs were often beyond 
the authors abilities to follow them completely. Understandably, the price of 
this was often to replace a beautiful geometric argument with a dull cohomo- 
logical one. For those looking for a less demanding sample of some of the 
topics covered in the book, the recent beautiful book [39] may be of great use. 

No attempt has been made to give a complete bibliography. To give an idea 
of such an enormous task one could mention that the report on the status of 
topics in algebraic geometry submitted to the National Research Council in 
Washington in 1928 [535] contains more than 500 items of bibliography by 
130 different authors only in the subject of planar Cremona transformations 
(covered in one of the chapters of the present book.) Another example is the 
bibliography on cubic surfaces compiled by J. E. Hill [295] in 1896 which 
alone contains 205 titles. Meyer’s article [385] cites around 130 papers pub- 
lished 1896-1928. The title search in MathSciNet reveals more than 200 papers 
refereed since 1940, many of them published only in the past 20 years. How 
sad it is when one considers the impossibility of saving from oblivion so many 
names of researchers of the past who have contributed so much to our subject. 

A word about exercises: some of them are easy and follow from the defi- 
nitions, some of them are hard and are meant to provide additional facts not 
covered in the main text. In this case we indicate the sources for the statements 
and solutions. 

I am very grateful to many people for their comments and corrections to 
many previous versions of the manuscript. I am especially thankful to Sergey 
Tikhomirov whose help in the mathematical editing of the book was essential 
for getting rid of many mistakes in the previous versions. For all the errors still 
found in the book the author bears sole responsibility. 
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1 
Polarity 


1.1 Polar hypersurfaces 


1.1.1 The polar pairing 


We will take C as the base field, although many constructions in this book 
work over an arbitrary algebraically closed field. 

We will usually denote by F a Its dual vector space will be denoted by EY. 

Let S(E)(°}”). The image of a tensor vı © --- ® va in S4(E) is denoted 
by v1 +- UVa. 

The permutation group Gq 


S*(E) > Sa(E). 
Replacing E by its dual space EV, we obtain a natural isomorphism 
pa : S°(EY) > Sal EY). (1.1) 


Under the identification of (EY)®@ with the space (E®@)V, we will be able 
to identify S4( E“) with the space Hom(E%, C)®@ of symmetric d-multilinear 
functions E? — C. The isomorphism py is classically known as the total 
polarization map. 

Next we use that the quotient map E®¢ — S4(E) is a universal symmetric 
d-multilinear map, i.e. any linear map E®¢ — F with values in some vector 
space F factors through a linear map SY(E) > F. If F = C, this gives a 
natural isomorphism 


(E29) = Sa( EY) + SE). 
Composing it with pg, we get a natural isomorphism 


ES (1.2) 


2 Polarity 
It can be viewed as a perfect bilinear pairing, the polar pairing 
() : S4(EY) 8 S4(E) > C. (1.3) 


This pairing extends the natural pairing between E and EY to the symmetric 
powers. Explicitly, 


(llawi wa) = XO Igy (wi) lo- (wa)- 
o€Ga 


One can extend the total polarization isomorphism to a partial polarization 
map 


(,) : S4(EY) @ S*(E) > SEN), k<d, (1.4) 


(1 -la,wı: we) = 5 Urin +) II l;. 


1<ü<...<i,<n jŻir -nik 
In coordinates, if we choose a basis (&o,..-,&n) in E and its dual basis 
to,--- tn in EY, then we can identify S(EV) with the polynomial algebra 


Clto,... , tn] and ST(EY) with the space C[to, .. - , tn]a of homogeneous poly- 
nomials of degree d. Similarly, we identify S¢(E) with C[éo,... , En]. The po- 
larization isomorphism extends by linearity of the pairing on monomials 
ur el lese, 
= rue 
0 otherwise. 


One can give an explicit formula for pairing (1.4) in terms of differential 
operators. Since (t;,&;) = 4;;, it is convenient to view a basis vector £; as the 


partial derivative operator 0; = an 


Dy = yY(ðo, . - - , On). 


The pairing (1.4) becomes 
leo, - - -> En), F (tos -- -> tn)) = Dy (f). 


For any monomial 0° = ð --- ð” and any monomial ti = t% --- tJ", we 
have 


i j-i ifii 
oi (ti) = oje ifj 12 0, (1.5) 
0 otherwise. 


Here and later we use the vector notation: 


i! = io! -inl . = il = io +--+ + in- 
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The total polarization F of a polynomial f is given explicitly by the following 
formula: 


Fr- va) = Doy-va(f) = (Dan 9.0 Doa) (F). 


Taking vı =... = va = v, we get 


F(v,...,v) = df (v) = Dya(f) = X (Da r. (1.6) 
lil=d 
Remark 1.1.1 The polarization isomorphism was known in the classical liter- 
ature as the symbolic method. Suppose f = 1? is a d-th power of a linear form. 
Then D,(f) = di(v)*”! and 


Dy, 0...0 Dy, (f) = d(d-1)--- (d — k + 1)l(v1) «++ Kor)IR. 


In classical notation, a linear form J` a;x; on Ct! is denoted by a, and the 
dot-product of two vectors a, b is denoted by (ab). Symbolically, one denotes 
any homogeneous form by a@ and the right-hand side of the previous formula 
reads as d(d — 1)--- (d — k + 1)(ab)*ad-*. 

Let us take E = 9™ (UY) for some vector space U and consider the linear 
space SI(S”(UY)Y). Using the polarization isomorphism, we can identify 
S™(UY)Y with S™ (U). Let (£o,...,&r) be a basis in U and (to,..., t-41) be 
the dual basis in UY. Then we can take for a basis of S™ (U) the monomials 
£. The dual basis in S m (UY) is formed by the monomials ixi. Thus, for any 
f € S™(UY), we can write 


mif = X (Jax. (1.7) 
jil=m 


In symbolic form, m!f = (ax)™ . Consider the matrix 


oo ie 
wo go 
where EP, Dea &) is a copy of a basis in U. Then the space S(S”(U)) 


is equal to the subspace of the polynomial algebra cies”) in d(r + 1) vari- 


ables & ei of polynomials which are homogeneous of degree m in each column 
of the matrix and symmetric with respect to permutations of the columns. Let 
J C {1,...,d} with #J = r + 1 and (J) be the corresponding maximal mi- 


nor of the matrix =. Assume r + 1 divides dm. Consider a product of k = nu 


such minors in which each column participates exactly m times. Then a sum 





of such products which is invariant with respect to permutations of columns 
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represents an element from $4($™(U)) which has an additional property that 
it is invariant with respect to the group SL(U) = SL(r + 1,C) We can in- 
terpret elements of SI(S”"(UY)Y) as polynomials in coefficients of a; of a 
homogeneous form of degree din r + 1 variables written in the form (1.7). We 
write symbolically an invariant in the form (J1) --- (J) meaning that it is ob- 
tained as sum of such products with some coefficients. If the number d is small, 
we can use letters, say a,b,c,..., instead of numbers 1,...,d. For example, 
(12)?(13)?(23)? = (ab)? (bc)? (ac)? represents an element in 9°(.$4(C?)). 
In a similar way, one considers the matrix 


(1) (a) (1) (s) 
er bo eee Fy 


EW lu RE cee a 


The product of k maximal minors such that each of the first d columns occurs 
exactly k times and each of the last s columns occurs exactly p times represents 
a covariant of degree p and order k. For example, (ab)?a,b, represents the 
Hessian determinant 








2f of 
Ox? 0210) 

He(f) = det ( + | 
022021 022 


of a ternary cubic form f. 


The projective space of lines in E will be denoted by |E]. 

A basis &o,...,&n in E defines an isomorphism Æ = C"*! and identifies 
|E| with the projective space P” := |C”*1). 

The projective space comes with the tautological invertible sheaf O|z(1) 
whose space of global sections is identified with the dual space EY. Its d-th 
tensor power is denoted by O),)(d). Its space of global sections is identified 
with the symmetric d-th power ST(EY). 

For any f € S¢(EY),d > 0, we denote by V(f) the corresponding ef- 
fective divisor from |O] x (d)|, considered as a closed subscheme of |E], not 
necessarily reduced. We call V(f) a hypersurface of degree d in || defined 
by equation f = 0! A hypersurface of degree 1 is a hyperplane. By definition, 
V(0) = |E| and V(1) = ®. The projective space |S7(EY)| can be viewed 
as the projective space of hypersurfaces in |Æ]. It is equal to the complete lin- 
ear system |O] z (d)|. Using isomorphism (1.2), we may identify the projective 


1 This notation should not be confused with the notation of the closed subset in Zariski topology 
defined by the ideal (f). It is equal to V(f) rea. 


1.1 Polar hypersurfaces 5 


space |$7(E)| of hypersurfaces of degree d in |EY| with the dual of the pro- 
jective space |STEV|. A hypersurface of degree d in | EY | is classically known 
as an envelope of class d. 

The natural isomorphisms 


(EY)@4 = HOLE, O5), Sa(EY) = H(\E|*, Om") 


allow one to give the following geometric interpretation of the polarization 
isomorphism. Consider the diagonal embedding ôa : |E| > |E|¢. Then the 
total polarization map is the inverse of the isomorphism 


84: HOLEN, Oz (1)7°)S > H°(\E|, Oja (d)). 


We view aodo + ++: + ann # 0 as a point a € |E| with projective coordi- 
nates [ao,... , an]. 


Definition 1.1.2 Let X = V (f) be a hypersurface of degree d in |E| and 
x = [v] be a point in |E|. The hypersurface 


Par (X) = V (Da (f)) 


of degree d — k is called the k-th polar hypersurface of the point a with respect 
to the hypersurface V (f) (or of the hypersurface with respect to the point). 


Example 113 Let d= 2, i.e. 


n 
f = 5 aut? + 2 5 Qijtitj 
i=0 


0<i<j<n 
is a quadratic form on C”*?. For any x = [ao,...,@n] € P”, P,(V(f)) = 
V (g), where 
g= > “a, =2 Ds QiQijtj, Qji = Qij. 
i=0 O<i<j<n 


The linear map v ++ D,(f) is a map from C"*! to (C"t')Y which can be 
identified with the polar bilinear form associated to f with matrix 2(a;;). 


Let us give another definition of the polar hypersurfaces P,* (X). Choose 
two different points a = [ao, . . . , an] and b = [bo,..., 6] in P” and consider 
the line £ = ab spanned by the two points as the image of the map 


o:P!-P", [uo, wu] > uoa + uib := [aouo + bour, ..., anuo + bnun] 


(a parametric equation of £). The intersection {IX is isomorphic to the positive 
divisor on P! defined by the degree d homogeneous form 


p*(f) = f(uoa + u1b) = f(aouo + boui, ..., anuo + bpur). 


6 Polarity 


Using the Taylor formula at (0,0), we can write 


$ 1 m 
= J quot Armla, b), (1.8) 
Eai Im! 
where 
ato f) 
Arm(a,b) = ——— (0,0). 
km (a,b) Duo © 0) 


Using the Chain Rule, we get 
Armla b) = % GEH = Darf) A9) 
il=k,ljl=m 
Observe the symmetry 


Arm (a, b) = Amx(b, a). (1.10) 


When we fix a and let b vary in P” we obtain a hypersurface V(A(a, x)) of 
degree d — k which is the k-th polar hypersurface of X = V (f) with respect 
to the point a. When we fix b and vary a in P”, we obtain the m-th polar 
hypersurface V (A(x,b)) of X with respect to the point b. 


Note that 
Datom (f) = Dar (Dom (f)) = Dom (a) = Dom (Dar (f)) = DaF). 
(1.11) 
This gives the symmetry property of polars 
b € Pyr(X) & a € Pa-r(X). (1.12) 


Since we are in characteristic 0, if m < d, Dam (f) cannot be zero for all a. To 
see this we use the Euler formula: 


n 


of 
df = ye. 
j 2, dt; 
i=0 
Applying this formula to the partial derivatives, we obtain 


d(d-1):-(d-k+)f=), (ftos (1.13) 


lil=k 
(also called the Euler formula). It follows from this formula that, for all k < d, 
a€ Pyr(X)Seacex. (1.14) 


This is known as the reciprocity theorem. 
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Example 1.1.4 Let Ma be the vector space of complex square matrices of 
size d with coordinates t;;. We view the determinant function det : Mg — C 
as an element of SUMY), i.e. a polynomial of degree d in the variables t;j. 
Let Ci; = ae For any point A = (a;;) in Ma the value of C;, at A is equal 
to the ij-th cofactor of A. Applying (1.6), for any B = (b;;) € Ma, we obtain 


Daa-ı (det) = D&*(Dp(det)) = DI () bis Ci) = (d- DES © bij Ci (A). 


Thus DI” (det) is a linear function > t;;Ci;; on Ma. The linear map 
1 
SMa) > MY, Ar qai PA (det), 
can be identified with the function A ++ adj( A), where adj(A) is the cofactor 


matrix (classically called the adjugate matrix of A, but not the adjoint matrix 
as it is often called in modern text-books). 


1.1.2 First polars 


Let us consider some special cases. Let X = V (f) be a hypersurface of degree 
d. Obviously, any 0-th polar of X is equal to X and, by (1.12), the d-th polar 
P,a(X) is empty if a ¢ X. and equals P” if a € X. Now take k = 1,d — 1. 
By using (1.6), we obtain 


1 “Of 
aia) = 5 ap 


i=0 ° 


(a)ti. 


Together with (1.12) this implies the following. 
Theorem 1.1.5 For any smooth point x € X, we have 
Pas (X) = Ta(X). 
If x is a singular point of X, P,a-ı (X) = P”. Moreover, for any a € P”, 
XNP(X)={reX:aceT.(X)}. 


Here and later on we denote by T,.(X)) the embedded tangent space of a 
projective subvariety X C P” at its point z. It is a linear subspace of P” equal 
to the projective closure of the affine Zariski tangent space T, (X) of X at x 
(see [278], p. 181). 

In classical terminology, the intersection X N P,(X) is called the apparent 
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boundary of X from the point a. If one projects X to P”~+ from the point a, 
then the apparent boundary is the ramification divisor of the projection map. 

The following picture makes an attempt to show what happens in the case 
when X is a conic. 


P(X) 


X 


e 





Figure 1.1 Polar line of a conic 


The set of first polars P, (X) defines a linear system contained in the com- 
plete linear system |Opn (d-1) |. The dimension of this linear system < n. We 
will be freely using the language of linear systems and divisors on algebraic 
varieties (see [282]). 


Proposition 1.1.6 The dimension of the linear system of first polars < r if 
and only if, after a linear change of variables, the polynomial f becomes a 
polynomial in r + 1 variables. 


Proof Let X = V (f). It is obvious that the dimension of the linear system of 
first polars < r if and only if the linear map E > S¢-1(EY),v => D,(f) has 
kernel of dimension > n — r. Choosing an appropriate basis, we may assume 
that the kernel is generated by vectors (1,0,...,0), etc. Now, it is obvious that 
f does not depend on the variables to,... ,tn-r-1- 














It follows from Theorem 1.1.5 that the first polar P,(X) of a point a with 
respect to a hypersurface X passes through all singular points of X. One can 
say more. 


Proposition 1.1.7 Let a be a singular point of X of multiplicity m. For each 
r < deg X — m, Pır(X) has a singular point at a of multiplicity m and the 
tangent cone of Par (X) at a coincides with the tangent cone TCa (X) of X at 
a. For any point b # a, the r-th polar Pyr(X) has multiplicity > m — r at a 
and its tangent cone at a is equal to the r-th polar of TC„(X) with respect to 
b. 


Proof Let us prove the first assertion. Without loss of generality, we may 
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assume that a = [1,0,...,0]. Then X = V (f), where 


Feist Pet Hee use 

(1.15) 
The equation fm(t1,..-,tn) = 0 defines the tangent cone of X at b. The 
equation of Par (X) is 


af 
Oth 





m 
DE eta sta) = 0. 


It is clear that [1,0,...,0] is a singular point of Par (X) of multiplicity m with 
the tangent cone V(fim(ti,..-,tn)). 

Now we prove the second assertion. Without loss of generality, we may 
assume that a = [1,0,...,0] and b = [0,1,0,...,0]. Then the equation of 
Pyr(X) is 

OF md" Im ə fa 


= = 0h 
ay °” ƏR ot 








The point a is a singular point of multiplicity > m — r. The tangent cone of 


P,- (X) at the point a is equal to ve) and this coincides with the r-th 
1 


polar of TCa (X) = V (fm) with respect to b. 

















We leave it to the reader to see what happens if r > d — m. 

Keeping the notation from the previous proposition, consider a line £ through 
the point a such that it intersects X at some point x # a with multiplicity larger 
than one. The closure EC, (X) of the union of such lines is called the envelop- 
ing cone of X at the point a. If X is not a cone with vertex at a, the branch 
divisor of the projection p : X \ {a} — P"~! from a is equal to the projection 
of the enveloping cone. Let us find the equation of the enveloping cone. 

As above, we assume that a = [1,0,...,0]. Let H be the hyperplane to = 0. 
Write (in a parametric form ua + vx for some x € H. Plugging in Equation 
(1.15), we get 


P(t) = Ele; meee ey ee er is eas ‚m)+: . -+ falzı, e. By) = 0, 


where t = u/v. 

We assume that X £ TC,(X), i.e. X is not a cone with vertex at a (oth- 
erwise, by definition, EC,(X) = TC,(X)). The image of the tangent cone 
under the projection p : X \ {a} > H = P"~1 is a proper closed subset of 
H. If fm(&1,..-,%n) Æ 0, then a multiple root of P(t) defines a line in the 
enveloping cone. Let Dy(Ao,..., Ax) be the discriminant of a general poly- 
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nomial P = AgT* + --- + A, of degree k. Recall that 
AoDz (Ao, . , Ax) = (1 VPRes(P, P’)(Ao, ---,An); 


where Res(P, P’) is the resultant of P and its derivative P’. It follows from 
the known determinant expression of the resultant that 


k2-k+2 


D,(0, Ai,..., Ax) = (-1) 2 AdDx_1(A1,..., Ar). 





The equation P(t) = 0 has a multiple zero with t Æ 0 if and only if 
Da-m(fm(2),---; fa(x)) = 0. 


So, we see that 


ECa(X) C V(Da-m(fm(x),---, fa(z))), (1.16) 
EC,(X) N TC,(X) Cc V(Da m 1(fm H 1(z), rg fa(x))). 


It follows from the computation of ot in the proof of the previous Proposition 
that the hypersurface V(Da_m(fm(),.--, fa(x))) is equal to the projection 
of Pa(X) 1 X to H. 

Suppose V(Dag—m-—1(fm+i(2),---; fa(x))) and TCa (X) do not share an 


irreducible component. Then 








V(Da-m(fm(a),---5 fa(x))) \TCa(X) N V(Da-m (fm (2); ++; fa(a))) 


= V(Da-m(fm(@), +++; fa(@))) \ V (Da-m-1(fm+1 (2), +++, fa(w))) C ECa (X), 
gives the opposite inclusion of (1.16), and we get 
EC.(X) = V (Da-m(fm(2), ---, fa(@))). (1.17) 


Note that the discriminant Dg_;(Ao,..., Az) is an invariant of the group 
SL(2) in its natural representation on degree k binary forms. Taking the diago- 
nal subtorus, we immediately infer that any monomial An ee Air entering in 
the discriminant polynomial satisfies 


k k 
kX is =2Ņ sis. 
s=0 s=0 


It is also known that the discriminant is a homogeneous polynomial of degree 
2k — 2 . Thus, we get 


k 
k(k-1)=) sis. 
s=0 
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In our case k = d — m, we obtain that 


deg V(Da—m(fm(2), +++ fa())) 


l 
M 
F 
+ 
2 


= m(2d — 2m — 2) + (d— m)(d —- m — 1) = (d+ m)(d -m — 1). 





This is the expected degree of the enveloping cone. 


Example 1.1.8 Assume m = d — 2, then 


Do(fa—2(x), Sa-ı(8), fa(x)) = fa-1 (2)? — 4fa—2(a) Falk), 
D2(0, fa-ı(2), falz)) = fa-2(x) = 0. 


Suppose fa-2(x) and fa-ı are coprime. Then our assumption is satisfied, and 
we obtain 


ECa(X) = V(fa-1(@)? - 4fa—2(x) fa(a)). 


Observe that the hypersurfaces V (fa_2(x)) and V(fa(a)) are everywhere tan- 
gent to the enveloping cone. In particular, the quadric tangent cone TC, (X) is 
everywhere tangent to the enveloping cone along the intersection of V (fa-2(x)) 
with V(fa—1(2)). 


For any nonsingular quadric Q, the map x +> P,(Q) defines a projective 
isomorphism from the projective space to the dual projective space. This is a 
special case of a correlation. 

According to classical terminology, a projective automorphism of P” is 
called a collineation. An isomorphism from |E to its dual space P(E) is called 
a correlation. A correlation ce : |E| — P(E) is given by an invertible linear map 
@: E — EY defined uniquely up to proportionality. A correlation transforms 
points in || to hyperplanes in |E|. A point x € |E] is called conjugate to a 
point y € || with respect to the correlation c if y € c(x). The transpose of the 
inverse map '¢~! : EY — E transforms hyperplanes in |F| to points in |E]. It 
can be considered as a correlation between the dual spaces P(E) and |E]. It is 
denoted by cY and is called the dual correlation. It is clear that (cY)Y = c. If 
H is a hyperplane in |E| and x is a point in H, then point y € |E] conjugate 
to x under c belongs to any hyperplane H’ in |E| conjugate to H under cY. 

A correlation can be considered as a line in (E & E)“ spanned by a nonde- 
generate bilinear form, or, in other words as a nonsingular correspondence of 
type (1,1) in |Z] x |E]. The dual correlation is the image of the divisor under 
the switch of the factors. A pair (x, y) € |E| x |E| of conjugate points is just 
a point on this divisor. 

We can define the composition of correlations c' o c”. Collineations and 
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correlations form a group NPGL(F) isomorphic to the group of outer auto- 
morphisms of PGL(E). The subgroup of collineations is of index 2. 

A correlation c of order 2 in the group NPGL(£) is called a polarity. In 
linear representative, this means that ‘4 = Ad for some nonzero scalar X. After 
transposing, we obtain A = +1. The case X = 1 corresponds to the (quadric) 
polarity with respect to a nonsingular quadric in |E| which we discussed in this 
section. The case A = —1 corresponds to a null-system (or null polarity) which 
we will discuss in Chapters 2 and 10. In terms of bilinear forms, a correlation 
is a quadric polarity (resp. null polarity) if it can be represented by a symmetric 
(skew-symmetric) bilinear form. 





Theorem 1.1.9 Any projective automorphism is equal to the product of two 
quadric polarities. 


Proof Choose a basis in E to represent the automorphism by a Jordan matrix 
J. Let J„(A) be its block of size k with A at the diagonal. Let 


0 0 0 1 

0 0 1 0 

B= |: i: 

0 1 . 0 0 

1 0 . 00 

Then 
0 0 0 à 
0 0 A 1 
Cx (A) = By Jp(A) = : 

0 0 0 
A 1 0 0 


Observe that the matrices Be and C(A) are symmetric. Thus each Jordan 
block of J can be written as the product of symmetric matrices, hence J is the 
product of two symmetric matrices. It follows from the definition of composi- 
tion in the group NPGL(£) that the product of the matrices representing the 
bilinear forms associated to correlations coincides with the matrix representing 
the projective transformation equal to the composition of the correlations. 
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1.1.3 Polar quadrics 
A (d — 2)-polarof X = V (f) is a quadric, called the polar quadric of X with 


respect to a = [do,..., an]. It is defined by the quadratic form 
q= D ,a-2 (f) = 5 (Paois. 
jil=d-2 


Using Equation (1.9), we obtain 


By (1.14), each a € X belongs to the polar quadric P,a-2(X). Also, by 
Theorem 1.1.5, 


Ta(P,a-2(X)) = P,(P,a-2(X)) = Pa-ı (X) = Ta(X). (1.18) 


This shows that the polar quadric is tangent to the hypersurface at the point a. 

Consider the line £ = ab through two points a,b. Let y : P! — P” be 
its parametric equation, i.e. a closed embedding with the image equal to £. It 
follows from (1.8) and (1.9) that 


i(X,ab)a > s +14 bE P(X), k<s. (1.19) 


For s = 0, the condition means that a € X. For s = 1, by Theorem 1.1.5, 
this condition implies that b, and hence £, belongs to the tangent plane Ta (X). 
For s = 2, this condition implies that b € P,a-2 (X). Since £ is tangent to X 
at a, and P,a-2 (X) is tangent to X at a, this is equivalent to that £ belongs to 
P,a-2(X). 

It follows from (1.19) that a is a singular point of X of multiplicity > s + 1 
if and only if P,a-«(X) = P” for k < s. In particular, the quadric polar 
P,a-2(X) = P” if and only if a is a singular point of X of multiplicity > 3. 


Definition 1.1.10 A line is called an inflection tangent to X at a point a if 
i(X, L)a > 2. 


Proposition 1.1.11 Let £ be a line through a point a. Then £ is an inflection 
tangent to X at a if and only if it is contained in the intersection of T 4(X) with 
the polar quadric P,a-2(X). 


Note that the intersection of an irreducible quadric hypersurface Q = V (q) 
with its tangent hyperplane H at a point a € Q is a cone in H over the quadric 
Q in the image H of H in |E/[a]|. 
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Corollary 1.1.12 Assume n > 3. For any a € X, there exists an inflection 
tangent line. The union of the inflection tangents containing the point a is the 


cone Ta(X)N Pya-2 (X) in Ta(X). 


Example 1.1.13 Assume a is a singular point of X. By Theorem 1.1.5, this 
is equivalent to that P,a-ı(X) = P”. By (1.18), the polar quadric Q is also 
singular at a and therefore it must be a cone over its image under the projection 
from a. The union of inflection tangents is equal to Q. 


Example 1.1.14 Assume a is a nonsingular point of an irreducible surface X 
in P3. A tangent hyperplane T,,(X) cuts out in X a curve C with a singular 
point a. If a is an ordinary double point of C, there are two inflection tangents 
corresponding to the two branches of C at a. The polar quadric Q is nonsingu- 
lar at a. The tangent cone of C at the point a is a cone over a quadric Q in P!. 
If Q consists of two points, there are two inflection tangents corresponding to 
the two branches of C at a. If Q consists of one point (corresponding to non- 
reduced hypersurface in P'), then we have one branch. The latter case happens 
only if Q is singular at some point b £ a. 


1.1.4 The Hessian hypersurface 


Let Q(a) be the polar quadric of X = V(f) with respect to some point a € P”. 
The symmetric matrix defining the corresponding quadratic form is equal to 
the Hessian matrix of second partial derivatives of f 


2 
He(f) = Goede 





evaluated at the point a.The quadric Q(a) is singular if and only if the deter- 
minant of the matrix is equal to zero (the locus of singular points is equal to 
the projectivization of the null-space of the matrix). The hypersurface 


He(X) = V (det He(f)) 


describes the set of points a € P” such that the polar quadric P,a-2(X) is 
singular. It is called the Hessian hypersurface of X. Its degree is equal to (d — 
2)(n + 1) unless it coincides with P”. 


Proposition 1.1.15 The following is equivalent: 


(i) He(X) = Pr; 


(ii) there exists a nonzero polynomial g(zo,..., Zn) such that 


gloff, .--, 3n f) = 0. 
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Proof This is a special case of a more general result about the Jacobian de- 
terminant (also known as the functional determinant) of n + 1 polynomial 
functions fo,..., fn defined by 





Ofi 

j 
Suppose J (fo, .--, fn) = 0. Then the map f : C”+! > C+! defined by the 
functions fo,..., fn is degenerate at each point (i.e. df, is of rank < n + 1 


at each point x). Thus the closure of the image is a proper closed subset of 
C”+1, Hence there is an irreducible polynomial that vanishes identically on 
the image. 


Conversely, assume that g(fo,.--, fn) = 0 for some polynomial g which 
we may assume to be irreducible. Then 
Og 2 Og Of; 
= — ei) Op FH Os Nn. 
Ot; = Oz; (fo, 3 F ) Ot; t n 


Since g is irreducible, its set of zeros is nonsingular on a Zariski open set U. 
Thus the vector 


(a fol): ee , fn(z)), ame Bz, fo): = ea) 





is a nontrivial solution of the system of linear equations with matrix (22 i(x)), 
€ 


where x € U. Therefore, the determinant of this matrix must be equal to zero. 
This implies that J(fo,..-, fn) = 0 on U, hence it is identically zero. 














Remark 1.1.16 It was claimed by O. Hesse that the vanishing of the Hessian 
implies that the partial derivatives are linearly dependent. Unfortunately, his 
attempted proof was wrong. The first counterexample was given by P. Gordan 
and M. Noether in [253]. Consider the polynomial 


f = tet? + tat? + tatots. 
Note that the partial derivatives 
ZB N az 
O° Of Oh 
are algebraically dependent. This implies that the Hessian is identically equal 
to zero. We have 


Of Of 
— = 2tot tat — = 2tt tato. 
Ito ot2 + tati, Ot, 1t3 + t4to 


Suppose that a linear combination of the partials is equal to zero. Then 


= toty 


cot? + et? + catotı + cz (2tota + tatı) + c4(2tıta + tato) = 0. 


16 Polarity 
Collecting the terms in which t2, t3, t4 enter, we get 
2c3t9 =0, 2caty =0, csti + cato = 0. 


This gives c3 = c4 = 0. Since the polynomials tê, ¢7, tot: are linearly inde- 
pendent, we also get co = cy = Co = Q. 

The known cases when the assertion of Hesse is true are d = 2 (any n) and 
n < 3 (any d) (see [253], [370], [102]). 


Recall that the set of singular quadrics in P” is the discriminant hypersur- 
face Da(n) in Pr(r+3)/2 defined by the equation 


too tor ton 
tor ti tin 

det . =0 
ton tin iaa tnn 


By differentiating, we easily find that its singular points are defined by the 
determinants of n x n minors of the matrix. This shows that the singular locus 
of D2 (n) parameterizes quadrics defined by quadratic forms of rank < n — 1 
(or corank > 2). Abusing the terminology, we say that a quadric Q is of rank 
k if the corresponding quadratic form is of this rank. Note that 


dim Sing(Q) = corank Q — 1. 


Assume that He( f) # 0. Consider the rational map p : |E| — |$?(EY)| 
defined by a +> P,a-2(X). Note that P,a-2(f) = 0 implies P,a-ı (f) = 0 
and hence X`; o b;0; f(a) = 0 for all b. This shows that a is a singular point 
of X. Thus p is defined everywhere except maybe at singular points of X. So 
the map p is regular if X is nonsingular, and the preimage of the discriminant 
hypersurface is equal to the Hessian of X. The preimage of the singular locus 
Sing(D2(n)) is the subset of points a € He( f) such that Sing(P,a-2(X)) is of 
positive dimension. 


Here is another description of the Hessian hypersurface. 


Proposition 1.1.17 The Hessian hypersurface He( X) is the locus of singular 
points of the first polars of X. 


Proof Leta € He(X) and let b € Sing(P,a-2(X)). Then 
E E = 0. 


Since D,( f) is of degree d — 1, this means that Ta (P,(X)) = P”, i.e., aisa 
singular point of P,(X). 
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Conversely, if a € Sing(P,(X)), then Daa-2 (Di (f)) = Do(Daa-2(f)) = 
0. This means that b is a singular point of the polar quadric with respect to a. 
Hence a € He(X). 














Let us find the affine equation of the Hessian hypersurface. Applying the 
Euler formula (1.13), we can write 


tofoi = (d — DOF — ti fii Hos — tn fni» 





todof = df = tort ee tnOnf, 


where f;; denote the second partial derivative. Multiplying the first row of 
the Hessian determinant by to and adding to it the linear combination of the 
remaining rows taken with the coefficients t;, we get the following equality: 


Oof Af .. nf 
= fo fu --- fin 
det ; ; ; 





fno fni eai Tnn 


Repeating the same procedure but this time with the columns, we finally get 


sof Of Kan On f 
d—1)? Ou. fu coe fin 
det(He(f)) = ( 7 ) det . . f j (1.20) 
0 5 : : 
Onf fini ... Inn 
Let $(21,..-, Zn) be the dehomogenization of f with respect to to, i.e., 
t tn 
f(to,...,ta) = i Ona 
0 0 
We have 
of = 8f es a 
Bt, =% lan), 3606, = * hag (21, ---, Zn), i,j =1,...,n, 
where 
_ 2% 6 


di 





Oz; , 2 0202; ` 


Plugging these expressions in (1.20), we obtain, that up to a nonzero constant 
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factor, 


TIO) Bil?) +. Pal) 


ED der(tte(9)) = det | PS) ON Pant) 


ne) Ori) ss» Orinl2) 


where z = (21,...,2n), Zi = ti/to, i=1,...,n. 

Remark 1.1.18 If f(x,y) is a real polynomial in three variables, the value of 
(1.21) at a point v € R” with [v] € V(f) multiplied by INO:ESAOLESAOR is 
equal to the Gauss curvature of X (R) at the point a (see [221]). 





1.1.5 Parabolic points 


Let us see where He( X‘) intersects X. We assume that He( X) is a hypersurface 
of degree (n + 1)(d — 2) > 0. A glance at the expression (1.21) reveals the 
following fact. 


Proposition 1.1.19 Each singular point of X belongs to He(X.). 


Let us see now when a nonsingular point a € X lies in its Hessian hyper- 
surface He(X). 

By Corollary 1.1.12, the inflection tangents in T, (X) sweep the intersection 
of T,(X) with the polar quadric P,a-2(X). If a € He(X), then the polar 
quadric is singular at some point b. 

If n = 2, a singular quadric is the union of two lines, so this means that one 
of the lines is an inflection tangent. A point a of a plane curve X such that 
there exists an inflection tangent at a is called an inflection point of X. 

If n > 2, the inflection tangent lines at a point a € X MHe(X) sweep a cone 
over a singular quadric in P”~? (or the whole P"~? if the point is singular). 
Such a point is called a parabolic point of X . The closure of the set of parabolic 
points is the parabolic hypersurface in X (it could be the whole X). 


Theorem 1.1.20 Let X be a hypersurface of degree d > 2 in P”. In = 2, 
then He(X) N X consists of inflection points of X. In particular, each nonsin- 
gular curve of degree > 3 has an inflection point, and the number of inflections 
points is either infinite or less than or equal to 3d(d — 2). If n > 2, then the 
set X N He(X) consists of parabolic points. The parabolic hypersurface in X 
is either the whole X or a subvariety of degree (n + 1)d(d — 2) in P”. 


Example 1.1.21 Let X be a surface of degree d in P?. If a is a parabolic 
point of X, then T,(X) A X is a singular curve whose singularity at a is of 
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multiplicity higher than 3 or it has only one branch. In fact, otherwise X has 
at least two distinct inflection tangent lines which cannot sweep a cone over a 
singular quadric in P!. The converse is also true. For example, a nonsingular 
quadric has no parabolic points, and all nonsingular points of a singular quadric 
are parabolic. 

A generalization of a quadratic cone is a developable surface. It is a special 
kind of a ruled surface which characterized by the condition that the tangent 
plane does not change along a ruling. We will discuss these surfaces later in 
Chapter 10. The Hessian surface of a developable surface contains this surface. 
The residual surface of degree 2d — 8 is called the pro-Hessian surface. An 
example of a developable surface is the quartic surface 





(tots—tite)? —4(t}7 tote) (t2—-tits) = —Gtotitets+4tits+4tots-+tetg—3tit3 = 0. 


It is the surface swept out by the tangent lines of a rational normal curve of 
degree 3. It is also the discriminant surface of a binary cubic, i.e. the surface 
parameterizing binary cubics agu® + 3a,u7v + 3aguv? + azv? with a multiple 
root. The pro-Hessian of any quartic developable surface is the surface itself 
[84]. 


Assume now that X is a curve. Let us see when it has infinitely many in- 
flection points. Certainly, this happens when X contains a line component; 
each of its points is an inflection point. It must be also an irreducible compo- 
nent of He(X). The set of inflection points is a closed subset of X. So, if X 
has infinitely many inflection points, it must have an irreducible component 
consisting of inflection points. Each such component is contained in He(X). 
Conversely, each common irreducible component of X and He(X) consists of 
inflection points. 

We will prove the converse in a little more general form taking care of not 
necessarily reduced curves. 


Proposition 1.1.22 A polynomial f (to, tı, t2) divides its Hessian polynomial 
He( f) if and only if each of its multiple factors is a linear polynomial. 


Proof Since each point on a non-reduced component of Xea C V (f) isa sin- 
gular point (i.e. all the first partials vanish), and each point on a line component 
is an inflection point, we see that the condition is sufficient for X C He(f). 
Suppose this happens and let R be a reduced irreducible component of the 
curve X which is contained in the Hessian. Take a nonsingular point of R and 
consider an affine equation of R with coordinates (x, y). We may assume that 
Or.. is included in Ör.. © C|[t]] such that x = t, y = t"e, where e(0) = 1. 
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Thus the equation of R looks like 


f(z,y) =y—2" + g(x,y), (1.22) 


where g(x,y) does not contain terms cy,c € C. It is easy to see that (0, 0) is 
an inflection point if and only if r > 2 with the inflection tangent y = 0. 
We use the affine equation of the Hessian (1.21), and obtain that the image 


of 
sof h k 
h(a, y) = det fi fu fiz 
fz far fz 
in C[[t]] is equal to 
0 rt 14 gı 1+9 
det | rt"! +9, -r(r - 1)? + gu g12 
1+ ge g12 922 


Since every monomial entering in g is divisible by y?, xy or x',i > r, we 
see that ga is divisible by t and 38 is divisible by t"=!. Also gj, is divisible 
by ¢”—1. This shows that 


0 ati +... Tes. 
h(x, y) = det | at"! +- -r(r- 1)? +- g2 ‘ 
Le 912 922 
where --- denotes terms of higher degree in t. We compute the determinant 
and see that it is equal to r(r — 1){""? +---. This means that its image in 


C[[é]] is not equal to zero, unless the equation of the curve is equal to y = 0, 
i.e. the curve is a line. 














In fact, we have proved more. We say that a nonsingular point of X is an in- 
flection point of order r — 2 and denote the order by ordfl, X if one can choose 
an equation of the curve as in (1.22) with r > 3. It follows from the previous 
proof that r — 2 is equal to the multiplicity i(X, He),. of the intersection of the 
curve and its Hessian at the point x. It is clear that ordfl, X = i(@,X),. — 2, 
where £ is the inflection tangent line of X at x. If X is nonsingular, we have 


XC i(X,He)e = X. ordfl,X = 3d(d — 2). (1.23) 
zeX zeX 


1.1.6 The Steinerian hypersurface 


Recall that the Hessian hypersurface of a hypersurface X = V (f) is the locus 
of points a such that the polar quadric P,a-2(X) is singular. The Steinerian 
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hypersurface St(X) of X is the locus of singular points of the polar quadrics. 
Thus 


st(X)= |) Sing(P,«-2(X)). (1.24) 
a€He(X) 


The proof of Proposition 1.1.17 shows that it can be equivalently defined as 


St(X) = {a € P” : P,(X) is singular}. (1.25) 
We also have 
He(X)= |) Sing(P,(X)). (1.26) 
a€St( xX) 


A point b = [bo,..., bn] € St(X) satisfies the equation 


bo 
He(f)(a)- | : | =0, (1.27) 


where a € He(X). This equation defines a subvariety 
HS(X) c P” x P” (1.28) 


given by n + 1 equations of bidegree (d — 2, 1). 

The following argument confirms our expectation. It is known (see, for ex- 
ample, [239]) that the locus of singular hypersurfaces of degree d in |E] is a 
hypersurface 


Da(n) < |S*(E")| 


of degree (n + 1)(d — 1)” defined by the discriminant of a general degree d 
homogeneous polynomial in n + 1 variables (the discriminant hypersurface). 
Let L be the projective subspace of |S¢~!(EY)| that consists of first polars of 
X. Assume that no polar P,(X) is equal to P”. Then 


St(X) = LAD, (d—1). 


So, unless L is contained in D,,(d — 1), we get a hypersurface. Moreover, we 
obtain 


deg(St(X)) = (n+1)(d- 2)". (1.29) 


Assume that the quadric P,a-2(X) is of corank 1. Then it has a unique 
singular point b with the coordinates [bo,...,b,] proportional to any column 
or a row of the adjugate matrix adj(He(f)) evaluated at the point a. Thus, 
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St(X) coincides with the image of the Hessian hypersurface under the rational 
map 


st: He(X) --> St(X), Az, Sing(P,a-2 (X)), 


given by polynomials of degree n(d — 2). We call it the Steinerian map. Of 
course, it is not defined when all polar quadrics are of corank > 1. Also, if 
the first polar hypersurface P,,(X ) has an isolated singular point for a general 
point a, we get a rational map 


st~! : St(X) --» He(X), ar Sing(P,(X)). 


These maps are obviously inverse to each other. It is a difficult question to 
determine the sets of indeterminacy points for both maps. 


Proposition 1.1.23 Let X be a reduced hypersurface. The Steinerian hyper- 
surface of X coincides with P” if X has a singular point of multiplicity > 3. 
The converse is true if we additionally assume that X has only isolated singu- 
lar points. 


Proof Assume that X has a point of multiplicity > 3. We may harmlessly 
assume that the point is p = [1,0,...,0]. Write the equation of X in the form 


f = tEga-rlti itn) +E Bla ++ galti estn) = 0, 

(1.30) 
where the subscript indicates the degree of the polynomial. Since the multi- 
plicity of p is greater than or equal to 3, we must have d — k > 3. Then a first 
polar P, (X) has the equation 


k n k 
Akisi 4 O9d—k+i 
ao (k— ijth garri tY aX to u s. (1.31) 
i=0 s=1 i=0 3 


It is clear that the point p is a singular point of P,(X) of multiplicity > d — 
k-1> 2. 

Conversely, assume that all polars are singular. By Bertini’s Theorem (see 
[278], Theorem 17.16), the singular locus of a general polar is contained in 
the base locus of the linear system of polars. The latter is equal to the singular 
locus of X. By assumption, it consists of isolated points, hence we can find 
a singular point of X at which a general polar has a singular point. We may 
assume that the singular point is p = [1, 0, . . . , 0] and (1.30) is the equation of 
X. Then the first polar P4 (X) is given by Equation (1.31). The largest power of 
to in this expression is at most k. The degree of the equation is d — 1. Thus the 
point p is a singular point of P,(X) if and only if k < d — 3, or, equivalently, 
if p is at least triple point of X. 
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Example 1.1.24 The assumption on the singular locus is essential. First, it is 
easy to check that X = V ( f?), where V (f) is a nonsingular hypersurface has 
no points of multiplicity > 3 and its Steinerian coincides with P”. An example 
of areduced hypersurface X with the same property is a surface of degree 6 in 
P? given by the equation 


Its singular locus is the curve Vis t) N V ($2, t2). Each of its points is 


i=0 “i 
a double point on X. Easy calculation shows that 


3 3 3 3 
PR&X)=V(LLE)I ait? + (S547)? > ati). 
i=0 i=0 i=0 i=0 
and 
3 3 3 
VO B)NVD> HB) AVS, ait?) C Sing(P,(X)). 
1=0 i=0 i=0 


By Proposition 1.1.7, Sing(X‘) is contained in St(X‘). Since the same is true 
for He(X), we obtain the following. 


Proposition 1.1.25 The intersection He(X) N St(X) contains the singular 
locus of X. 


One can assign one more variety to a hypersurface X = V(f). This is the 
Cayleyan variety. It is defined as the image Cay(X’) of the rational map 


HS(X) --> G(P"), (a,b) => ab, 


where G,(P”) denotes the Grassmannian of r-dimensional subspaces in P”. 
Note that in the case n = 2, the Cayleyan variety is a plane curve in the dual 
plane, the Cayleyan curve of X. 


Proposition 1.1.26 Let X be a general hypersurface of degree d > 3. Then 


n (d-i) ifd>3, 
degCay(X) = nn B Wr) Goa) 
I i I) fd=3, 
where the degree is considered with respect to the Plücker embedding of the 
Grassmannian G (P”). 


Proof Since St(X) # P”, the correspondence HS(X) is a complete inter- 
section of n + 1 hypersurfaces in P” x P” of bidegree (d — 2,1). Since 
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a € Sing(P,(X)) implies that a € Sing(X), the intersection of HS(X) with 
the diagonal is empty. Consider the regular map 


r:HS(X) > Gi(P"), (a,b) + ab. (1.32) 


It is given by the linear system of divisors of type (1,1) on P” x P” restricted 
to HS(X). The genericity assumption implies that this map is of degree 1 onto 
the image if d > 3 and of degree 2 if d = 3 (in this case the map factors 
through the involution of P” x P” that switches the factors). 

It is known that the set of lines intersecting a codimension 2 linear sub- 
space A is a hyperplane section of the Grassmannian G(P”) in its Plücker 
embedding. Write P” = |E| and A = |L]. Let w = v1 A... A Un—1 for some 
basis (v1, ...,Un—1) of L. The locus of pairs of points (a,b) = ([wı], [w2]) in 
P” x P” such that the line ab intersects A is given by the equation wı \w2Aw = 
0. This is a hypersurface of bidegree (1, 1) in P” x P”. This shows that the map 
(1.32) is given by a linear system of divisors of type (1, 1). Its degree (or twice 
of the degree) is equal to the intersection ((d — 2)hı + ha)"+!(hı + ha)", 
where hı, ha are the natural generators of H?(P" x P”, Z). We have 


((d _ 2)hı + h2)" +! (hy + ha)" =! = 


n+1 n-1 
o> CE (d _ anne) DD es ro h?) 
i=0 j=0 


= E 














For example, if n = 2, d > 3, we obtain a classical result 
deg Cay(X) = 3(d — 2) + 3(d — 2)? = 3(d — 2)(d — 1), 
and deg Cay(X) = 3 if d = 3. 


Remark 1.1.27 The homogeneous forms defining the Hessian and Steinerian 
hypersurfaces of V (f) are examples of covariants of f. We already discussed 
them in the case n = 1. The form defining the Cayleyan of a plane curve is an 
example of a contravariant of f. 


1.1.7 The Jacobian hypersurface 


In the previous sections we discussed some natural varieties attached to the lin- 
ear system of first polars of a hypersurface. We can extend these constructions 
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to arbitrary n-dimensional linear systems of hypersurfaces in P” = |E|. We 
assume that the linear system has no fixed components, i.e. its general member 
is an irreducible hypersurface of some degree d. Let L C S@(EY) be a linear 
subspace of dimension n + 1 and |L| be the corresponding linear system of 
hypersurfaces of degree d. Note that, in the case of linear system of polars of a 
hypersurface X of degree d+ 1, the linear subspace L can be canonically iden- 
tified with E and the inclusion |E| C |S“(EY)| corresponds to the polarization 
map a > P,(X). 
Let Da(n) C |S¢(EY)| be the discriminant hypersurface. 


D(|L|) = [L| N Da(n) 
is called the discriminant hypersurface of |L|. 
D(|L|) = {(x, D) € P” x |L|: x € Sing(D)} 


with two projections p : D— D(|L|) and q : D — |L|. We define the Jacobian 
hypersurface of |L| as 


Jac(|L) = q(D(\LI)). 


It parameterizes singular points of singular members of ||. Again, it may co- 
incide with the whole P”. In the case of polar linear systems, the discriminant 
hypersurface is equal to the Steinerian hypersurface, and the Jacobian hyper- 
surface is equal to the Hessian hypersurface. 

The Steinerian hypersurface St(|L|) x € Npejzj Par-ı (D). Since dim L = 
n+ 1, the intersection is empty, unless there exists D such that P,n-1(D) = 0. 
Thus Pa» (D) = 0 anda € Sing(D), hence a € Jac(|Z|) and De D(|Z]). 
Conversely, if a € Jac(|L|), then Np¢jzjPan-1(D) # Ó and it is contained in 
St(| L|). By duality (1.12), 


ze (] Pawi(D) eae (N) P,(D). 
DeIL| DEIL| 


Thus the Jacobian hypersurface is equal to the locus of points which belong to 
the intersection of the first polars of divisors in |Z| with respect to some point 
x € St(X). Let 


HS(|L|) = {(a,b) € He(|L]) x St([ ZI) :ae [) P(D)} 
De|L| 


= {(a,b) € He(|L|) x St(|Z|) :b € N P,a-ı(D)}. 
De|L| 
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It is clear that HS(| L|) c P” x P” is a complete intersection of n + 1 divisors 
of type (d — 1, 1). In particular, 


wascz) Š pri (Opn ((d — 2)(n + 1))). (1.33) 


One expects that, for a general point x € St(|Z|), there exists a unique a € 
Jac(|Z|) and a unique D € D(|L|) as above. In this case, the correspondence 
HS(|Z|) defines a birational isomorphism between the Jacobian and Steinerian 
hypersurface. Also, it is clear that He(|Z|) = St(| L|) if d = 2. 

Assume that | L| has no base points. Then HS(|L|) does not intersect the 
diagonal of P” x P”. This defines a map 


HS(|L|) > GP"), (a,b) > ab. 


Its image Cay(|Z|) is called the Cayleyan variety of |L]. 

A line £ € Cay(|Z]) is called a Reye line of |L|. It follows from the defini- 
tions that a Reye line is characterized by the property that it contains a point 
such that there is a hyperplane in || of hypersurfaces tangent to £ at this point. 
For example, if d = 2 this is equivalent to the property that £ is contained is a 
linear subsystem of | L| of codimension 2 (instead of expected codimension 3). 

The proof of Proposition 1.1.26 applies to our more general situation to 
give the degree of Cay(|L|) for a general n-dimensional linear system |Z| of 
hypersurfaces of degree d. 


Sha TNT) ifd>2, 
deg Cay(|L|) = fe are Ore) (1.34) 
Z i= ( i ICi) ifd=2. 
Let f = (fo, ---, fn) be a basis of L. Choose coordinates in P” to iden- 


tify ST(EY) with the polynomial ring C[to,..., tn]. A well-known fact from 
the complex analysis asserts that Jac(|ZL|) is given by the determinant of the 
Jacobian matrix 


Oofo ifo --- Onfo 
If) = ei ie 
Oo fn o In ... Onfa 


In particular, we expect that 





deg Jac(|LZ|) = (n + 1)(d — 1). 


If a € Jac(|Z|), then a nonzero vector in the null-space of J (f) defines a point 


x such that P,(fo)(a) =... = P} (fn) (a) = 0. Equivalently, 
Peat =... = Pant (fn)() = 0. 
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This shows that St(|Z|) is equal to the projectivization of the union of the null- 
spaces Null(Jac( f(a))),a € C"*!. Also, a nonzero vector in the null space of 
the transpose matrix + J ( f) defines a hypersurface in D(|L|) with singularity at 
the point a. 7 

Let Jac(|L|)° be the open subset of points where the corank of the jacobian 
matrix is equal to 1. We assume that it is a dense subset of Jac(|Z|). Then, 


taking the right and the left kernels of the Jacobian matrix, defines two maps 
Jac(|L|)° > D(|L]), Jac(|L|)° => St(|L)). 


Explicitly, the maps are defined by the nonzero rows (resp. columns) of the 
adjugate matrix adj(He(f)). 

Let dr] : P”? --> | LY | be the rational map defined by the linear system |L]. 
Under some assumptions of generality which we do not want to spell out, one 
can identify Jac(|Z|) with the ramification divisor of the map and D(|Z|) with 
the dual hypersurface of the branch divisor. 

Let us now define a new variety attached to a n-dimensional linear system 


in P”. Consider the inclusion map L <> $4¢(EY) and let 
LSB)", for, 


be the restriction of the total polarization map (1.2) to L. Now we can consider 
|L] as a n-dimensional linear system || on |E|@ of divisors of type (1,..., 1). 
Let 
PB(|L|)= (] Dc |El 
De|L| 
be the base scheme of [L]. We call it the polar base locus of |L]. It is equal to 
the complete intersection of n + 1 effective divisors of type (1,..., 1). By the 
adjunction formula, 
weB(\L|) = Orsz): 


If smooth, PB(|L|) is a Calabi-Yau variety of dimension (d — 1)n — 1. 
For any f € L, let N(f) be the set of points x = ([v],..., [v]) € |E|¢ 
such that 


for... vD, v, vT... v) =0 
for every j = 1,...,d and v € E. Since 
FOO gag OMT ee) = Dyos- (Dolf), 


This can be also expressed in the form 


A F(V™,...,v9-Y, vFD, v6) = 0, j =0,...,n. (1.35) 
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Choose coordinates ug,..., Un in L and coordinates to,...,t, in E. Let Í be 
the image of a basis f of L in (EV). Then PB(|L]) is a subvariety of (P”)4 
given by a system of d multilinear equations 


fotM,...,4) =... = fa t®,...,t®) = 0, 


where t0) = aP... D) = 1,...,d. For any A = (Ao,::.,An), set 


Proposition 1.1.28 The following is equivalent: 


(i) x € PB(|L|) is a singular point, 
(ii) x € N(fy) for some \ £ 0. 


Proof The variety PB(|L|) is smooth at a point x if and only if the rank of 
the d(n +1) x (n + 1)-size matrix 


fk 
(aij) A ne d 


eer 
7 











is equal to n + 1. Let fa = uo fo +- ++ Un fn, where uo,..., Un are un- 
knowns. Then the nullspace of the matrix is equal to the space of solutions 
u = (Ao,---;An) of the system of linear equations 

Ofu Ofu dfu 

=— (x)=... = = - =0. 1.36 

Dun x) aia ai) (x) (1.36) 


For a fixed A, in terminology of [239], p. 445, the system has a solution x in 
|E|“ if fà = DA; fi is a degenerate multilinear form. By Proposition 1.1 from 
Chapter 14 of loc.cit., fı is degenerate if and only if N(f)) is non-empty. This 
proves the assertion. 














For any non-empty subset J of {1,...,d}, let A; be the subset of points 
x € | E|? with equal projections to i-th factors with i € I. Let A, be the union 
of A; with #/ = k. The set Aq is denoted by A (the small diagonal). 

Observe that PB(|Z|) = HS(|Z|) if d = 2 and PB(| L|) N Aq- consists of 
d copies isomorphic to HS(|L]) if d > 2. 


Definition 1.1.29 A n-dimensional linear system |L| C |S4(EY)| is called 
regular ifPB(|L|) is smooth at each point of Aa-ı. 


Proposition 1.1.30 Assume |L| is regular. Then 


(i) |L| has no base points, 
(ii) D(|L|) is smooth. 
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Proof (i) Assume that x = ([vo],. .. , [vo]) € PB(|Z|) N A. Consider the lin- 
ear map L — E defined by evaluating f at a point (vo, .-., 00,0, V0, <- <, V0), 
where v € E. This map factors through a linear map L > E/[vo], and hence 
has a nonzero f in its kernel. This implies that x € N (f), and hence x is a 
singular point of PB (| L|). 

Gi) In coordinates, the variety D(|L|) is a subvariety of type (1, d — 1) of 
P” x P” given by the equations 


The tangent space at a point ([A], [a]) is given by the system of n + 1 linear 
equations in 2n + 2 variables (Xo,..., Xn, Yo,---; Yn) 


= ô fk k 2? fy 
aen ne a 





i=0,...,n, (1.37) 
k=0 


where fi = Wr;_n Ar fr. Suppose ([A],[a]) is a singular point. Then the 
equations are linearly dependent. Thus there exists a nonzero vector v = 
(@o,...,@n) such that 


Dal (a) = D,(fx)(a) = Fr(a,...,a,v)=0,k=0,...,n 
i=0 i 


and 


On o aasa J 
D554, O = Due ® = Dal.) =0,7=0,...,n, 


where fi = >> Ax fr. The first equation implies that x = ([a],..., [a], [v]) 
belongs to PB(|Z|). Since a € Sing(f,), we have Dya (FP) =0,j = 
0,...,7. By (1.35), this and the second equation now imply that x € N(fy). 
By Proposition 1.1.28, PB(|Z|) is singular at x, contradicting the assumption. 














Corollary 1.1.31 Suppose |L| is regular. Then the projection 
q: D(|L|) > D(L) 
is a resolution of singularities. 


Consider the projection p : D(|L|) — Jac(|L|),(D,x) +> x. Its fibres are 
linear spaces of divisors in |Z| singular at the point [a]. Conversely, suppose 
D(|Z|) contains a linear subspace, in particular, a line. Then, by Bertini’s The- 
orem all singular divisors parameterized by the line have a common singular 
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point. This implies that the morphism p has positive dimensional fibres. This 
simple observation gives the following. 


Proposition 1.1.32 Suppose D(|L|) does not contain lines. Then D(|L|) i 
smooth if and only if Jac(|L|) is smooth. Moreover, HS(|L|) = St(| L) 
Jac(|L]). 


mn 


II 


Remark 1.1.33 We will prove later in Example 1.2.3 that the tangent space of 
the discriminant hypersurface D4(n) at a point corresponding to a hypersurface 
X = V(f) with only one ordinary double point « is naturally isomorphic to 
the linear space of homogeneous forms of degree d vanishing at the point x 
modulo Cf. This implies that D(|Z|) is nonsingular at a point corresponding 
to a hypersurface with one ordinary double point unless this double point is a 
base point of |L]. If |L| has no base points, the singular points of D(|Z|) are 
of two sorts: either they correspond to divisors with worse singularities than 
one ordinary double point, or the linear space |L] is tangent to D,(n) at its 
nonsingular point. 


Consider the natural action of the symmetric group Gg on (P”)¢. It leaves 
PB(|Z|) invarian. The quotient variety 


Rey(|L|) = PB(|L|)/Ga 


is called the Reye variety of |L|. If d > 2 and n > 1, the Reye variety is 
singular. 


Example 1.1.34 Assume d = 2. Then PB(|Z|) = HS(|L|) and Jac(|Z|) = 
St(|Z|). Moreover, Rey(|L|) = Cay(|L|). We have 
deg Jac(|L|) = deg D(|Z|)=n+1, deg Cay(\Z|) = IH): 
i=1 
The linear system is regular if and only if PB(|Z|) is smooth. This coincides 
with the notion of regularity of a web of quadrics in P? discussed in [132]. 

A Reye line £ is contained in a codimension 2 subspace A(¢) of |Z|, and 
is characterized by this condition. The linear subsystem A(£) of dimension 
n — 2 contains £ in its base locus. The residual component is a curve of degree 
2”~1 _ 1 which intersects £ at two points. The points are the two ramification 
points of the pencil Q N £, Q € |L|. The two singular points of the base locus 
of A(£) define two singular points of the intersection A(£) N D(|Z|). Thus 
A(é) is a codimension 2 subspace of | L| which is tangent to the determinantal 
hypersurface at two points. 

If |L| is regular and n = 3, PB(|L|) is a K3 surface, and its quotient Rey(|L]) 
is an Enriques surface. The Cayley variety is a congruence (i.e. a surface) of 
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lines in G4 (P?) of order 7 and class 3 (this means that there are 7 Reye lines 
through a general point in P? and there 3 Reye lines in a general plane). The 
Reye lines are bitangents of the quartic surface D(|Z|). The quartic surface has 
10 nodes and is called Cayley quartic symmetroid. We refer for the details to 
[132]. The Reye congruence of lines is also discussed in [267]. 


1.2 The dual hypersurface 
1.2.1 The polar map 


Let X = V(f) for some f € S(EY). We assume that it is not a cone. The 
polarization map 
E+ St (EY), v= D,(f), 


allows us to identify |E| with an n-dimensional linear system of hypersurfaces 
of degree d — 1. This linear system defines a rational map 


px :|E| --+ P(E). 


It follows from (1.12) that the map is given by assigning to a point a the linear 
polar P,a-ı (X). We call the map p the polar map defined by the hypersurface 
X. In coordinates, the polar map is given by 


of of 
o En] I... |. 
[xo, „X | Er Ai! 
Recall that a hyperplane Ha = V (X a;€;) in the dual projective space (P”)Y 
is the point a = [ao,..., a] € P”. The preimage of the hyperplane H, under 


px is the polar P,(X) = V(>> a 92). 

If X is nonsingular, the polar map is a regular map given by polynomials of 
degree d — 1. Since it is a composition of the Veronese map and a projection, 
it is a finite map of degree (d — 1)”. 


Proposition 1.2.1 Assume X is nonsingular. The ramification divisor of the 
polar map is equal to He( X). 


Proof Note that, for any finite map ¢ : X — Y of nonsingular varieties, the 
ramification divisor Ram(¢@) is defined locally by the determinant of the linear 
map of locally free sheaves ¢*(Q}-) — OQ. The image of Ram(¢@) in Y is 
called the branch divisor. Both of the divisors may be nonreduced. We have 
the Hurwitz formula 


Kx = d*(Ky) + Ram(d). (1.38) 
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The map ¢ is étale outside Ram(@), i.e., for any point x € X the homomor- 
phism of local ring Oy,g(2) — Ox,« defines an isomorphism of their formal 
completions. In particular, the preimage ¢~!(Z) of a nonsingular subvariety 
Z C Y is nonsingular outside the support of Ram(¢). Applying this to the 
polar map we see that the singular points of P,(X) = px (Ha) are contained 
in the ramification locus Ram(px ) of the polar map. On the other hand, we 
know that the set of singular points of first polars is the Hessian He( X). This 
shows that He(X) C Ram(px). Applying the Hurwitz formula for the canon- 
ical sheaf 


Kpr = px (Kpryv) + Ram(px). 


we obtain that deg(Ram(px)) = (n + 1)(d — 2) = deg(He(X)). This shows 
that He(X) = Ram(px). 














What is the branch divisor? One can show that the preimage of a hyperplane 
H, in P(E) corresponding to a point a € |£| is singular if and only if its 
intersection with the branch divisor is not transversal. This means that the dual 
hypersurface of the branch divisor is the Steinerian hypersurface. Equivalently, 
the branch divisor is the dual of the Steinerian hypersurface. 


1.2.2 Dual varieties 


Recall that the dual variety X of a subvariety X in P” = |E| is the closure 
in the dual projective space (P")Y = |EY| of the locus of hyperplanes in P” 
which are tangent to X at some nonsingular point of X. 

The dual variety of a hypersurface X = V(f) is the image of X under the 
rational map given by the first polars. In fact, the point [Op f(z),..., On f(x)] 
in (P”) is the hyperplane V (X> ;_o 0; f(x)t;) in P” which is tangent to X at 
the point zx. 

The following result is called the Reflexivity theorem. One can find its proof 
in many modern text-books (e.g. [239], [278], [562], [607]). 


Theorem 1.2.2 (Reflexivity Theorem) 
(XY) =X. 


It follows from any proof in loc. cit. that, for any nonsingular point y € XY 
and any nonsingular point x € X, 


Ta(X) C Hy © T,(X“) c H. 


Here we continue to identify a point a in |E| with a hyperplane H, in P(E). 
The set of all hyperplanes in (P"”)’ containing the linear subspace T} (XY) is 
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the dual linear space of T, (X) in P”. Thus the fiber of the duality map (or 
Gauss map) 


EDO. z Ta(X), (1.39) 


over a nonsingular point y € XY is an open subset of the projective subspace 
in P” equal to the dual of the tangent space T,(X). Here and later X™ de- 
notes the set of nonsingular points of a variety X. In particular, if XY is a 
hypersurface, the dual space of T, (XY) must be a point, and hence the map y 
is birational. 


Let us apply this to the case when X is a nonsingular hypersurface. The 
polar map is a finite map, hence the dual of a nonsingular hypersurface is a 
hypersurface. The duality map is a birational morphism 


px|x: X > XY. 


The degree of the dual hypersurface XY (if it is a hypersurface) is called 
the class of X. For example, the class of any plane curve of degree > 1 is 
well-defined. 


Example 1.2.3 Let Da(n) be the discriminant hypersurface in |S? (EY )|. We 
would like to describe explicitly the tangent hyperplane of D,(n) at its nonsin- 
gular point. Let 


Da(n) = {(X,x) € |Opn (d)| x P” : x € Sing(X)}. 
Let us see that Da(n) is nonsingular and the projection to the first factor 
m: Dg(n) > Dg(n) (1.40) 


is a resolution of singularities. In particular, 7 is an isomorphism over the open 
set Da(n)™ of nonsingular points of Da(n). 

The fact that Da(n) is nonsingular follows easily from considering the pro- 
jection to P”. For any point x € P” the fiber of the projection is the projective 
space of hypersurfaces which have a singular point at x (this amounts to n + 1 
linear conditions on the coefficients). Thus Da(n) is a projective bundle over 
P” and hence is nonsingular. 

Let us see where r is an isomorphism. Let A;,lil = d, be the projective 
coordinates in |Opn (d)| = |S4(EY)| corresponding to the coefficients of a 
hypersurface of degree d and let to,...,t„ be projective coordinates in P”. 
Then D,(n) is given by n+ 1 bihomogeneous equations of bidegree (1, d— 1): 


aa e = 0, s=0,...,n. (1.41) 
jil=d 
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Here e, is the s-th unit vector in Z"+!. 

A point (X, [vo]) = (V (F), [vo]) € |Opr (d)| x P” belongs to Da(n) if 
and only if, replacing A; with the coefficient of f at t’ and t; with the i-th 
coefficient of vo, we get the identities. 

We identify the tangent space of |S¢(EY)| x |E] at a point (X, [vo]) with the 
space SI(EY)/Cf © E/Cvp. In coordinates, a vector in the tangent space is a 
pair (g, [v]), where g = Diya aiti, v = (a9,.-.,2n) are considered modulo 
pairs (Af, pvo). Differentiating equations (1.41), we see that the tangent space 
is defined by the (n + 1) x (e -matrix 


- mi—e - i—eg—e - z i—eg—e 
we...  Diyea toto da O°. Dg totn Aga” 0" 


° i-e SR i-en-—e e, i-en-—e 
ner Deg intoAge "Dg inin Aare, 


where 2!” = 0 if i — es is not a non-negative vector. It is easy to interpret 
solutions of these equations as pairs (g, v) from the above such that 


V(g)(vo) + He(f) (vo) u = 0. (1.42) 


Since [vo] is a singular point of V(f), V(f)([vo]) = 0. Also He(f) (vo) - 
vo = 0, as follows from Theorem 1.1.20. This confirms that pairs (A f, pvo) are 
always solutions. The tangent map dz at the point (V (f), [vo]) is given by the 
projection (g,v) +> g, where (g, v) is a solution of (1.42). Its kernel consists 
of the pairs (Af, v) modulo pairs (Af, pvo). For such pairs the equations (1.42) 
give 


He(f)(vo)-v = 0. (1.43) 
We may assume that vo = (1,0,...,0). Since [vo] is a singular point of V(f), 
we can write f = to? folti, ...;tn) +.... Computing the Hessian matrix at 


the point vo we see that it is equal to 


OF aed > ante 0 
0 an Gin 

. ; (1.44) 
0 anı ... ann 


where fo(t1,...,tn) = agen aijtitj. Thus a solution of (1.43), not pro- 
portional to vo exists if and only if det He( f2) = 0. By definition, this means 
that the singular point of X at x is not an ordinary double point. Thus we ob- 
tain that the projection map (1.40) is an isomorphism over the open subset of 
Da(n) representing hypersurfaces with an isolated ordinary singularity. 

We can also find the description of the tangent space of Dy(n) at its point 
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X = V(f) representing a hypersurface with a unique ordinary singular point 
x. It follows from calculation of the Hessian matrix in (1.44), that its corank 
at the ordinary singular point is equal to 1. Since the matrix is symmetric, a 
vector in its nullspace is orthogonal to the column of the matrix. We know that 
He(f)(vo) - vo = 0. Thus the dot-product V(g)(vo) - vo is equal to zero. By 
Euler’s formula, we obtain g(vo) = 0. The converse is also true. This proves 
that 


T(Da(n))x = {g € SY(EY)/Cf : g(x) = 0}. (1.45) 


Now we are ready to compute the dual variety of Dg(n). The condition 
g(b) = 0, where Sing(X) = {b} is equivalent to Dya (f) = 0. Thus the tangent 
hyperplane, considered as a point in the dual space |S4¢(E)| = |ST(EY)V| 
corresponds to the envelope b! = ())_, b,0;)¢. The set of such envelopes is 
the Veronese variety V7, the image of || under the Veronese map va : |E| > 
|$4(E)|. Thus 


Da(n)Y = va(P”), (1.46) 


Of course, it is predictable. Recall that the Veronese variety is embedded 
naturally in |Opr (d)|Y. Its hyperplane section can be identified with a hyper- 
surface of degree d in P”. A tangent hyperplane is a hypersurface with a sin- 
gular point, i.e. a point in Da(n). Thus the dual of V} is isomorphic to Da(n), 
and hence, by duality, the dual of Dg(n) is isomorphic to V}. 

Example 1.2.4 Let Q = V (q) be a nonsingular quadric in P”. Let A = (a;;) 


be a symmetric matrix defining q. The tangent hyperplane of Q at a point 
[x] € P” is the hyperplane 


n n 
to S > aoj2; ++ tn Na = 0. 
j=0 j=0 


Thus the vector of coordinates y = (yo,..-, Yn) of the tangent hyperplane is 
equal to the vector A - x. Since A is invertible, we can write x = AT! y. We 
have 


O=2-A-g=(y-A')-A-(At-y)=y-A?t-y=0. 


Here we treat x or y as a row-matrix or as a column-matrix in order the matrix 
multiplication makes sense. Since A”! = det(A)~*adj(A), we obtain that the 
dual variety of Q is also a quadric given by the adjugate matrix adj(A). 


The description of the tangent space of the discriminant hypersurface from 
Example 1.2.3 has the following nice application (see also Remark 1.1.33). 
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Proposition 1.2.5 Let X be a hypersurface of degree d in P”. Suppose a is 
a nonsingular point of the Steinerian hypersurface St(X). Then Sing(P,(X)) 
consists of an ordinary singular point b and 


T,(St(X)) = Pya (X). 


1.2.3 Pliicker formulas 


Let X = V(f) be a nonsingular irreducible hypersurface that is not a cone. 
Fix n — 1 general points a,,...,@,_ 1 in P”. Consider the intersection 


X A Pa (X) NA... AO Pa, (X) = {beP":aı,...,‚an-ı E Ty(X)}. 


The set of hyperplanes through a general set of n — 1 points is a line in the dual 
space. This shows that 


deg X” = #X NA Pa (X) N... O Pan (X) = d(d—1)"7t. day 


The computation does not apply to singular X since all polars P(X) pass 
through singular points of X. In the case when X has only isolated singular- 
ities, the intersection of n — 1 polars with X contains singular points which 
correspond to hyperplanes which we excluded from the definition of the dual 
hypersurface. So we get the following formula 


deg( X“) = d(d-1)"""— XO i(X, PX)... Pan_ı(X))z- (1.48) 


zeSing(X) 
To state an explicit formula we need some definition. Let d = (¢1,---; Pk) 
be a set of polynomials in C[z,..., Zn]. We assume that the holomorphic map 


C” — C* defined by these polynomials has an isolated critical point at the 
origin. Let J(¢) be the jacobian matrix. The ideal J (¢) in the ring of formal 
power series C[[z,,..., Zp]] generated by the maximal minors of the Jacobian 
matrix is called the Jacobian ideal of &. The number 


u(d) = dim C|[z1,.-., 2n]]/ I (Q) 


is called the Milnor number of &. Passing to affine coordinates, this definition 
easily extends to the definition of the Milnor number p(X, x) of an isolated 
singularity of a complete intersection subvariety X in P”. 

We will need the following result of Lê Dùng Trang [360], Theorem 3.7.1. 


Lemma 1.2.6 Let Z be a complete intersection in C” defined by polynomials 


1.2 The dual hypersurface 37 
®1,:.:, bk with isolated singularity at the origin. Let Zı = V(¢1,...,k-1): 
Then 

U(d1,---,bk—-1) + M(b1,---, Ok-1, be) 


= dim C[[z1,.. <, 2n\|/(b1,--- ,Ok-1, I (¢1,---, Ok))- 


Now we can state and prove the Pliicker-Teissier formula for a hypersurface 
with isolated singularities: 


Theorem 1.2.7 Let X be a hypersurface in P” of degree d. Suppose X has 
only isolated singularities. For any point x € Sing(X), let 


e(X, x) = p(X, £) + wT X, 2), 
where H is a general hyperplane section of X containing x.Then 


deg X“ =d(d—1)"""- X` e(X,z). 
zeSing(X) 


Proof We have to show that e(X, x) = i(X, P,,(X),..., Pa,_,(X))2. We 
may assume that x = [1,0,...,0] and choose affine coordinates with 2; = 
t;/to. Let f(to,...,tn) = tég(z1,..., Zn). Easy calculations employing the 


Chain Rule, give the formula for the dehomogenized partial derivatives 


Oto 

af Og . 
daJ _ 09 ._ 

Lo Die 


Let H = V(h) be a general hyperplane spanned by n — 1 general points 
@1,...,@dn—-1,and h : C” — C be the projection defined by the linear function 
h= 5 Qizi. Let 


F:C” >C, z= (z2,..., Zn) (g(z), h(z)). 
Consider the Jacobian determinant of the two functions (f, h) 


Og og 
Kon = (Br i Be) 


ay see An 





The ideal (g, J(g, h)) defines the set of critical points of the restriction of the 
map F to X \ V(to). We have 


99 Og 
(9, J(g, h)) = (Gaim = 05 BT )1<i<ien, 
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The points (0,...,0,@,,0,...,0,—-@,0,...,0) span the hyperplane H. We 
may assume that these points are our points @a1,...,@n-ı. So, we see that 
(g, J(g, h)) coincides with the ideal in the completion of local ring Opn „ gen- 
erated by f and the polars P,,(f). By definition of the index of intersection, 
we have 


OX, Poy (X), +++) Pana (X)) 2 = L(g, h). 


It remains for us to apply Lemma 1.2.6, where Z = V(g) and Zı = V(g)N 
V(h). 














Example 1.2.3 An isolated singular point x of a hypersurface X in P” is 
called an A,-singularity (or a singular point of type A;) if the formal comple- 
tion of Ox, is isomorphic to C[[z1,..., 2n]]/(z¥** +22 +--- +22). fk = 1, 
it is an ordinary quadratic singularity (or a node), if k = 2, it is an ordinary 
cusp. We get 


p(X, £) =k, W(X H,x) =1. 


This gives the Pliicker formula for hypersurfaces with s singularities of type 
Ak, aera Ar 


deg XY = d(d- 1" — (ky +1) —--- — (ks +1). (1.49) 


In particularly, when X is a plane curve C with ô nodes and « ordinary cusps, 
we get a familiar Pliicker formula 


deg CY = d(d- 1) — 26 - 3k. (1.50) 


Note that, in case of plane curves, u(HNX, x) is always equal to mult, X — 1, 
where mult,X is the multiplicity of X at x. 


degCY =d(d-1)- XO (u(X,2) +mult,X — 1). (1.51) 
x€Sing(X) 


Note that the dual curve CY of a nonsingular curve C of degree d > 2 is 
always singular. This follows from the formula for the genus of a nonsingular 
plane curve and the fact that C and C’ are birationally isomorphic. The po- 
lar map C — CY is equal to the normalization map. A singular point of CY 
corresponds to a line which is either tangent to C at several points, or is an in- 
flection tangent. We skip a local computation which shows that a line which is 
an inflection tangent at one point with ordfl = 1 (an honest inflection tangent) 
gives an ordinary cusp of CY and a line which is tangent at two points which 
are not inflection points (honest bitangent) gives a node. Thus we obtain that 
the number 6 of nodes of CY is equal to the number of honest bitangents of 
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C and the number & of ordinary cusps of CY is equal to the number of honest 
inflection tangents to CY. 

Assume that C is nonsingular and CY has no other singular points except 
ordinary nodes and cusps. We know that the number of inflection points is 
equal to 3d(d — 2). Applying Plücker formula (1.50) to CY, we get that 





5 = (da 1)(d(d-1)-1)-d-9d(d 2)) = Sala 2)(d?-9). (1.52) 


This is the (expected) number of bitangents of a nonsingular plane curve. For 
example, we expect that a nonsingular plane quartic has 28 bitangents. 

We refer for discussions of Plücker formulas to many modern text-books 
(e.g. [220], [231], [267], [239]). A proof of Plücker-Teissiere formula can be 
found in [558]. A generalization of the Plücker-Teissier formula to complete 
intersections in projective space was given by S. Kleiman [334] 


1.3 Polar s-hedra 


1.3.1 Apolar schemes 


We continue to use E to denote a complex vector space of dimension n + 1. 
Consider the polarization pairing (1.2) 


S*(EY) x SHE) 3 SCHEN, (Fi) Dy(f). 


Definition 1.3.1 ı € S*(E) is called apolar to f € S4(EY) if Dy(f) = 0. 
We extend this definition to hypersurfaces in the obvious way. 


Lemma 1.3.2 For any ıb € S*(E),W! € S™(E) and f € S4(EY), 
Dy(Dy(f)) = Dow (f). 


Proof By linearity and induction on the degree, it suffices to verify the asser- 
tion in the case when Y = 0; and y’ = Ö,. In this case it is obvious. 














Corollary 1.3.3 Let f € S@(EY). Let AP,(f) be the subspace of S*(E) 
spanned by forms of degree k apolar to f. Then 


AP(f) = @ AP (f) 
k=0 


is a homogeneous ideal in the symmetric algebra S(E). 
Definition 1.3.4 The quotient ring 
Ay = S(E)/AP(f) 
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is called the apolar ring of f. 


The ring A; inherits the grading of S (E). Since any polynomial y € S”(E) 
with r > dis apolar to f, we see that A; is annihilated by the ideal mer = 
(80,...,On)@*!. Thus A; is an Artinian graded local algebra over C. Since 
the pairing between 94¢(F) and ST(EY) has values in SP(EY) = C, we see 
that AP4( f) is of codimension 1 in S4(E). Thus (Ay)a is a vector space of di- 
mension 1 over C and coincides with the socle of A f> ie. the ideal of elements 
of Ay annihilated by its maximal ideal. 

Note that the latter property characterizes Gorenstein graded local Artinian 
rings, see [208], [313]. 


Proposition 1.3.5 (F. S. Macaulay) The correspondence f > A; is a bijec- 
tion between |S4(EY)| and graded Artinian quotient algebras S(E)/J with 
1-dimensional socle. 


Proof Let us show how to reconstruct Cf from S(E)/J. The multiplication 
of d vectors in E composed with the projection to S¢(E)/Jq defines a linear 
map SY(E) — S4(E)/Ja S C. Choosing a basis ($(E)/J)a, we obtain a 
linear function f on S@(E). It corresponds to an element of S“(EY). 














Recall that any closed non-empty subscheme Z C P” is defined by a unique 
saturated homogeneous ideal Iz in C[to, ... , tn]. Its locus of zeros in the affine 
space A"? is the affine cone Cz of Z isomorphic to Spec(C[to, ... , tn] /Iz). 


Definition 1.3.6 Let f € S4(EY). A subscheme Z C |EY| = P(E) is called 
apolar to f if its homogeneous ideal Iz is contained in AP( f), or, equivalently, 
Spec(A;) is a closed subscheme of the affine cone Cz of Z. 


This definition agrees with the definition of an apolar homogeneous form y. 
A homogeneous form y% € S®(E) is apolar to f if and only if the hypersurface 
V(w) is apolar to V (f). 


Consider the natural pairing 
(Ap) x (Ap)a-k > (Ayla = C (1.53) 


defined by multiplication of polynomials. It is well defined because of Lemma 
1.3.2. The left kernel of this pairing consists of y € S*(E) mod AP(f) A 
S®(E) such that Dyy(f) = 0 for all y’ € S¢-*(E). By Lemma 1.3.2, 
Dyy(f) = Dy (Dy(f)) = 0 for all y’ € S4-*(E). This implies Dy (f) = 
0. Thus Y% € AP(f) and hence is zero in Ay. This shows that the pairing (1.53) 
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is a perfect pairing. This is one of the nice features of a Gorenstein Artinian 
algebra (see [208], 21.2). 
It follows that the Hilbert polynomial 


d 
Ha, (t) — 5 dim(A,);t’ = aat? +- +a 
i=0 


is a reciprocal monic polynomial, i.e. a; = ad—i,@ąq = 1. It is an important 
invariant of a homogeneous form f. 


Example 1.3.7 Let f = l be the d-th power of a linear form I € EY. For any 
w € S*(E) = (S*(E)Y)Y we have 
Dy(I*) = d(d—1)---(d—k+ 1 * pd) = dull@—"ly, 


where we set 


Mm ne ifk<d, 
10 otherwise. 


Here we view 7 € S@(E) as a homogeneous form on EY. In coordinates, | = 
Xio titi, Y = W(Oo,---, On) and (1) = dlep(ao,..., an). Thus we see that 
AP, (f),& < d, consists of polynomials of degree k vanishing at l. Assume, 
for simplicity, that | = to. The ideal AP(t@) is generated by 1,- - . , ðn, 067". 
The Hilbert polynomial is equal to 1 + ¢+---+ tê. 


1.3.2 Sums of powers 
For any point a € |E“ | we continue to denote by H, the corresponding hyper- 
plane in |E]. 
Suppose f € S“(E) is equal to a sum of powers of nonzero linear forms 


f=-Er.. +, (1.54) 


This implies that for any Y% € S*(E), 


S 


Dy(f) = 1) = n. (1.55) 
i=1 


i=l 
In particular, taking d = k, we obtain that 
cae aoe 12) San = Id € S4(E) : pli) = 0,2 = 1, sey s} = (Iz)a; 


where Z is the closed reduced subscheme of points {[l,],..., [/,]} c |EV] 
corresponding to the linear forms l;, and Iz denotes its homogeneous ideal. 
This implies that the codimension of the linear span (19,...,1@) in S7(EY) 
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is equal to the dimension of (Iz)q, hence the forms /¢,..., 1% are linearly in- 
dependent if and only if the points [l4], . . . , [ls] impose independent conditions 
on hypersurfaces of degree din P(E) = |EV]. 

Suppose f € (Id,...,1@), then (Iz)ą C APa(f). Conversely, if this is true, 
we have 


fe APa(f)” C Uz)a = (It... 41). 


If we additionally assume that (Iz’)a ¢ APa(f) for any proper subset Z’ of 
Z, we obtain, after replacing the forms lis by proportional ones, that 


f= p E. 


Definition 1.3.8 A polar s-hedron of f is a set of hyperplanes H; = V (l;), i = 
1,...,8, in |E| such that 


Fate +8, 


and, considered as points |l;| in P(E), the hyperplanes H; impose independent 
conditions in the linear system |Op(g)(d)|. A polar s-hedron is called nonde- 
generate if the hyperplanes V (l;) are in general linear position (i.e. non + 1 
hyperplanes intersect). 


Note that this definition does not depend on the choice of linear forms defin- 
ing the hyperplanes. Also it does not depend on the choice of the equation 
defining the hypersurface V(f). We ca also view a polar s-hedron as an un- 
ordered set of points in the dual space. In the case n = 2, it is often called a 
polar s-gon, although this terminology is somewhat confusing since a polygon 
comes with an order of its set of vertices.. Also in dimension 2 we cam employ 
the terminology of s-laterals. 

The following propositions follow from the above discussion. 


Proposition 1.3.9 Let f € S4(EY). Then Z = {[l,],..., [Is]} is a polar 
s-hedron of f if and only if the following properties are satisfied 


(i) Iz(d) C APa(f); 
(ii) Iz:(d) Z APa(f) for any proper subset Z' of Z. 


Proposition 1.3.10 A set Z = {[li],...,[Is]} is a polar s-hedron of f € 
$4(EY) if and only if Z, considered as a closed subscheme of |EV 
to f but no proper subscheme of Z is apolar to f. 





, is apolar 
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1.3.3 Generalized polar s-hedra 


Proposition 1.3.10 allows one to generalize the definition of a polar s-hedron. 
A polar s-hedron can be viewed as a reduced closed subscheme Z of P(E) = 
|E]Y consisting of s points. Obviously, 


h? (Oz) = dim H? (P(E), Oz) = s. 


More generally, we may consider non-reduced closed subschemes Z of P(E) 
of dimension 0 satisfying h°(Oz) = s. The set of such subschemes is pa- 
rameterized by a projective algebraic variety Hilb’(P(E)) called the punctual 
Hilbert scheme of P(E) of 0-cycles of length s. 

Any Z € Hilb*(P(£)) defines the subspace 





Iz(d) = P(H°(P(E),Zz(d))) C H°(P(E), Orca) (d)) = S“(E). 
The exact sequence 


0 > H°(P(E),Zz(d)) > H° (P(E), Orzy(d)) > H°(P(E),Oz) (1.56) 


> H!(P(E),Tz(d)) > 0 
shows that the dimension of the subspace 
(Z)a = P(H°(P(E),Zz(d))~) < |S(EV)| (1.57) 


is equal to h° (Oz) — h'(Zz(d)) — 1 = s — 1 — h! (Tz(d)). If Z is reduced 
and consists of points pi,...,ps, then (Z)a = (va(pı),..-,va(ps)), where 
va : P(E) > P($4(E)) is the Veronese map. Hence, dim(Z)q = s — 1 if the 
points vg(p1),..-,Va(ps) are linearly independent. We say that Z is linearly 
d-independent if dim(Z)q = s — 1. 


Definition 1.3.11 A generalized s-hedron of f € S¢(EY) is a linearly d- 
independent subscheme Z € Hilb*(P(E)) which is apolar to f. 


Recall that Z is apolar to f if, for each k > 0, 
Iz(k) = H°(P(E),Zz(k)) C APx(f). (1.58) 


According to this definition, a polar s-hedron is a reduced generalized s-hedron. 
The following is a generalization of Proposition 1.3.9. 


Proposition 1.3.12 A linearly d-independent subscheme Z € Hilb’(P(E)) 
is a generalized polar s-hedron of f € S¢(EY) if and only if 


Iz(d) C APa( f). 
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Proof We have to show that the inclusion in the assertion implies Iz(d) C 
AP;,(f) for any k < d. For any y’ € S¢-*(E) and any Y € Iz(k), the product 
wv’ belongs to Iz(k). Thus Dy (f) = 0. By the duality, Dy(f) = 0, ie. 
w € APx(f). 


Example 1.3.13 Let Z € Hilb*(P(£)) be the union of k fat points pp, i.e. at 
each p; € Z the ideal Zz p, is equal to the m;-th power of the maximal ideal. 
Obviously, 














Then the linear system |Zz(d)| consists of hypersurfaces of degree d with 
points p; of multiplicity > m;. One can show (see [313], Theorem 5.3) that 
Z is apolar to f if and only if 


feet HH tg, 


where p; = V(l;) and g; is a homogeneous polynomial of degree m; — 1 or 
the zero polynomial. 


Remark 1.3.14 It is not known whether the set of generalized s-hedra of f 
is a closed subset of Hilb’(P(E)). It is known to be true for s < d + 1 since 
in this case dim Iz(d) = t := dim $4(E) — s for all Z € Hilb’(P(E)) (see 
[313], p.48). This defines a regular map of Hilb*(P(£)) to the Grassmannian 
G:-1(|$*(E)|) and the set of generalized s-hedra equal to the preimage of a 
closed subset consisting of subspaces contained in AP4( f). Also we see that 
h+(Zz(d)) = 0, hence Z is always linearly d-independent. 


1.3.4 Secant varieties and sums of powers 
Consider the Veronese map of degree d 
va: |E] > |S*(E)|, > [v4], 


defined by the complete linear system |S“EY |. The image of this map is the 
Veronese variety V} of dimension n and degree d”. It is isomorphic to P”. By 
choosing a monomial basis t? in the linear space of homogeneous polynomials 


of degree d we obtain that the Veronese variety is isomorphic to the subvariety 
n+d 
of pl d ja given by equations 


Ar: Aj — Ak Am = 0, i+j=k+m, 


where A; are dual coordinates in the space of polynomials of degree d. The 
image of P” under the map defined by a choice of a basis of the complete 
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linear system of hypersurfaces of degree d is called a n-dimensional Veronese 
variety of degree d”. 
One can combine the Veronese mapping and the Segre mapping to define 


a Segre-Veronese variety Vn... n, (d1, -- - , dx). It is equal to the image of the 
map P™ x... x P"* defined by the complete linear system |Oprı (d1) X- - - K 
Opnx (dy )|. 


The notion of a polar s-hedron acquires a simple geometric interpretation 
in terms of the secant varieties of the Veronese variety V}. If a set of points 
[ll], ---, [ls] in |E] is a polar s-hedron of f, then [f] € ((I¢],..., [!2]), and 
hence [f] belongs to the (s — 1)-secant subspace of V}. Conversely, a general 
point in this subspace admits a polar s-hedron. Recall that for any irreducible 
nondegenerate projective variety X C P% of dimension r its t-secant variety 
Sec;(X) is defined to be the Zariski closure of the set of points in P which 
lie in the linear span of dimension t of some set of t + 1 linearly independent 
points in X. 

The counting constants easily gives 


dim Sec, (X) < min(r(t +1) +t, N). 


The subvariety X C PY is called t-defective if the inequality is strict. An 
example of a 1-defective variety is a Veronese surface in P5. 

A fundamental result about secant varieties is the following Lemma whose 
modern proof can be found in [607], Chapter II, and in [150] 


Lemma 1.3.15 (A. Terracini) Let pı,...,pı+ı be general t + 1 points in X 
and p be a general point in their span. Then 





T,(Sec.(X)) = Tp, (X),...,Tp.., (X). 


The inclusion part 





Tp, (X),---, Tp... (X) C Tp(Secz(X)) 


sey L Pipi 


is easy to prove. We assume for simplicity that t = 1. Then Sec; (X) contains 
the cone C (p1, X) which is swept out by the lines prg,q € X. Therefore, 
Tp (C (p1, X)) < Tp(Secı(X)). However, it is easy to see that T, (C (p1, X)) 
contains T,, (X). 


Corollary 1.3.16 Sec;(X) 4 P ifand only if, for any t + 1 general points 
of X, there exists a hyperplane section of X singular at these points. In par- 
ticular, if N < r(t +1) + t, the variety X is t-defective if and only if for any 
t + 1 general points of X there exists a hyperplane section of X singular at 
these points. 
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Example 13.17 Let X = V} C pr) be a Veronese variety. Assume 
n(t+1)+t> Was — 1. A hyperplane section of X is isomorphic to a 
hypersurface of degree din P”. Thus Sec, (V?) ¢ |S¢(EY)| if and only if, for 
any t + 1 general points in P”, there exists a hypersurface of degree d singular 
at these points. 

Consider a Veronese curve Vi C P@. Assume 2t + 1 > d. Since d < 2t+ 2, 
there are no homogeneous forms of degree d which have t + 1 multiple roots. 
Thus the Veronese curve Rg = va(P!) C P® is not t-degenerate for t > 
(d —1)/2. 


Take n = 2 and d = 2. For any two points in P? there exists a conic singular 
at these points, namely the double line through the points. This explains why a 
Veronese surface V? is 1-defective. 

Another example is V? C P!* and t = 4. The expected dimension of 
Sec4(X) is equal to 14. For any 5 points in P? there exists a conic passing 
through these points. Taking it with multiplicity 2, we obtain a quartic which 
is singular at these points. This shows that V7 is 4-defective. 


The following Corollary of Terracini’s Lemma is called the First Main Theo- 
rem on apolarity in [206]. The authors gave an algebraic proof of this Theorem 
without using Terracini’s Lemma. 


Corollary 1.3.18 A general homogeneous form in S’(EY) admits a polar 
s-hedron if and only if there exist linear forms Iı,...,l; € EY such that, 
for any nonzero ù% € S“(E), the ideal AP(wW) C S(EY) does not contain 
De 


Proof A general form in S¢(EY) admits a polar s-hedron if and only if the 
secant variety Sec,_ı(V}7) is equal to the whole space. This means that the 
span of the tangent spaces at some points q; = V (1$), i = 1,..., s, is equal to 
the whole space. By Terracini’s Lemma, this is equivalent to that the tangent 
spaces of the Veronese variety at the points q; are not contained in a hyperplane 
defined by some y € 94(E) = S4¢(EY)Y. It remains for us to use that the 
tangent space of the Veronese variety at q; is equal to the projective space of 
all homogeneous forms 12711, 1 € EY \ {0} (see Exercise 1.18). Thus, for any 
nonzero ı) € S4(£), it is impossible that P.a-1,(w) = 0 for all J and for all 
i. But Pa-1,(%) = 0 for all ! if and only if Pa- (Y) = 0. This proves the 
assertion. 














The following fundamental result is due to J. Alexander and A. Hirschowitz 
[5]. A simplified proof can be found in [53] or [91]. 
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Theorem 1.3.19 Ifd > 2, the Veronese variety VV"; is t-defective if and only 
if 
(n, d, t) = (2, 4,4), (3,4, 8), (4, 3, 6), (4, 4, 13). 


In all these cases the secant variety Sec, (V’}) is a hypersurface. The Veronese 
variety V5 is t-defective only if 1 < t < n. Its t-secant variety is of dimension 
n(t+1)— $(¢-2)(¢+1)-1. 


For the sufficiency of the condition, only the case (4, 3,6) is not trivial. It 
asserts that for 7 general points in P? there exists a cubic hypersurface which 
is singular at these points. To see this, we use a well-known fact that any n + 3 
general points in P” lie on a Veronese curve of degree n (see, for example, 
[278], Theorem 1.18). So, we find such a curve R through 7 general points in 
P* and consider the 1-secant variety Sec; (R). It is a cubic hypersurface given 
by the catalecticant invariant of a binary quartic form. It contains the curve R 
as it singular locus. 

Other cases are easy. We have seen already the first two cases. The third case 
follows from the existence of a quadric through nine general points in P3. The 
square of its equation defines a quartic with 9 points. The last case is similar. 
For any 14 general points there exists a quadric in P* containing these points. 
In the case of quadrics we use that the variety of quadrics of corank r is of 
codimension r(r + 1) /2 in the variety of all quadrics. 

Obviously, if dim Sec,_ı(V?) < dim|S¢EY)| = (4) — 1, a general 
form f € S¢(EY) cannot be written as a sum of s powers of linear forms. 
Since dim Secs—1 (V7) < min{(n+1)s—1, (+) — 1}, the minimal number 
s(n, d) of powers needed to write f as a sum of powers of linear forms satisfies 


s(n,d) > | : ee) (1.59) 


n+l n 





If V} is not (s — 1)-defective, then the equality holds. Applying Theorem 
1.3.19, we obtain the following. 


dadie Fr N 


unless (n, d) = (n, 2), (2,4), (3,4), (4,3), (4,4). In these exceptional cases 
s(n, d) = n + 1,6, 10,8, 15 instead of expected 5] ‚5,9, 8, 14. 


Corollary 1.3.20 





Remark 1.3.21 Ifd > 2, in all the exceptional cases listed in the previous 
corollary, s(n, d) is larger by one than the expected number. The variety of 
forms of degree d that can be written as the sum of the expected number of 
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powers of linear forms is a hypersurface in |Opr (d)|. In the case (n, d, t) = 
(2,4, 5), the hypersurface is of degree 6 and is given by the catalecticant matrix 
which we will discuss later in this chapter. The curves parameterized by this 
hypersurface are Clebsch quartics which we will discuss in Chapter 6. The 
case (n,d) = (4,3) was studied only recently in [421]. The hypersurface is 
of degree 15. In the other two cases, the equation expresses that the second 
partials of the quartic are linearly dependent (see [240], pp. 58-59.) 


One can also consider the problem of a representation of several forms 
fis---, fx € S4(E”) as a sum of powers of the same set (up to proportional- 
ity) of linear forms l4, . . . , ls. This means that the forms share a common polar 
s-hedron. For example, a well-known result from linear algebra states that two 
general quadratic forms q1, q2 in k variables can be simultaneously diagonal- 
ized. In our terminology this means that they have a common polar k-hedron. 
More precisely, this is possible if the det(q, + Agq2) has n + 1 distinct roots (we 
will discuss this later in Chapter 8 while studying del Pezzo surfaces of degree 
4). 

Suppose 


Gay ee, Sechs (1.60) 
i=1 


We view this as an element ¢ € UY @ S¢(EY), where U = C*. The map ¢ 
is the sum of s linear maps ¢ of rank 1 with the images spanned by 1. So, we 
can view each ¢ as a vector in UY @ S¢(E) equal to the image of a vector in 
UY @ EY embedded in UY @ EY by u&l = u®1. Now, everything becomes 
clear. We consider the Segre- Veronese embedding 


IuY| x [EY] > |UY| x |S“(BY)| > [UY @ S*(EY)| 


defined by the linear system of divisors of type (1, d) and view [&] as a point 
in the projective space |UY @ $4(EY)| which lies on the (s — 1)-secant variety 
of Vr-ın(, d). 
For any linear map ¢ € Hom(U, S“(EY)), consider the linear map 
2 
To : Hom(U, E) + Hom(/\ U, S'""(EY)), 
defined by 


Tola) u Nv Daw)(&(v)) — Daw) (P(u)). 


We call this map the Toeplitz map. Suppose that ¢ is of rank 1 with the image 
spanned by /4, then T, is of rank equal to dim NU-1=(k-2)(k+1)/2. 
If we choose a basis uı,..., uz in U and coordinates to,...,t„ in E, then the 
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image is spanned by 1°" 1(a;u; — ajuj), where l = ))a;t;. This shows that, if 
& belongs to Sec,_1(|UY | x |EY]), 


rank Ty < s(k — 2)(k + 1)/2. (1.61) 





The expected dimension of Sec,_1(|UY| x |EY|) is equal to s(k + n) — 1. 
Thus, we expect that Sec,_1(\UY| x |EY|) coincides with |UY @ $4(EY)| 


when 
k n+d 
el. ae 


If this happens, we obtain that a general set of k forms admits a common polar 
s-hedron. Of course, as in the case k = 1, there could be exceptions if the 
secant variety is (s — 1)-defective. 





Example 1.3.22 Assume d = 2 and k = 3. In this case the matrix of Ty 
is a square matrix of size 3(n + 1). Let us identify the spaces UY and AU 
by means of the volume form u; A ug A ug € N U = C. Also identify 
plui) € S?(EY) with a square symmetric matrix A; of size n + 1. Then, 
an easy computation shows that one can represent the linear map Tọ by the 
skew-symmetric matrix 


0 A A 
-A 0 del: (1.63) 
-A> —A; 0 


Now condition (1.61) for 

















1(3n +2) ifn is even, 
; Fe] | u n ‘ neiss 
Ik+n| 2(n +3) ans Ban 
3 ifn=1 
becomes equivalent to the condition 
0 Aı Ag 
A=Pf| -Aı 0 As] =0. (1.64) 
Aa -A; 0 


It is known that the secant variety Sec,_1(|U| x |E]) of the Segre-Veronese 
variety is a hypersurface if n > 3 is odd and the whole space if n is even (see 
[548], Lemma 4.4). It implies that, in the odd case, the hypersurface is equal 
to V(A). Its degree is equal to 3(n + 1)/2. Of course, in the even case, the 
pfaffian vanishes identically. 

In the case n = 3, the pfaffian A was introduced by E. Toeplitz [564]. It 
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is an invariant of the net? of quadrics in P? that vanishes on the nets with 
common polar pentahedron. Following [247], we call A the Toeplitz invariant. 
Let us write its generators f1, fo, f3 in the form (1.60) with n = 3 and s = 
$(3n +1) = 5. Since the four linear forms l; are linearly dependent, we can 
normalize them by assuming that lı + --- + l5 = 0 and assume that /,,..., l5 
span a 4-dimensional subspace. Consider a cubic form 


1 
3 
F= 3 > I, 
i=1 
and find three vectors v; in C4 such that 


(l1(vj), ---;45(v,)) = (a®,...,a8), j =1,2,3. 


Now we check that f; = D,,(F) for j = 1,2,3. This shows that the net 
spanned by fı, f2, f3 is a net of polar quadrics of the cubic F. Conversely, we 
will see later that any general cubic form in 4 variables admits a polar pentahe- 
dron. Thus any net of polars of a general cubic surface admits a common polar 
pentahedron. So, the Toeplitz invariant vanishes on a general net of quadrics in 
P? if and only if the net is realized as a net of polar quadrics of a cubic. 


Remark 1.3.23 Let (n, d, k, s) denote the numbers such that we have the strict 
inequality in (1.62). We call such 4-tuples exceptional. Examples of excep- 
tional 4-tuples are (n, 2,3, $(3n + 1)) with odd n > 2. The secant hypersur- 
faces in these cases are given by the Toeplitz invariant A. The case (3, 2, 3,5) 
was first discovered by G. Darboux [153].° It has been rediscovered and ex- 
tended to any odd n by G. Ottaviani [420]. There are other two known ex- 
amples. The case (2,3, 2,5) was discovered by F. London [366]. The secant 
variety is a hypersurface given by the determinant of order 6 of the linear map 
Tọ (see Exercise 1.30). The examples (3, 2, 5,6) and (5, 2, 3,8) were discov- 
ered recently by E. Carlini and J. Chipalkatti [64]. The secant hypersurface in 
the second case is a hypersurface of degree 18 given by the determinant of Tg. 
There are no exceptional 4-tuples (n, 2, 2, s) [64] and no exceptional 4-tuples 
(n, d, k, s) for large n (with some explicit bound)[1]. We refer to [96], where 
the varieties of common polar s-hedra are studied. 


Remark 1.3.24 Assume that one of the matrices A,, Ao, Az in (1.63) is in- 


2 We employ classical terminology calling a 1-dimensional (resp. 2-dimensional, resp. 
3-dimensional) linear system a pencil (resp. a net, resp. a web). 

3 Darboux also wrongly claimed that the case (3, 2, 4, 6) is exceptional, the mistake was 
pointed out by Terracini [559] without proof, a proof is in [64]. 
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vertible, say letitbe Aa. Then 


I 0 0 0 A Ao\ [I 0 0 
0 I —A,A;' -A 0 As] {0 I 0 
0 0 I —A, —Az3 0 0 -A;'A, I 
0 0 A 
=| 0 B As), 
—Ag —Ag 0 


where 
B= A, Az*A3 — AzA3'Aı. 


This shows that 


0 Aı A 
rank | —Aı 0 As | =rank B+2n + 2. 
Aa —A3 0 


The condition that rankB < 2 is known in the theory of vector bundles over 
the projective plane as Barth’s condition on the net of quadrics in P”. It does 
not depend on the choice of a basis of the net of quadrics spanned by the 
quadrics with matrices A}, Aa, A3. Under Barth’s condition, the discriminant 
curve det (zo A, +21 A2 +243) = 0 of singular quadrics in the net is a Darboux 
curve of degree n + 1 (see [24]). 


1.3.5 The Waring problems 


The well-known Waring problem in number theory asks about the smallest 

number s(d) such that each natural number can be written as a sum of s(d) d- 

th powers of natural numbers. It also asks in how many ways it can be done. Its 

polynomial analog asks about the smallest number s(n, d) such that a general 

homogeneous polynomial of degree d in n + 1 variables can be written as a 

sum of s d-th powers of linear forms. Corollary (1.3.20) solves this problem. 
Other versions of the Waring problem ask the following questions: 


e (W1) Given a homogeneous forms f € S4(EY), study the variety of sums 
of powers VSP(f, s)°, i.e. the subvariety of P(E)(*) that consists of polar 
s-hedra of f or, more general, the subvariety VSP(f, s) of Hilb*(P(£)) 
parameterizing generalized polar s-hedra of f. 

e (W2) Given s, find the equations of the closure PS(s, d; n) in SY(EV) of 
the locus of homogeneous forms of degree d which can be written as a 
sum of s powers of linear forms. 
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We can also ask similar questions for several forms in S4¢( EY). 

Note that PS(s, d; n) is the affine cone over the secant variety Sec,_1 (V7). 
In the language of secant varieties, the variety VSP( f, s)° is the set of linearly 
independent sets of s points p1,...,ps in V7 such that [f] € (pı,...,ps) and 
does not belong to the span of the proper subset of the set of these points. The 
variety VSP( f, s) is the set of linearly independent Z € Hilb*(P(£)) such that 
[f] € (Z). Note that we have a natural map 


VSP(f,s) > G(s, S7(E)), Z= (Z)a, 


where G(s, S¢(E)) = G_1(|S4(E)|) is the Grassmannian of s-dimensional 
subspaces of S¢(£). This map is not injective in general. 

Also note that for a general form f, the variety VSP(f,s) is equal to the 
closure of VSP(f,s)° in the Hilbert scheme Hilb*(P()) (see [313], 7.2). 
It is not true for an arbitrary form f. One can also embed VSP(f;s)° in 
P(S“(E)) by assigning to {11,...,1,} the product I} - - - ls. Thus we can com- 
pactify VSP(f, s)° by taking its closure in P(S“(E)). In general, this closure 
is not isomorphic to VSP(f, s). 


Remark 1.3.25 If (d,n) is not one of the exceptional cases from Corollary 
1.3.20 and (a) = (n+1)s for some integer s, then a general form of degree 
d admits only finitely many polar s-hedra. How many? The known cases are 
given in the following table. 





| dfn s | # reference 
2s-1 1 s 1 J. Sylvester [553] 


512] 7| 1| D. Hilbert [294], H. Richmond [468], 
F. Palatini [426] 


7)2|12 5 A. Dixon and T. Stuart[ 170], 
K. Ranestad and F.-O. Schreyer [454] 

















8 | 2 | 15 | 16 | K. Ranestad and F.-O. Schreyer [454] 
3 | 3 5 1 J. Sylvester [553] 


























It seems that among these are the only cases when the number of polar s- 
hedra of a general form is equal to 1. The evidence for this can be found in 
papers by M. Mella [380], [381], where it is proven that there are no new cases 
when n = 2,d > 5 and n > 3 and n divides Ce 

An explicit description of positive-dimensional varieties of sums of pow- 
ers VSP(f,s) is known only in a few cases (d,n,s). We will discuss the 


cases (d, n, s) = (2s — 1,1, s), (3,3, 5) later. For other cases see papers [315] 
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((d,n, s) = (3,5, 10)), [400], ((d, n, s) = (6, 2, 10)), [177] ((d, n, s) = (8, 2,4)) 
and [454] ((d, n, s) = (3,4, 8), (2, 3, 4), (6, 2, 10)), 


1.4 Dual homogeneous forms 
1.4.1 Catalecticant matrices 
Let f € S@(EY). Consider the linear map (the apolarity map) 
apy: S*E > S**(EY), wr Dy(f). (1.65) 


Its kernel is the space AP} (f) of forms of degree k which are apolar to f. 
Assume that f = Yo 19 for some 1; € EY. It follows from (1.55) that 
ap7(S*(E)) CN.) 

and hence 
rank(ap’;) <s. (1.66) 


If we choose a basis in E and a basis in EY, then ap is given by a matrix of 


size Ce) x eos whose entries are linear forms in coefficients of f. 
Choose a basis £o, . . . , En in E and the dual basis to, ... , tn in EY. Consider 


a monomial lexicographically ordered basis in S*(F) (resp. in S?-*(EY)). 
The matrix of ap} with respect to these bases is called the k-th catalecticant 
matrix of f and is denoted by Cat; (f). Its entries Cuy are parameterized by 
pairs (u, v) € N”+1 x N”+1 with |u| = d — k and |v| = k. If we write 


d : 
f == 5 (at. 
jil=d 
then 
Cuv = GQu+v: 


This follows easily from formula (1.5). 
Considering a; as independent variables t;, we obtain the definition of a 
general catalecticant matrix Cat; (d, n). 


Example 1.4.1 Letn = 1. Write f = 7“, (2)aitd-‘t}. Then 
ao ay ... ak 
ay aa see Ak+1 


Cat, (f) = 


Ad-k Gd-k+1 +++ Gad 
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A square matrix of this type is called a circulant matrix, or a Hankel matrix. It 
follows from (1.66) that f € PS(s, d; 1) implies that all (s+1) x (s+1) minors 
of Catų( f) are equal to zero. Thus we obtain that Secs—1(V}) is contained in 
the subvariety of P@ defined by (s + 1) x (s + 1)-minors of the matrices 


to ti a tk 
ti t2 wee bead 

Cat, (d, 1) = . . 

td-k td-k+1 Ba 


For example, if s = 1, we obtain that the Veronese curve vi C P satisfies 
the equations t;t; — t,t; = 0, where 2 + j = k + l. It is well-known that 
these equations generate the homogeneous ideal of the Veronese curve (see, 
for example, [278]). 

Assume d = 2k. Then the Hankel matrix is a square matrix of size k + 1. Its 
determinant vanishes if and only if f admits a nonzero apolar form of degree 
k. The set of such f’s is a hypersurface in the space of binary forms of degree 
2k. It contains the Zariski open subset of forms which can be written as a sum 
of k powers of linear forms (see section 1.5.1). 

For example, take k = 2. Then the equation 


ao a1 Q2 
det | a, a a3] =O (1.67) 


describes binary quartics 
f = aot + Aaıtatı + 6aztet? + 4agztot? + aut! 


which lie in the Zariski closure of the locus of quartics represented in the form 
(aoto + Botı)* + (arto + Bıtı)*. Note that a quartic of this form has simple 
roots unless it has a root of multiplicity 4. Thus any binary quartic with simple 
roots satisfying Equation (1.67) can be represented as a sum of two powers of 
linear forms. 

The determinant (1.67) is an invariant of a binary quartic. The cubic hyper- 
surface in P4 defined by Equation (1.67) is equal to the 1-secant variety of a 
rational normal curve R4 in P*. 


Note that 
dim AP;(f) = dim Ker(ap‘) = ("1") — rank Cat;(f). 


Therefore, 


dim(A f); = rank Cat;(f), 
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and 
d 
Ha, (t) = I rank Cat; (f)t". (1.68) 
i=0 


Since the ranks of api, and its transpose are the same, we obtain 
rank Cat; ( f) = rank Catg_;(f) 


confirming that H 4, (t) is a reciprocal monic polynomial. 

Suppose d = 2k is even. Then the coefficient at t" in Ha, (t) is equal to the 
rank of Cat; ( f). The matrix Cat; ( f) is a square matrix of size (r One can 
show that for a general f, this matrix is invertible. A polynomial f is called de- 
generate if det(Cat;,(f)) = 0. It is called nondegenerate otherwise. Thus, the 
set of degenerate polynomials is a hypersurface (catalecticant hypersurface) 
given by the equation 


det (Cat; (2k,n)) = 0. (1.69) 
The polynomial det (Caty (2k, n)) in variables t;, |i] = d, is called the catalec- 
ticant determinant. 


Example 1.4.2 Let d = 2. It is easy to see that the catalecticant polynomial is 
the discriminant polynomial. Thus a quadratic form is degenerate if and only if 
it is degenerate in the usual sense. The Hilbert polynomial of a quadratic form 


f is 
Ha, (t)=1+rt+?, 
where r is the rank of the quadratic form. 


Example 1.4.3 Suppose f = t¢+---+t¢,s < n. Then t},...,t‘ are linearly 
independent for any i, and hence rank Cat;(f) = s for 0 < i < d. This shows 
that 


Ha (t) =1+s(t +. +) +14. 


Let P be the set of reciprocal monic polynomials of degree d. One can strat- 
ify the space S“(E) by setting, for any p € P, 


S*(EY), = {f € S*(BY) : Ha, =p}. 
If f € PS(s, d; n) we know that 
rank Cat; (f) < h(s,d,n), = min(s, CSP), ae, 


One can show that, for a general enough f, the equality holds (see [313], p.13). 
Thus there is a Zariski open subset of PS(s, d; n) which is contained in the 
strata S (EY )p, where p = D h(s,d,n)jt*. 
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1.4.2 Dual homogeneous forms 


In this Chapter we have introduced the notion of a dual quadric. If Q = V (q), 
where q is a nondegenerate quadratic form, then the dual variety QY is a 
quadric defined by the quadratic form q“ whose matrix is the adjugate ma- 
trix of g. Using the notion of the catalecticant matrix, for any homogeneous 
form of even degree f € S?*(EY), ina similar fashion one can define the dual 
homogeneous form fY € $?*(E). 

Consider the pairing 


Q; : S*(E) x S*(E) + C, (1.70) 
defined by 


Qf (Wr, v2) = ap} (V1) (2) = Dya (apf (V1) = Dyry (f), 


where we identify the spaces S*(EY) and S*(E)Y. The pairing can be consid- 
ered as a symmetric bilinear form on S* (E). Its matrix with respect to a mono- 
mial basis in S” (E) and its dual monomial basis in S*( EY ) is the catalecticant 
matrix Cat (f). 

Let us identify 02; with the associated quadratic form on 9* (E) (the restric- 
tion of (2; to the diagonal). This defines a linear map 


Q: S?*(BY) > S?(S*(E)Y), fre Qs. 
There is also a natural left inverse map of Q 
P : S?(S®(E)Y) + S°®(EV) 


defined by multiplication S*(EY) x S*(EY) — $?*(EY). All these maps are 
GL(E)-equivariant and realize the linear representation S?*(EY) as a direct 
summand in the representation S?(S*(EY)). 


Definition 1.4.4 Assume that f € S?*(EY) is nondegenerate. The dual 
quadratic form Qy of N; is called the dual homogeneous form of f. We will 
identify it with the polar bilinest form on S"V. 


Remark 1.4.5 Note that, contrary to the assertion of Theorem 2.3 in [183], 
2% is not equal, in general, to Q pv for some fY € $?*(V). We thank Bart van 
den Dries for pointing out that the adjugate matrix of the catelecticant matrix 
is not, in general, a catalecticant matrix as was wrongly asserted in the proof. 


Recall that the locus of zeros of a quadratic from q € S?(E) consists of 
vectors v € E such that the value of the polarized bilinear form by : E + EY 
at v vanishes at v. Dually, the set of zeros of q“ € S?(E) consists of linear 
functions | € EY such that the value of b,v : EY — E at lis equal to zero. The 
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same is true for the dual form NY. Its locus of zeros consists of linear forms / 
such that Q7 (I) € S*(E) vanishes on l. The degree k homogeneous form 
97` (1) is classically known as the anti-polar of l (with respect to f). 


Definition 1.4.6 Two linear forms l,m € EY are called conjugate with re- 
spect to a nondegenerate form f € S?F(EY) if 


m), 


Proposition 1.4.7 Suppose f is given by (1.54), where the powers lÈ are 
linearly independent in S* (EY). Then each pair l;, 1; is conjugate with respect 


to f. 


Proof Since the powers 1} are linearly independent, we may include them 
in a basis of S¥ (EY). Choose the dual basis in S* (E). Then the catalecticant 
matrix of f has the upper corner matrix of size s equal to the diagonal matrix. 
Its adjugate matrix has the same property. This implies that IF, H „i Æ j, are 
conjugate with respect to QY. 














1.4.3 The Waring rank of a homogeneous form 


Since any quadratic form q can be reduced to a sum of squares, one can define 
its rank as the smallest number r such that 


g=U+--4+P 
for some 1,,...,1, € EY. 


Definition 1.4.8 Let f € STEY. Its Waring rank wrk( f) is the smallest num- 
ber r such that 


fel+.. +2 (1.71) 
for some linear forms Iı,...,I, € EY. 
The next result follows immediately from the proof of Proposition 1.4.7. 


Proposition 1.4.9 Let Q; be the quadratic form on S*(E) associated to 
f € S?*(EY). Then the Waring rank of f is greater than or equal to the rank 


of Qf. 


Let f be a nondegenerate form of even degree 2k. By Corollary 1.3.20, 


wrk(f) = s(2k,n) > I (" \ 9] l 


with strict inequality only in the following cases 
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e d= 2, wrk( f) = rank Qf =n+1; 

e n = 2, d = 4,wrk( f) = rank Oy = 6; 

e n = 3,d = 4,wrk( f) = rank Qs = 10; 
e n = 4,d = 4,wrk( f) = rank 2; = 15. 


In all non-exceptional cases, 


1 fn+2k\ _ (n+k\ (n+2k)---(n+k) 
DS pal n )-( n e a zer 








In most cases, we have strict inequality. 


1.4.4 Mukai’s skew-symmetric form 


Let w € N E be a skew-symmetric bilinear form on EY. It admits a unique 
extension to a Poisson bracket {,}., on S(E”) which restricts to a skew- 
symmetric bilinear form 


TEN x SEHHEY) SEEN) (1.72) 


Recall that a Poisson bracket on a commutative algebra A is a skew-symmetric 
bilinear map A x A > A, (a,b) + {a,b} such that its left and right partial 
maps A — A are derivations. 

Let f € S?*(EY) be a nondegenerate form and NY € S?(S*(E)) be its 
dual form. For each w as above, define ow, ¢ € N SK+L(E) by 


Tw, f9, h) = O¥ ({g, hy). 
Theorem 1.4.10 Let f be a nondegenerate form in S?"(EY) of Waring rank 


N = rank Q; = ("**). For any Z = {[ı],...,[ön]} € VSP(f, N), let 
(Z) p41 be the linear span of the powers I"*! in SF+!(EY). Then 


(i) (Z) x41 is isotropic with respect to each form Ow, f; 
(ii) apy" (S*1E) C (Z) eta 


(iii) apy (S¥-1E) is contained in the radical of each o. p. 


Proof To prove the first assertion it is enough to check that, for all 7,7, one 
has ow, p (Ett, 1+1) = 0. We have 


u) EN) = OF (UF ol). 


Since £* are linearly independent, by Proposition 1.4.7, Q% Ge IF) = 0. This 


checks the first assertion. 
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For any Y% € S*-1(E), 


N N N 
DAN = OLE) =), Du (2*) = FRG DE. 
i=l i=1 i=l 





This shows that ap¥71(S¥71(E)) is contained in (Z}g41. It remains for us to 
check that o.,¢(Dy(f),g) = 0 for any Y € SETHE), g € SFTI(EY), we 
N E. Choose coordinates tg, . . . , tn in EY and the dual coordinates £o, . . . , En 
in E. The space N E is spanned by the forms w;; = & A £j. We have 


{Du (fF), Ijo = De: (Dyl f))De; (9) — De; (Dyl f)) De: (9) 
= Dey (f)De (9) - Deu ( f) De. (9) = Due. (f) De (9) - Dye, (f) De. (9). 
For any g,h € S*(EY), 
QY (g, h) = (QF (g), h). 
Thus 
Cwis, f (Dyl f), 9) = OF (Doe: (f), De; (9)) - OF Dug, (F), Da (9)) 


= (Véi, De; (9)) — (Wsz, De: (9)) = Du (Des; (9) — Dese: (9)) = Dy (0) = 0. 














Since ap; (E) is contained in the radical of o,, ;, we have the induced 


skew-symmetric form on SEHE“ )/ap}™ (E). By Lemma 1.3.2, 
SEH(EY)/ap} (E) = APk+1( f)“. 


If no confusion arises we denote the induced form by o,,,; and call it the 
Mukai’s skew-form. 

One can also consider the collection of the Mukai skew-forms o,, 7 as a 
linear map 


2 2 
oF: NE> NAAR), WI Ow, f, 


or, its transpose 
2 


2 
tar: A APktı(f)V en AEX. (1.73) 


Let Z = {[h],...,[ls]} € VSP(f,s)° be a polar s-hedron of a nonde- 
generate form f € S?*(E) and, as before, let (Z);41 be the linear span of 
(k + 1)-th powers of the linear forms l;. Let 


L(Z) = (Z)r+1/ap} "(SF"\(E)). (1.74) 
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It is a subspace of S*+1 (EY) /ap} *(S*-1(E)) which we identify with the 
dual space AP. +1 (f)” of APx4i(f). 

Now observe that (Z); is equal to Iz(k + 1), where we identify Z with 
the reduced closed subscheme of the dual projective space P(E). This allows 
one to extend the definition of L(Z) to any generalized polar s-hedron Z € 
VSP( f; s): 


L(Z) = Iz(k + 1)* /ap} (S""(E)) c S*t (EY) /ap} (9*1 (E)). 





Proposition 1.4.11 Let f be a nondegenerate homogeneous form of degree 
2k of Waring rank equal to N, = eh Let Z, Z' € VSP(f, Nx). Then 








L(Z) = L(Z') Z=Z. 
Proof Itis enough to show that 
Izk+1)=Iz(k+1)—>Z=Z. 


Suppose Z # Z’. Choose a subscheme Zo of Z of length Ny — 1 that is not 
a subscheme of Z’. Since dim Iz,(k) > dim S*(EY) — h°(Oz) = ("+") — 
N, + 1 = 1, we can find a nonzero ıb € Iz,(k). The sheaf Tz/Tz, is con- 
centrated at one point x and is annihilated by the maximal ideal m,. Thus 
m,Iz, C Tz. Let £ € E bea linear form on EY vanishing at x but not vanish- 
ing at any proper closed subscheme of Z’. This implies that £y € Iz(k+1) = 
Iz (k+ 1) and hence w € Iz: (k) C AP; (f) contradicting the nondegeneracy 
of f. 














Lemma 1.4.12 Let f € S?*(EY) be a nondegenerate form of Waring rank 
Ng = ean) For any Z € VSP(f, Ng)’, 


dim L(Z) (ol 


n-1 


Proof Counting constants, we see that 
dim(Z),41 > dim S*t'(E) — Np, 
hence 


dim L(Z) = dim(Z);, ,—dimap}-1(S*1(E)) < Ne- ("45 = (HN). 
We have to consider the exceptional cases where wrk( f) = rank Q ¢. The as- 
sertion is obvious in the case k = 1. The space L(Z) is of expected dimension 
unless 1?,..., 1? 41 are linearly dependent. This implies that f is a quadratic 
form of rank less than n + 1, contradicting the assumption. 
Assume n = 2,k = 2 and dim L(Z) > 3, or, equivalently, dim(Z)3 > 4. 
Since AP2(f) = {0}, there are no conics passing through Z. In particular, 
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no four points are collinear. Let C be a conic through the points [Iı],... , [Js] 
and let £1, £2 be two additional points on C such that each irreducible com- 
ponent of C contains at least four points. Since dim(Z)3 > 4, we can find 
a 2-dimensional linear system of cubics through [l;],..., [Is], £1, £2. By Be- 
zout’s Theorem, C belongs to the fixed part of the linear system. The residual 
part is a 2-dimensional linear system of lines through [lg], an obvious contra- 
diction. 

Similar arguments check the assertion in the cases n = 2,k = 3,4. In the 
remaining case n = 3, k = 2, we argue as follows. We have Na = 10. Assume 
L(Z) < 6, or, equivalently, dim(Z)3 > 10. Since AP2(f) = {0}, no 4 lines 
are collinear (otherwise we pass a quadric through 3 points on the line and the 
remaining 6 points, it will contain all ten points). Choose three non-collinear 
points pı, p2,p3 among the ten points and two general points on each line 
Dip; and one general point in the plane containing the three points. Then we 
can find a 3-dimensional linear system of cubics in |(Z)3| passing through the 
additional 7 points. It contains the plane through 71, p2, p3. The residual linear 
system consists of quadrics through the remaining 7 points in Z. Since no four 
lines are collinear, it is easy to see that the dimension of the linear system 
of quadrics through 7 points is of dimension 2. This contradiction proves the 
assertion. 














Corollary 1.4.13 Let f € S?*(EY) be a nondegenerate form of Waring rank 
Ny = aw: Let VSP(f, N)? be the variety of polar polyhedra of f. Then 
the map Z |> L(Z) is an injective map 

VSP(F, Ne)? > (ET) AP). 


n-—1 


Its image is contained in the subvariety of subspaces isotropic with respect to 
all Mukai’s skew forms o.,,¢ on APr+1ı(f)V. 


Example 1.4.14 Assume n = 2. Then wrk(f) = rank Q; = (532) if and 
only if k = 1, 2, 3, 4. In these cases the Corollary applies. We will consider the 
cases k = 1 and k = 2 later. If k = 3, we obtain that VSP( f, 10)° embeds in 
G(4, 9). Its closure is a K3 surface [400], [454]. If k = 4, VSP(f, 15)° embeds 
in G(5, 15). It consists of 16 points [454]. 


1.4.5 Harmonic polynomials 


Let q € S? (EY) be a nondegenerate quadratic form on E. For convenience of 
notation, we identify q with the apolarity map api : E — EY. By the universal 
property of the symmetric power, the isomorphism q : E — EY extends to a 
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linear isomorphism S*(q) : S*(E) — S*®(EY) which defines a symmetric 
nondegenerate pairing 

(, )e: S*(E) x S*(E) > C. (1.75) 
It is easy to check that, for any € € S*(E) and v € E, 


(E, v") = RIE (ID), 

where I, € EY is the linear function ap, (v). 
Let us compare the pairing 1.75 with the pairing Q» from (1.70). Choose 

a basis 7,...,7n in E and the dual basis to,...,t„ in EY such that q = 
Z(O t?) so that q(n;) = ti. Then 

S*(q)(n*) =t. 
However, 

ap. (n) = kilt’ + ag, 

for some g € S*~?(EY). Thus 


Let 


Hg (E) = (qS? (EY) c S*(E) 


be the subspace of q-harmonic symmetric tensors. In more convenient lan- 
guage, exchanging the roles of E and E“, and replacing q with the dual form 
q“ € S?(E), we have 


HE(EY) = Ker(Dyv : S®(EY) > S*-?(BY)). 
In the previous choice of coordinates, the operator D,v is the Laplace operator 


2 . . . 
$y oe Restricting apr. to the subspace He), we obtain a nondegenerate 
symmetric pairing 


Hi (E) x HE(E) > C 


which coincides with the restriction of HQ gk to the same subspace. Changing 
E to EY, we also obtain a symmetric nondegenerate pairing 


Hi (EY) x HE(EY) >C 


which can be defined either by the restriction of the pairing (1.75) or by the 
quadratic form AQ qe: Note that all these pairings are equivariant with re- 
spect to the orthogonal group O(E, q), i.e. can be considered as pairings of the 
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linear representations of O(E, q). We have the direct sum decomposition of 
linear representations 


S*(E) = HE(E) @ q“ 9%? (E). (1.76) 


The summand q“ $*~?(E) coincides with api, ?(S*-?(EY)). The linear rep- 
resentation H (£) is an irreducible representation of O(E, q) (see [252]). 

Next let us see that, in the case when f is a power of a nondegenerate 
quadratic polynomial, the Mukai form coincides, up to a scalar multiple, with 
the skew form on the space of harmonic polynomials studied by N. Hitchin in 
[299] and [300]. 

The Lie algebra o(E, q) of the orthogonal group O(£, q) is equal to the Lie 
subalgebra of the Lie algebra gl(E) of endomorphisms of Æ that consists of 
operators A : E — E such that the composition Ao q7! : EY > E > E 
is equal to the negative of its transpose. This defines a linear isomorphism of 
vector spaces 

2 
NE > o(E, 4): wm =q low: E > EY >E. 


Now, taking w € A” EY, and identifying SEH (EY) /aph (S®1(E)) with 
HEHI(EV), we obtain the Mukai pairing 


Tu qr  HETKEY) x HEHHEY) > C 
on the space of harmonic k + 1-forms on E. 
Proposition 1.4.15 For any g,h € HEH! (EV) and any w € NEY, 


k+1)2 _ 
oalah) = ETP 9, hear, 


where (, )k41 : SEHHEY) x S**1(EY) > C is the symmetric pairing defined 
by Sk+1(q7}), 


Proof It is known that the space H+! (EY) is spanned by the forms q(v)"*!, 
where v is an isotropic vector for q, i.e. [v] € V(q) (see [252], Proposition 
5.2.6). So, it is suffices to check the assertion when g = q(v)**! and h = 
q(w)**+ for some isotropic vectors v, w € E. Choose a basis (&o,...,&n) in 
E and the dual basis to,...,t„ in EY as in the beginning of this subsection. 


An element u € o(£, q) can be written in the form Y a;;t; En for some skew- 
J 


symmetric matrix (a;;). We identify (a;;) with the skew 2-form w € N E. We 
can also write g = (a-t)"*! and h = (ß-t)"*!, where we use the dot-product 
notation for the sums J` a;t;. We have 


(wg, h)a+ı = (REISS aisti ge (art))(B) = (k+1)!(k+1)(a-8)"w(a-t, B-t). 


64 Polarity 


The computations from the proof of Theorem 1.4.10, show that 


04,9: (9, h) = OM. (la t)*, (B-t) wla- t, Bt). 


It is easy to see that QY, coincides with Qqv)x on the subspace of harmonic 
polynomials. We have 


Navy ((a- t)*, (B+ t)*) = Dat) ( YE 


= klD(a..3 (8+ t)*) = (KP la BY". 


This checks the assertion. 














Computing the catalecticant matrix of q* we find that q* is a nondegenerate 
form of degree 2k. Applying Corollary 1.4.13, we obtain that in the cases listed 
in Corollary 1.3.20, there is an injective map 


VSP Neal HE) (1.77) 


Its image is contained in the subvariety of subspaces isotropic with respect to 
the skew-symmetric forms (g, h) > (u: g, k)k+1, u € o(E,g). 

The following Proposition gives a basis in the space of harmonic polynomi- 
als (see [388]). We assume that (E, q) = (C"*1, 5 212). 


Proposition 1.4.16 For any set of non-negative integers (bo,...,bn) such 
that b; < 1 and X` b; = k, let 


; 7 k![ao/2]! 
cc = I 1)! 0/2] TE an b; biza) | Ge 


į ođi 





where the summation is taken over the set of all sequences of non-negative 


integers (ao, .. . , an ) such that 

e a; =b; mod 2,i = 0,...,N, 

eYiou=k, 

ed; < b; i = Ver. 5 N: 

Then the polynomials Hf, form a basis of the space Hk (C"*"). 


gereg 


For any polynomial f € C[to,...,t,] one can find the projection H f to 
the subspace of harmonic polynomials. The following formula is taken from 
[591]. 
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[k/2] 


Hf=f 2 1) eee 


28sl(n — 3 + 2k)(n — 5 + 2k) +--+ (n — 2s — 1 + 2k)’ 
(1.78) 





where A = Dir is the Laplace operator. 


Example 1.4.17 Let n = 2 so that dim E = 3. The space of harmonic poly- 
nomials H*(EY) is of dimension ("}”) — (5) = 2k + 1. Since the dimen- 
sion is odd, the skew form o, qx is degenerate. It follows from Proposition 
1.4.15 that its radical is equal to the subspace of harmonic polynomials g such 
that @ - g = 0 (recall that & denotes the element of o(£, q) corresponding to 
we N E). In coordinates, a vector u = (uo, u1, u2) € C? corresponds to the 
skew-symmetric matrix 


representing an endomorphism of E, or an element of N E. The Lie bracket 
is the cross-product of vectors. The action of a vector u on f € C[to, t1, tg] is 
given by 


> Eijkti Un, =. 


i ,j,k=0 


where €; j, = 0 is totally skew-symmetic with values equal to 0, 1, —1. 

For any v € E, let us consider the linear form l, = q(v) € EY. We know 
that g(v)* € HE(EY) if [v] € V (q). If [v] ¢ V (q), then we can consider the 
projection f, of (1,)" to Hf (EY). By (1.78), we get 


ne a hee LE 


„= 2 s spk—2s 17 
N= 2 ah) Oh 24 0 FP) 





We have 
uU: ly = luxe: 


Since f > u: f is a derivation of Sym(EY) and u - q = 0, we obtain 





[k/2] sjk—2s—2 
2, fa a k(h = 1) (k — 28 + 1) — 28)q(v)"ls 
u- fo = luxe (kly "4 21 1) 2ss!(2k —1)--- (2k —2s + 1) 


(1.80) 
This implies that the harmonic polynomial f, satisfies u: fu = 0 and hence 
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belongs to the radical of the skew form a, qx. The Lie algebra so(3) is iso- 
morphic to the Lie algebra sl(2) and its irreducible representation on the space 
of degree k harmonic polynomials is isomorphic to the representation of sl(2) 
on the space of binary forms of degree 2k. It is easy to see that the space of 
binary forms invariant under a nonzero element of sI(2) is one-dimensional. 
This implies that the harmonic polynomial fu spans the radical of o, qx on 
HE (BY), 

Let f € H*(EY) be a nonzero harmonic polynomial of degree k. The or- 
thogonal complement f+ of f with respect to (, )k : HK(EY)xHi (EY) > C 
is of dimension 2k. The restriction of the skew-symmetric form o, gr to f = 
is degenerate if and only if f, € f+, i.e. (fu,f)x = (E, f) = f(u) = 0. 
Here we used that the decomposition (1.76) is an orthogonal decomposition 
with respect to ( , )x. Let Pf be the pfaffian of the skew form o qx on f+. It 
is equal to zero if and only if the form is degenerate. By the above, it occurs if 
and only if f(u) = 0. Comparing the degrees, this gives 


V(f) = V(Pf). 


So, every harmonic polynomial can be expressed in a canonical way as a pfaf- 
fian of a skew-symmetric matrix with entries linear forms, a result due to N. 
Hitchin [301]. 


1.5 First examples 


1.5.1 Binary forms 


Let U be a 2-dimensional linear space and f € S’(UY) \ {0}. The hypersur- 
face X = V(f) can be identified with a positive divisor div(f) = >, mia; 
of degree d on |U| = P!. Since A? U = C, we have a natural isomorphism 
U — UY of linear representations of SL(U). It defines a natural isomorphism 
between the projective line |U| and its dual projective line P(U). In coordi- 
nates, a point a = [ao, a1] is mapped to the hyperplane V (a tp — aot, ) whose 
zero set is equal to the point a. If X is reduced (i.e. f has no multiple roots), 
then, under the identification of |U| and P(U), X coincides with its dual XY. 
In general, XY consists of simple roots of f. Note that this is consistent with 
the Pliickeri-Teissier formula. The degrees of the Hessian and the Steinerian 
coincide, although they are different if d > 3. Assume that X is reduced. The 
partial derivatives of f define the polar map g : |U| — |U| of degree d — 1. 
The ramification divisor He(X) consists of 2d — 4 points and it is mapped 
bijectively onto the branch divisor St(X). 
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Example 1.5.1 We leave the case d = 2 to the reader. Consider the case 
d = 3. In coordinates 


f = aot + 3a, t2ty + 3aatotı + azt}. 
All invariants are powers of the discriminant invariant 
A= agaz + Aaa + 4a3a3 — 6aoa10243 — 307a. (1.81) 


whose symbolic expression is (12)?(13)(24)(34)? (see [580], p. 244). The 
Hessian covariant 


H = (aoaa = ar)to + (aga3 = a1aa)totı + (aya3 = Gaye. 
Its symbolic expression is (ab)a,by. There is also a cubic covariant 


ig Stiti Se t 


see ee w D 
—ag —a, ao 
0 —d3 —2a9 ay 


with symbolic expression (ab)?(ac)”b,c2. The covariants f, H and J form a 
complete system of covariants, i.e. generate the module of covariants over the 
algebra of invariants. 


Example 1.5.2 Consider the case d = 4. In coordinates, 
f = aot + Aaıtatı + Gagtat? + 4aztot? + aut]. 


There are two basic invariants S and T on the space of quartic binary forms. 
Their symbolic expression are S = (12)* and T = (12)?(13)?(23)?. Explic- 
itly, 
S = apa4 — 40,03 + 302, (1.82) 
T = agaga4 + 2ayaga3 — agaz — alay _ a3. 
Note that T coincides with the determinant of the catalecticant matrix of f. 


Each invariant is a polynomial in S and T. For example, the discriminant in- 
variant is equal to 


A = 85° - 27T?. 


The Hessian He(X) = V(H) and the Steinerian $(X) = V(K) are both of 
degree 4. We have 


H = (apa2 — a7)t§ + 2(anaz — araa)tatı + (aoas + 2aıaz — 3a3)t2t? 


+2(a144 — a2a3)tot? + (aga4 — a3)t1. 
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and 


K = A((aoto+a1tı)a°+3(aıto+astı)2”y+3(azto+astı)ay”+(asto+astı)y°). 





Observe that the coefficients of H (resp. K) are of degree 2 (resp. 4) in 
coefficients of f. There is also a covariant J = J(f, H) of degree 6 and 
the module of covariants is generated by f, H, J over C[S, T]. In particular, 
K =aTf + BSH, for some constants a and 6. By taking f in the form 


f=ti + 6mi2t? + ti, (1.83) 
and comparing the coefficients we find 


2K = —3T f +2SH. (1.84) 


Under identification |U| = P(U), a generalized k-hedron Z of f € S¢(UY) 
is the zero divisor of a form g € S*(U) which is apolar to f. Since 


H1(|E|,Zz(d)) = HY(P},On(d-k))=0, k>d+1, 


any Z is automatically linearly independent. Identifying a point [g] € |S*(U)| 
with the zero divisor div(g), we obtain 


Theorem 1.5.3 Assume n = 1. Then 
VSP(f; k) = |APx(f)]- 
Note that the kernel of the map 
S*(U) > SU”), wr Dy lf) 


is of dimension > dim S*(U)—dim S% (UY) = k+1—(d—k+1) = 2k-d. 
Thus D,,(f) = 0 for some nonzero ı) € S*(U), whenever 2k > d. This shows 
that f has always generalized polar k-hedron for k > d/2. If dis even, a binary 
form has an apolar d/2-form if and only if det Cataj2( f) = 0. This is a divisor 
in the space of all binary d-forms. 


Example 1.5.4 Take d = 3. Assume that f admits a polar 2-hedron . Then 
f = (aito + biti)’ + (azto + bətı)’. 


It is clear that f has 3 distinct roots. Thus, if f = (aıto + bıt1)? (azto + batı) 
has a double root, it does not admit a polar 2-hedron. However, it admits a 
generalized 2-hedron defined by the divisor 2p, where p = (b1, —a1). In the 
secant variety interpretation, we know that any point in |S®(EV)| either lies 
on a unique secant or on a unique tangent line of the rational cubic curve. The 
space APə(f) is always one-dimensional. It is generated either by a binary 
quadric (-b1&o + a1&1)(—b20 + a2&1), or by (—b1 5 + ad)”. 
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Thus VSP(f,2)° consists of one point or empty but VSP(f, 2) always con- 
sists of one point. This example shows that VSP(f,2) 4 VSP(f, a in gen- 
eral. 


1.5.2 Quadrics 


It follows from Example 1.3.17 that Sec,(V3) # |S?(EY)| if and only if there 
exists a quadric with t+ 1 singular points in general position. Since the singular 
locus of a quadric V (q) is a linear subspace of dimension equal to corank(q) — 
1, we obtain that Sec, (V3) = |S? (EY )|, hence any general quadratic form can 
be written as a sum of n+ 1 squares of linear forms Io, . . . , ln. Of course, linear 
algebra gives more. Any quadratic form of rank n + 1 can be reduced to sum of 
squares of the coordinate functions. Assume that q = tã +- -- +12. Suppose we 
also have q = iF +... + ee Then the linear transformation t; +> l; preserves 
q and hence is an orthogonal transformation. Since polar polyhedra of q and 
Aq are the same, we see that the projective orthogonal group PO(n + 1) acts 
transitively on the set VSP( f, n+1)° of polar (n+ 1)-hedra of q. The stabilizer 
group G of the coordinate polar polyhedron is generated by permutations of 
coordinates and diagonal orthogonal matrices. It is isomorphic to the semi- 
direct product 2” x G,,41 (the Weyl group of root systems of types Bn, Dn), 
where we use the notation 2” for the 2-elementary abelian group (Z/2Z)”. 
Thus we obtain 





Theorem 1.5.5 Let q be a quadratic form in n + 1 variables of rank n + 1. 
Then 


VSP(q,n + 1)° © PO(n + 1)/2" x Gna. 
The dimension of VSP(q, n + 1)° is equal to 4n(n + 1). 


Example 1.5.6 Take n = 1. Using the Veronese map va : P! — P?, we 
consider a nonsingular quadric Q = V (q) as a point p in P? not lying on the 
conic C = V(tot2 — t?). A polar 2-gon of q is a pair of distinct points p1, p2 
on C such that p € (pı, p2). The set of polar 2-gons can be identified with 
the pencil of lines through p with the two tangent lines to C deleted. Thus 
W(q,2)° = Pt \ {0,00} = C*. There are two generalized 2-gons 2p9 and 
2Poo defined by the tangent lines. Each of them gives the representation of q as 
lıl2, where V (l;) are the tangents. We have VSP(f,2) = VSP(f, 2 = pl, 


Let q € S?(EY) be a nondegenerate quadratic form. We have an injective 
map (1.77) 


VSP(q,n + 1)° > Gin, H(E)) = Glin, ("3") — 1). (1.85) 
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Its image is contained in the subvariety G(n, H3(E)). of subspaces isotropic 
with respect to the Mukai skew forms. 

Recall that the Grassmann variety G(m, W) of linear m-dimensional sub- 
spaces of a linear space W of dimension N carries the natural rank n vector 
bundle S, the universal subbundle. Its fiber over a point L € G(m, W) is equal 
to L. It is a subbundle of the trivial bundle Wo m,w) associated to the vector 
space W. We have a natural exact sequence 


0> S> Wea(m,w) > Q> 0, 


where Q is the universal quotient bundle, whose fiber over L is equal to W/L. 
By restriction, we can view the Mukai form o} : \ E> N HZ(E“) asa 
section of the vector bundle A? SY @ A? EY. The image of VSP(q,n + 1) is 
contained in the zero locus of a section of this bundle defined by o4. Since the 
rank of the vector bundle is equal to (3) Co we expect that the dimension 
of its zero locus is equal to 


manea o- (9C en-A) 


Unfortunately, this number is < 0 for n > 2, so the expected dimension is 
wrong. However, when n = 2, we obtain that the expected dimension is equal 
to 3 = dim VSP(q, 3). We can view o,, , as a hyperplane in the Plücker embed- 
ding of G(2, HŻ(E)) = G(2,5). So, VSP(q,3) embeds into the intersection 
of 3 hyperplane sections of G (2, 5). 


Theorem 1.5.7 Let q be a nondegenerate quadratic form on a 3-dimensional 
vector space E. Then the image of VSP(q,3) in G(2, H2(E)), embedded in 
the Plücker space, is a smooth irreducible 3-fold equal to the intersection of 
G(2,H2(E)) with a linear space of codimension 3. 


Proof We have dim H7(E) = 5, so G(2,H7(E)) = G(2,5) is of dimension 
6. Hyperplanes in the Plücker space are elements of the space | A? FAC). 
Note that the functions s,,., are linearly independent. In fact, a basis éo, £1, &2 
in E gives a basis Woi = &o N £1, Wo2 = Êo N E2, W12 = & N & in N E. 
Thus the space of sections sg. is spanned by 3 sections 891, 502, $12 Corre- 
sponding to the forms w;;. Without loss of generality, we may assume that 
q = tê + t? + t. If we take a = tot, + t3,b = —t2 + t? + 12, we see 
that soi(a,b) Æ 0,s12(a,b) = 0, so2(a,b) = 0. Thus a linear dependence 
between the functions s;; implies the linear dependence between two func- 
tions. It is easy to see that no two functions are proportional. So our 3 func- 
tions s;;,0 < i < j < 2 span a 3-dimensional subspace of A? H2(EY) 
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and hence define a codimension 3 projective subspace L in the Pliicker space 
IA? #5 (E)|. The image of VSP(q, 3) under the map (1.85) is contained in the 
intersection G(2, E) N L. This is a 3-dimensional subvariety of G(2, #7 (E)), 
and hence contains u(VSP(qg,3)) as an irreducible component. We skip an ar- 
gument, based on counting constants, which proves that the subspace L be- 
longs to an open Zariski subset of codimension 3 subspaces of A? H3(E) 
for which the intersection L  G(2,H7(E)) is smooth and irreducible (see 
[183]). 














It follows from the adjunction formula and the known degree of G(2, 5) that 
the closure of VSP(q,3)° in G(2, #7(E)) is a smooth Fano variety of degree 
5. We will discuss it again in the next chapter. 


Remark 1.5.8 One can also consider the varieties VSP(q, s) for s > n+ 1. 
For example, we have 
to — t3 = z (to + t1)? + 3(to — t1)? — 3 (ti + t2)? — 3 (Hi — t2)’, 
to +t? + t3 = (to + te)? + (to + ti)? + (tr + te)? — (to + ti + t2). 


This shows that VSP(q,n + 2), VSP(q,n + 3) are not empty for any nonde- 
generate quadric Q in P”,n > 2. 





Exercises 


1.1 Suppose X is a plane curve and x € X is its ordinary double point. Show that 
the pair consisting of the tangent line of P(X) at x and the line az is harmonically 
conjugate (see section 2.1.2) to the pair of tangents to the branches of X at x in the 
pencil of lines through x. If x is an ordinary cusp, then show that the polar line of 
P(X) at x is equal to the cuspidal tangent of X at x. 

1.2 Show that a line contained in a hypersurface X belongs to all polars of X with 
respect to any point on this line. 

1.3 Find the multiplicity of the intersection of a plane curve C with its Hessian at an 
ordinary double point and at an ordinary cusp of C. Show that the Hessian has a triple 
point at the cusp. 

1.4 Suppose a hypersurface X in P” has a singular point x of multiplicity m > 1. 
Prove that He( X) has this point as a point of multiplicity > (n + 1)m — 2n. 

1.5 Suppose a hyperplane is tangent to a hypersurface X along a closed subvariety Y 
of codimension 1. Show that Y is contained in He( X). 

1.6 Suppose f is the product of d distinct linear forms li(to,...,tn). Let A be the 
matrix of size (n+ 1) x d whose i-th column is formed by the coefficients of l; (defined, 
of course up to proportionality). Let A; be the maximal minor of A corresponding to a 
subset J of [1,...,d] and fr be the product of linear forms l;, i ¢ I. Show that 


He(f) = (—1)"(d-D f°" DU ATi 
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([396], p. 660). 


1.7 Find an example of a reduced hypersurface whose Hessian surface is nowhere re- 
duced. 


1.8 Show that the locus of points on the plane where the first polars of a plane curve 
X are tangent to each other is the Hessian of X and the set of common tangents is the 
Cayleyan curve . 


1.9 Show that each inflection tangent of a plane curve X, considered as a point in the 
dual plane, lies on the Cayleyan of X. 


1.10 Show that the class of the Steinerian St(X ) of a plane curve X of degree d is equal 
to 3(d — 1)(d — 2) but its dual is not equal to Cay( X). 


1.11 Let Dm,n C P”! be the image in the projective space of the variety of m x n 
matrices of rank < min{m,n} — 1. 


Dix = {(A, xz) € pry pP: A- g= 0} 
is a resolution of singularities of Dm,n. Find the dual variety of Dm,n. 1.12 Find the 


dual variety of the Segre variety s(P” x P”) C preter 
1.13 Let X be the union of k nonsingular conics in general position. Show that XY is 
also the union of k nonsingular conics in general position. 


1.14 Let X has only 6 ordinary nodes and « ordinary cusps as singularities. Assume that 
the dual curve X Y has also only ò ordinary nodes and & ordinary cusps as singularities. 
Find ô and & in terms of d, ô, kK. 


1.15 Give an example of a self-dual (i.e. XY = X) plane curve of degree > 2. 

1.16 Show that the Jacobian of a net of plane curves has a double point at each simple 
base point unless the net contains a curve with a triple point at the base point [214]. 
1.17 Let |L| be a general n-dimensional linear system of quadrics in P” and |L|+ be 
the (A — n — 2)-dimensional subspace of apolar quadric in the dual space. Show 
that the variety of reducible quadrics in |L|+ is isomorphic to the Reye variety of | L| 
and has the same degree. 


1.18 Show that the embedded tangent space of the Veronese variety V7 at a point repre- 
sented by the form 1% is equal to the projectivization of the linear space of homogeneous 
polynomials of degree d of the form 1% tm. 


1.19 Using the following steps, show that V$ is 6-defective by proving that for 7 general 
points p; in P* there is a cubic hypersurface with singular points at the p;’s. 


(i) Show that there exists a Veronese curve R4 of degree 4 through the seven points. 
(ii) Show that the secant variety of Ra is a cubic hypersurface which is singular 
along Ra. 


1.20 Let q be a nondegenerate quadratic form in n + 1 variables. Show that VSP(q, n + 
1)° embedded in G(n, E) is contained in the linear subspace of codimension n. 


1.21 Compute the catalecticant matrix Cat2(f), where f is a homogeneous form of 
degree 4 in 3 variables. 


1.22 Let f € S?*(EY) and Qp be the corresponding quadratic form on 9* (E). Show 
that the quadric V (Qp) in |S*(E)| is characterized by the following two properties: 


e Its preimage under the Veronese map vp : |E| — |S*(E)| is equal to V (f); 
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e Q; is apolar to any quadric in |S*(EY)| which contains the image of the Veronese 
map |EY| = P(E) > |S"(EY)| = P(S" (E)). 


1.23 Let Cy be the locus in |S?" (EY )| of hypersurfaces V (f) such that det Cat, (f) = 
0. Show that C;, is a rational variety. [Hint: Consider the rational map Ck --> |E| 
which assigns to V (f) the point defined by the subspace AP, ( f) and study its fibres]. 


1.24 Give an example of a polar 4-gon of the cubic totıta = 0. 
1.25 Find all binary forms of degree d for which VSP( f, 2)° = 9. 


1.26 Let f be a form of degree d in n + 1 variables. Show that VSP(f, Ce is an 


Tera) . 


1.27 Describe the variety VSP(f,4), where f is a nondegenerate quadratic form in 3 
variables. 


irreducible variety of dimension n( 


1.28 Show that a smooth point y of a hypersurface X belongs to the intersection of 
the polar hypersurfaces P,(X) and P,2 (X) if and only if the line connecting x and y 
intersects X at the point y with multiplicity > 3. 


1.29 Show that the vertices of two polar tetrahedra of a nonsingular quadric in P? are 
base points of a net of quadrics. Conversely, the set of 8 base points of a general net of 
quadrics can be divided in any way into two sets, each of two sets is the set of vertices 
of a polar tetrahedron of the same quadric[537]. 


1.30 Suppose two cubic plane curves V(f) and V(g) admit a common polar pentagon. 
Show that the determinant of the 6 x 6-matrix [Catı (f)Catı (g)] vanishes [224]. 


Historical Notes 


Although some aspects of the theory of polarity for conics were known to 
mathematicians of Ancient Greece, the theory originates in projective geom- 
etry, in the works of G. Desargues, G. Monge and J. Poncelet. For Desargues 
the polar of a conic was a generalization of the diameter of a circle (when 
the pole is taken at infinity). He referred to a polar line as a“transversale de 
l’ordonnance”. According to the historical accounts found in [214], vol. II, and 
[134], p. 60, the name “polaire” was introduced by J. Gergonne. Apparently, 
the polars of curves of higher degree appear first in the works of E. Bobillier 
[45] and then, with introduction of projective coordinates, in the works of J. 
Pliicker [447]. They were the first to realize the duality property of polars: if 
a point x belongs to the s-th polar of a point y with respect to a curve of de- 
gree d, then y belongs to the (d — s)-th polar of x with respect to the same 
curve. Many properties of polar curves were stated in a purely geometric way 
by J. Steiner [542], as was customary for him, with no proofs. Good historical 
accounts can be found in [41] and [432], p.279. 

The Hessian and the Steinerian curves with their relations to the theory of 
polars were first studied by J. Steiner [542] who called them conjugate Kern- 
curven. The current name for the Hessian curve was coined by J. Sylvester 
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[554] in honor of O. Hesse who was the first to study the Hessian of a ternary 
cubic [288] under the name der Determinante of the form. The current name 
of the Steinerian curve goes back to G. Salmon [492] and L. Cremona [141]. 
The Cayleyan curve was introduced by A. Cayley in [72] who called it the 
pippiana. The current name was proposed by L. Cremona. Most of the popular 
classical text-books in analytic geometry contain an exposition of the polarity 
theory (e.g. [113], [214], [492]). 

The theory of dual varieties, generalization of Pliicker formulae to arbitrary 
dimension is still a popular subject of modern algebraic geometry. It is well- 
documented in modern literature and for this reason this topic is barely touched 
here. 

The theory of apolarity was a very popular topic of classical algebraic ge- 
ometry. It originates from the works of Rosanes [478] who called apolar forms 
of the same degree conjugate forms and Reye [462]. who introduced the term 
“apolar”. The condition of polarity D,,(f) = 0 was viewed as vanishing of the 
simultaneous bilinear invariant of a form f of degree d and a form w of class 
d. It was called the harmonizant.. We refer for survey of classical results to 
[432] and to a modern exposition of some of these results to [183] which we 
followed here. 

The Waring problem for homogeneous forms originates from a more gen- 
eral problem of finding a canonical form for a homogeneous form. Sylvester’s 
result about reducing a cubic form in four variables to the sum of 5 powers 
of linear forms is one of the earliest examples of solution of the Waring prob- 
lem. We will discuss this later in the book. F. Palatini was the first who recog- 
nized the problem as a problem about the secant variety of the Veronese variety 
[424], [425] and as a problem of the existence of envelopes with a given num- 
ber of singular points (in less general form the relationship was found earlier 
by J. E. Campbell [60]). The Alexander-Hirschowitz Theorem was claimed by 
J. Bronowski [57] in 1933, but citing C. Ciliberto [100], he had only a plausi- 
bility argument. The case n = 2 was first established by F. Palatini [425] and 
the case n = 3 was solved by A. Terracini [560]. Terracini was the first to rec- 
ognize the exceptional case of cubic hypersurfaces in P* [559]. The original 
proof of Terracini’s Lemma can be found in [561]. We also refer to [240] for 
a good modern survey of the problem. A good historical account and in depth 
theory of the Waring problems and the varieties associated to it can be found 
in the book of A. Iarrobino and V. Kanev [313]. 

The fact that a general plane quintic admits a unique polar 7-gon was first 
mentioned by D. Hilbert in his letter to C. Hermite [294]. The proofs were 
given later by Palatini [427] and H. Richmond [468], [470] 

In earlier editions of his book [493] G. Salmon mistakenly applied counting 
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constants to assert that three general quadrics in P? admit a common polar pen- 
tahedron. G. Darboux [153] was the fist to show that the counting of constants 
is wrong. W. Frahm [224] proved that the net of quadrics generated by three 
quadrics with a common polar pentahedron must be a net of polars of a cubic 
surface and also has the property that its discriminant curve is a Liiroth quar- 
tic, a plane quartic which admits an inscribed pentagon. In [564] E. Toeplitz 
(the father of Otto Toeplitz) introduced the invariant A of three quadric sur- 
faces whose vanishing is necessary and sufficient for the existence of a com- 
mon polar pentahedron. The fact that two general plane cubics do not admit a 
common polar pentagon was first discovered by F. London [366]. The Waring 
Problem continues to attract attention of contemporary mathematicians. Some 
references to the modern literature can found in this chapter. 


2 


Conics and quadric surfaces 


2.1 Self-polar triangles 


2.1.1 Veronese quartic surfaces 


Let P? = |E| and |$?(EY)| = P* be the space of conics in P?. Recall, for this 
special case, the geometry of the Veronese quartic surface V2, the image of the 
Veronese map 


v2: |EY| > |S?(EY)|, [IO [Pl 


If we view S?(E) as the dual space of $?(E), then the Veronese surface pa- 
rameterizes hyperplanes H; in S?(E) of conics passing through the point [J] in 
the dual plane |EV |. The Veronese map vz is given by the complete linear sys- 
tem |O|2v(2)| = |S? (E)]|. Thus the preimage of a hyperplane in |S?(E)| is 
a conic in the plane | EV |. The conic is singular if and only if the hyperplane is 
tangent to the Veronese surface. There are two possibilities, either the singular 
conic C is the union of two distinct lines (a line-pair), or it is equal to a double 
line. In the first case the hyperplane is tangent to the surface at a single point. 
The point is the image of the singular point [l] of the conic. In the second case, 
the hyperplane is tangent to the Veronese surface along a curve R equal to the 
image of the line Crea under the restriction of the Veronese map. It follows 
that the curve R is a conic cut out on the Veronese surface by a plane. We see 
in this way that the dual variety of the Veronese surface is isomorphic to the 
discriminant cubic hypersurface D2(2) parameterizing singular conics. 

The tangent plane to the Veronese surface at a point [1]? is the intersection 
of hyperplanes which cut out a conic in | EV | with singular point [/]. The plane 
of conics in || apolar to such conics is the plane of reducible conics with one 
component equal to the line V(/). 

Since any quadratic form of rank 2 in E can be written as a sum of quadratic 
forms of rank 1, the secant variety Sec; (V3) coincides with D2(2). Also, it 
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coincides with the tangential variety Tan(V3), the union of tangent planes 
T..(V3),x € VŽ. It is singular along the Veronese surface. 

Choosing a basis in E we can identify the space S? (EY) with the space of 
symmetric 3 x 3-matrices. The Veronese surface V3 in |S?(EY)| is identified 
with matrices of rank 1. Its equations are given by 2 x 2-minors. The variety 
of matrices of rank < 2 is the cubic hypersurface whose equation is given by 
the determinant. 

Let us look at a possible projection of V2 to P+. It is given by a linear sub- 
system |V| of |S?(E)|. Let K be the apolar conic to all conics from |V]. It is 
a point o in the dual space |$?(EY)| equal to the center of the projection. The 
conic K could be nonsingular, a line-pair, or a double line. In the first two cases 
o ¢ V3. The image of the projection is a quartic surface in P?, called a pro- 
jected Veronese surface. If K is nonsingular, o does not lie on Sec; (V3), hence 
the projected Veronese surface is a nonsingular quartic surface in P* = P(V). 
If K is a line-pair, then o lies on a tangent plane of V3 at some point {/?]. Hence 
it lies on the plane spanning a conic contained in V3. The restriction of the pro- 
jection map to this conic is of degree 2, and its image is a double line on the 
projected Veronese surface. Two ramification points are mapped to two pinch 
points of the surface. Finally, o could be on V3. The image of the projection is 
a cubic surface $ in P*. All conics on V3 containing o are projected to lines on 
S. So, S is a nonsingular cubic scroll in P4 isomorphic to the blow-up of V3, 
hence of P?, at one point. In our future notation for rational normal scrolls (see 
8.1.1), it is the scroll S14. 

Let us now project V3 further to P?. This time, the linear system |V | defining 
the projection is of dimension 3. Its apolar linear system is a pencil, a line 
L in |S?(EY)|. Suppose the apolar pencil does not intersect V3. In this case 
the pencil of conics does not contain a double line, hence contains exactly 
three line-pairs. The three line-pairs correspond to the intersection of with 
the cubic hypersurface Sec; (V3). As we saw in above, this implies that the 
image S of the projection is a quartic surface with three double lines. These 
lines are concurrent. In fact, a pencil of plane sections of S containing one of 
the lines has residual conics singular at the points of intersection with the other 
two lines. Since the surface is irreducible, this implies that the other two lines 
intersect the first one. Changing the order of the lines, we obtain that each pair 
of lines intersect. This is possible only if they are concurrent (otherwise they 
are coplanar, and plane containing the lines intersect the quartic surface along 
a cubic taken with multiplicity 2). 

The projection of a Veronese surface from a line not intersecting V3 is called 
a Steiner quartic. Choose coordinates to, t1, t2, t3 such that the equations of the 
singular lines are tı = tg = 0, tı = t3 = Oand t2 = tz = 0. Then the equation 
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of a Steiner surface can be reduced to the form totıtatz + ga = 0. By taking 
the partial derivatives at the point [1,0,0,0] and general points of the singular 
lines, we find that g4 is a linear combination of the monomial t?t3, t712, 1312. 
Finally, by scaling the coordinates, we reduce the equation to the form 


totitots + ta + CE + tt = 0. (2.1) 
An explicit birational map from P? onto the surface is given by 


lyo; 91,92] > [(—yotyitye)*, (yo-Yı+Y2)”, (Yotyi—Y2)”, (Yotyi+y2)")- 


Next, we assume that the center of the projection is line £ intersecting V2. 
In this case the image of the projection is a cubic scroll, the projection of 
the rational normal scroll 51,4 to P. There are two possibilities, the pencil 
of conics defined by £ has two singular members, or one singular member, a 
double line. This gives two possible cubic scrolls. We will give their equations 
in the next Chapter. 

Replacing E with |EY| we can define the Veronese surface in |S?(E)|, the 
image of the plane |F| under the map given by the complete linear system of 
conics. We leave it to the reader to “dualize” the statements from above. 


2.1.2 Polar lines 


Let C be a nonsingular conic. For any point a € P?, the first polar P,(C) is a 
line, the polar line of a. For any line £ there exists a unique point a such that 
P,(C) = l. The point a is called the pole of £. The point a considered as a line 
in the dual plane is the polar line of the point £ with respect to the dual conic 
Č. 

Borrowing terminology from the Euclidean geometry, we call three non- 
collinear lines in P? a triangle. The lines themselves will be called the sides 
of the triangle. The three intersection points of pairs of sides are called the 
vertices of the triangle. 

A set of three non-collinear lines (1, £2, £3 is called a self-polar triangle with 
respect to C if each £; is the polar line of C with respect to the opposite vertex. 
It is easy to see that it suffices that only two sides are polar to the opposite 
vertices. 


Proposition 2.1.1 Three lines €; = V (l;) form a self-polar triangle for a 
conic C = V (q) if and only if they form a polar triangle of C. 


Proof Let 4; N G = [vi]. If q = 12 +1 + 15, then D,,,(q) = 2lx, where 
k # i,j. Thus a polar triangle of C is a self-conjugate triangle. Conversely, 
if V(Dy,,(q)) = fr, then Dy,.v;;(@) = Dvjxvi;(Q) = 0. This shows that the 
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conic C is apolar to the linear system of conics spanned by the reducible conics 
Li + lj. It coincides with the linear system of conics through the three points 
Lı, l2, £3 in the dual plane. Applying Proposition 1.3.10, we obtain that the 
self-conjugate triangle is a polar triangle. 

Of course, we can prove the converse by computation. Let 


2q = aootz + ant + azt + 2aoıtoti + 2aoatota + 2a1atıta = 0. 


Choose projective coordinates in P? such that 4; = V (t;). Then 


ð 

Pio, (X) = 4 = i: = V (aooto + ao1tı + ao2t2), (2.2) 
ð 

Po,1,0)(X) = a = Ve = Vlanıtı + aoito + arate), 
ð 

Po,0.1] (X) =h = Mo = V (agate + aoato + aıatı) 














implies that q = 4 (tå + t? +13). 





Remark 2.1.2 Similarly one can define a self-polar (n + 1)-hedron of a 
quadric in P” and prove that it coincides with its polar (n + 1)-hedron. The 
proof of the existence of such (n+1)-hedron was the classical equivalent of the 
theorem from linear algebra about reduction of a quadratic form to principal 
axes. 


Let Q = V(q) and Q’ = V(q) be two quadrics in a projective space Pt. 
We say that Q and Q’ are harmonically conjugate if the dual quadric of Q is 
apolar to Q”. In other words, if Dav (q’) = 0. In coordinates, if 


qg= at) + 2Btoti + yti, dan + 26'toti + Vt. 
then q“ = ynj — 28nom + an?, and the condition becomes 
— 268’ + Hyd. (2.3) 


It shows that the relation is symmetric (one can extend it to quadrics in higher- 
dimensional spaces but it will not be symmetric). 

Of course, a quadric in P+ can be identified with a set of two points in Pt, or 
one point with multiplicity 2. This leads to the classical definition of harmoni- 
cally conjugate {a,b} and {c, d} in P+. We will see later many other equivalent 
definitions of this relation. 

Let P! = |U], where dim U = 2. Since dim A? U = 1, we can identify |E| 
with P(E). Explicitly, a point with coordinates [a, b] is identified with a point 
[—b, a] in the dual coordinates. Under this identification, the dual quadric q“ 
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vanishes at the zeros of q. Thus, (2.3) is equivalent to the polarity condition 
Deala) = Dav(q') = 9, (2.4) 

where V(q) = {a,b}, V(q’) = {c,d}. 


Proposition 2.1.3 Let 44, 2, b3 be a triangle with vertices a = bı N la,b = 
L N £3 and c = b2 N £3. Then the triangle is a self-polar triangle of a conic C 
if and only if a € Py(C) MN P.(C) and the pairs of points CN £3 and (b, c) are 
harmonically conjugate. 


Proof Consider the pair CN £3 as a quadric q in £3. We have c € P,(C), thus 
D».(q) = 0. Restricting to (3 and by using (2.4), we see that the pairs b, c and 
C N €3 are harmonically conjugate. Conversely, if D,.(q) = 0, the polar line 
P,(C) contains a and intersects £3 at c, hence coincides with ac. Similarly, 
P(C) = ab. 














Any triangle in P? defines the dual triangle in the dual plane (P?)Y. Its sides 
are the pencils of lines with the base point of one of the vertices. 


Corollary 2.1.4 The dual of a self-polar triangle of a conic C is a self-polar 
triangle of the dual conic Č. 


2.1.3 The variety of self-polar triangles 


Here, by more elementary methods, we will discuss a compactification of the 
variety VSP(q, 3) of polar triangles of a nondegenerate quadratic form in three 
variables. 

Let C be a nonsingular conic. The group of projective transformations of P? 
leaving C invariant is isomorphic to the projective complex orthogonal group 


PO(3) = 0(3)/(£I3) = SO(3). 





It is also isomorphic to the group PSL(2) via the Veronese map 
vo: P! —> P?, fto, ta] + (#2, toti, t3]. 


Obviously, PO3 acts transitively on the set of self-polar triangles of C. We may 
assume that C = V (Y` t2). The stabilizer subgroup of the self-polar triangle 
defined by the coordinate lines is equal to the subgroup generated by permu- 
tation matrices and orthogonal diagonal matrices. It is easy to see that it is 
isomorphic to the semi-direct product (Z/2Z)? x G3 = G4. Thus we obtain 
the following. 
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Theorem 2.1.5 The set of self-polar triangles of a nonsingular conic has a 
structure of a homogeneous space SO3/T, where T is a finite subgroup iso- 
morphic to G4. 


A natural compactification of the variety of self-conjugate triangles of a non- 
degenerate conic q is the variety VSP(q, 3) which we discussed in the previous 
chapter. In Theorem 1.5.7, we have shown that it is isomorphic to the intersec- 
tion of the Grassmannian G(3, 5) with a linear subspace of codimension 3. Let 
us see this construction in another way, independent of the theory developed 
in the previous chapter. 

Let V = V3} be a Veronese surface in P3. We view P? as the projective 
space of conics in P? and V3 as its subvariety of double lines. A trisecant plane 
of V is spanned by three linearly independent double lines. A conic C € P° 
belongs to this plane if and only if the corresponding three lines form a self- 
polar triangle of C. Thus the set of self-polar triangles of C can be identified 
with the set of trisecant planes of the Veronese surface which contain C. The 
latter will also include degenerate self-polar triangles corresponding to the 
case when the trisecant plane is tangent to the Veronese surface at some point. 
Projecting from C to P4 we will identify the set of self-polar triangles (maybe 
degenerate) with the set of trisecant lines of the projected Veronese surface V4. 
This is a closed subvariety of the Grassmann variety Gj (P4) of lines in P*. 

Let E be a linear space of odd dimension 2k+1 and let G(2, E) := Gi(|E]) 
be the Grassmannian of lines in |E]. Consider its Plücker embedding N : 
G(2,E) > Gi(A? E) = |A? El]. Any nonzero w € (A? E)Y = A? EY 
defines a hyperplane H,, in | A” E|. Consider w as a linear map a, : E > EY 
defined by ay (v)(w) = w(v, w). The map a,, is skew-symmetric in the sense 
that its transpose map coincides with —a,,. Thus its determinant is equal to 
zero, and Ker(a,,) # {0}. Let vo be a nonzero element of the kernel. Then for 
any v € E we have w(vp, v) = a,(v)(vo) = 0. This shows that w vanishes 
on all decomposable 2-vectors vg A v. This implies that the intersection of 
the hyperplane H,, with G(2, E) contains all lines which intersect the linear 
subspace Cuy = |Ker(a,)| C |E| which we call the pole of the hyperplane 
Ho. 

Now recall the following result from linear algebra (see Exercise 2.1). Let 
A be a skew-symmetric matrix of odd size 2k + 1. Its principal submatrices 
A, of size 2k (obtained by deleting the i-th row and the i-th column) are skew- 
symmetric matrices of even size. Let Pf; be the pfaffians of A; (i.e. det(A;) = 
Pf?). Assume that rank(A) = 2k, or, equivalently, not all Pf; vanish. Then the 
system of linear equations A - x = 0 has 1-dimensional null-space generated 
by the vector (a1,...,@2%41), where a; = (—1)’*'Pf;. 
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Let us go back to Grassmannians. Suppose we have an s + 1-dimensional 
subspace W in N EY spanned by wo, ..., ws. Suppose that, for any w € W, 
we have rank aw = 2k, or, equivalently, the pole Cu of Hu is a point. It follows 
from the theory of determinant varieties that the subvariety 


2 
{Cw € IAE“ : corank aw > i} 


is of codimension (3) in LA? EY | (see [279], [341]). Thus, if s < 4, a general 
W will satisfy the assumption. Consider a regular map ® : |W| — |E] defined 
by w +> Cw. If we take w = towo +--+: + tsws so that t = (to,...,ts) are 
projective coordinate functions in |W], we obtain that ® is given by 2k + 1 
principal pfaffians of the matrix A; defining w. 

We shall apply the preceding to the case when dim E = 5. Take a general 
3-dimensional subspace W of A? EY. The map ® : |W| > |E| & Pf is 
defined by homogeneous polynomials of degree 2. Its image is a projected 
Veronese surface S. Any trisecant line of $ passes through 3 points on S which 
are the poles of elements wı, w2, w3 from W. These elements are linearly 
independent, otherwise their poles lie on the conic image of a line under ®. But 
no trisecant line can be contained in a conic plane section of S. We consider 
w € W as a hyperplane in the Plücker space | A? E|. Thus, any trisecant line 
is contained in all hyperplanes defined by W. Now, we are ready to prove the 
following. 





Theorem 2.1.6 Let X be the closure in G1 (P*) of the locus of trisecant lines 
of a projected Veronese surface. Then X is equal to the intersection of G1 (P*) 
with three linearly independent hyperplanes. In particular, X is a Fano 3-fold 
of degree 5 with canonical sheaf wx = Ox (—2). 


Proof As we observed in above, the locus of poles of a general 3-dimensional 
linear space W of hyperplanes in the Pliicker space is a projected Veronese 
surface V and its trisecant variety is contained in Y = Nwew Hu N Gı(P*). 
So, its closure X is also contained in Y. On the other hand, we know that X 
is irreducible and 3-dimensional (it contains an open subset isomorphic to the 
homogeneous space X = SO(3)/G,). By Bertini’s Theorem the intersection 
of Gı(P*) with a general linear space of codimension 3 is an irreducible 3- 
dimensional variety. This proves that Y = X. By another Bertini’s Theorem, 
Y is smooth. The rest is the standard computation of the canonical class of the 
Grassmann variety and the adjunction formula. It is known that the canonical 
class of the Grassmannian G = Gm (P”) of m-dimensional subspaces of P” is 
equal to 


Ka = O¢(-n- 1). (2.5) 
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By the adjunction formula, the canonical class of X = G4 (Pt£)N Hı NH2) H3 
is equal to Ox (—2). 














Corollary 2.1.7 The homogeneous space X = SO(3)/G4 admits a smooth 
compactification X isomorphic to the intersection of G,(P*), embedded via 
Plücker in P®, with a linear subspace of codimension 3. The boundary X \ X 
is an anticanonical divisor cut out by a hypersurface of degree 2. 


Proof The only unproven assertion is one about the boundary. To check this, 
we use that the 3-dimensional group G = SL(2) acts transitively on a 3- 
dimensional variety X minus the boundary. For any point x € X, consider 
the map Hz : G —> X, g > g- x. Its fiber over the point x is the isotropy sub- 
group Gz of x. The differential of this map defines a linear map g = T.(G) > 
T,(X). When we let x vary in X, we get a map of vector bundles 


o:9x=gxX ST(X). 
Now take the determinant of this map 


3 3 3 
\o=f\gxX> ATX) =KX, 


where Kx is the canonical line bundle of X. 














Remark 2.1.8 There is another construction of the variety VSP(q, 3) due to 
S. Mukai and H. Umemura [397]. Let Ve be the space of homogeneous binary 
forms f (to, tı) of degree 6. The group SL(2) has a natural linear representation 
in Vg via linear change of variables. Let f = totı(t4 — t$). The zeros of this 
polynomials are the vertices of a regular octahedron inscribed in S? = P!(C). 
The stabilizer subgroup of f in SL(2) is isomorphic to the binary octahedron 
group [' = G4. Consider the projective linear representation of SL(2) in |V6| S 
P5. In the loc. cit. it is proven that the closure X of this orbit in |Ve| is smooth 
and B = X \ X is the union of the orbits of [tötı] and [t6]. The first orbit 
is of dimension 2. Its isotropy subgroup is isomorphic to the multiplicative 
group C*. The second orbit is 1-dimensional and is contained in the closure 
of the first one. The isotropy subgroup is isomorphic to the subgroup of upper 
triangular matrices. One can also show that B is equal to the image of P! x P! 
under a SL(2)-equivariant map given by a linear system of curves of bidegree 
(5,1). Thus B is of degree 10, hence is cut out by a quadric. The image of the 
second orbit is a smooth rational curve in B and is equal to the singular locus 
of B. The fact that the two varieties are isomorphic follows from the theory 
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of Fano 3-folds. It can be shown that there is a unique Fano threefold V with 
Pic(V) = Zs Ky and K3 = 40. 


2.1.4 Conjugate triangles 


Let C = V(f) bea nonsingular conic. Given a triangle with sides 44, l2, (3, the 
poles of the sides are the vertices of the triangle which is called the conjugate 
triangle. Its sides are the polar lines of the vertices of the original triangle. It 
is clear that this defines a duality in the set of triangles. Clearly, a triangle is 
self-conjugate if and only if it is a self-polar triangle. 

The following is an example of conjugate triangles. Let £1, £2, l3 be three 
tangents to C at the points pı, pa, p3, respectively. They form a triangle which 
can be viewed as a circumscribed triangle. It follows from Theorem 1.1.5 that 
the conjugate triangle has vertices pı, pa, p3. It can be viewed as an inscribed 
triangle. The lines (\ = Dop3,05 = Pips,4 = Pipe are polar lines with 
respect to the vertices q1, q2, q3 of the circumscribed triangle (see the picture). 














Figure 2.1 Special conjugate triangles 


In general, let a side 4; of a triangle A intersect the conic C at p; and pi. 
Then the vertices of the conjugate triangle are the intersection points of the 
tangent of C at the points p;, pi. 

Two lines in P? are called conjugate with respect to C if the pole of one of 
the lines belongs to the other line. It is a reflexive relation on the set of lines. 
Obviously, two triangles are conjugate if and only if each of the sides of the 
first triangle is conjugate to a side of the second triangle. 

Recall the basic notion of projective geometry, the perspectivity. Two tri- 
angles are called perspective from a line (resp. from a point) if there exists a 
bijection between their sets of sides (resp. vertices) such that the intersection 
points of the corresponding sides (resp. the lines joining the corresponding 
points) lie on the same line (resp. intersect at one point). The line is called the 
line of perspectivity or perspectrix, and the point is called the center of per- 
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spectivity or perspector. The Desargues Theorem asserts that the properties of 
being perspective from a line or from a point are equivalent. 


Theorem 2.1.9 (M. Chasles) Two conjugate triangles with no common vertex 
are perspective. 


Proof Choose coordinates such that the sides £4, £2, £3 of the first triangle are 
to 0, ty 0, t2 0, respectively. Then the vertices of the first triangle 
Ly N b3 = pı = [1,0,0], 21 N £3 = p2 = (0, 1, 0] and ¢; N £3 = p3 = [0, 0, 1]. 
Let 








abe 
A=|b d e (2.6) 
c e f 


be the symmetric matrix defining the conic. Then the polar lines £; of the point 
pi is given by the equation ato + Bt, + yt2 = 0, where (a, 8, y) is the i-th 
column of A. The vertices of the conjugate triangle are 2,0, = (0, c, —b), £2N 
L = (e,0, —b) and £3 £5 = (e, —c, —0). The condition that the points are on 
a line is the vanishing of the determinant 


0 ec -b 
det {e 0 -b 
e —c 0 











Computing the determinant, we verify that it indeed vanishes. 





Now let us consider the following problem. Given two triangles {/1, l2, £3} 
and {¢4, l3, £4} without common sides, find a conic C such that the triangles 
are conjugate to each other with respect to C. 

Since dim A? E = 1, we can define a natural isomorphism | A? EY| — |E]. 
Explicitly, it sends the line [1 A 1’] to the intersection point [!] A [I’]. Suppose the 
two triangles are conjugate with respect to a conic C. Let |E| — |EV | be the 
isomorphism defined by the conic. The composition | A? EY| > |E| > |EV] 
must send £; A £; to 4.. Let €; = [l;], & = [I]. Choose coordinates to, t1, t2 in 
E and let X,Y be the 3 x 3-matrices with j-row equal to coordinates of ¢; and 
L, respectively. Of course, these matrices are defined by the triangles only up 
to scaling the columns. It is clear that the k-column of the inverse matrix X! 
can be taken for the coordinates of the point 4; N £; (here i # j # k). Now we 
are looking for a symmetric matrix A such that AX—! = tY. The converse is 
also true. If we find such a matrix, the rows of X and Y would represent two 
conjugate triangles with respect to the conic defined by the matrix A. Fix some 
coordinates of the sides of the two triangles to fix the matrices X, Y. Then we 


86 Conics and quadric surfaces 


are looking for a diagonal invertible matrix D such that 
QA='YDX is asymmetric matrix. (2.7) 


There are three linear conditions a;; = aji for a matrix A = (aij) to be 
symmetric. So we have three equations and we also have three unknowns, the 
entries of the matrix D. The condition for the existence of a solution must be 
given in terms of a determinant whose entries depend on the coordinates of the 
sides of the triangles. We identify l; and l; with vectors in C3 and use the dot- 
product in C? to get the following three equations with unknowns A1, Aa, A3 


Ae — àl le 
breitet 
rl eked, = 0. 


The matrix of the coefficients of the system of linear equations is equal to 


het chek 0 
M=(h-& 0 -B-l 
© ih hol 


The necessary condition is that 
det M = (ls -U,) (1 1g) (la 13) — (l2 UW) (is) =0. (28) 


We also need a solution with nonzero coordinates. It is easy to check (for 
example, by taking coordinates where X or Y is the identity matrix), that the 
existence of a solution with a zero coordinate implies that the triangles have a 
common vertex. This contradicts our assumption. 

Note that condition (2.7) is invariant with respect the action of GL(E) since 
any G € GL(E) transforms X,Y to GX,GY, and hence transforms A to 
tGAG which is still symmetric. Taking lı to, l2 ty, 13 t2, we easily 
check that condition (2.8) is equivalent to the condition that the two triangles 
with sides defined by lı, lo, ls and 1/, 15,15 are perspective from a line. Thus 
we obtain the following. 








Corollary 2.1.10 Two triangles with no common side are conjugate triangles 
with respect to some conic if and only if they are perspective triangles. 


Taking the inverse of the matrix A from (2.7), we obtain that X-1D-1!B-! 
is symmetric. It is easy to see that the j-th column of X~! can be taken for the 
coordinates of the side of the triangle opposite the vertex defined by the j-th 
column of X. This shows that the dual triangles are conjugate with respect to 
the dual quadric defined by the matrix A=!. This proves Desargues’ Theorem, 
we used before. 
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Theorem 2.1.11 (G. Desargues) Two triangles are perspective from a point 
if and only if they are perspective from a line. 


Let C be a nonsingular conic and o be a point in the plane but not in C’. The 
projection from o defines an involution 7, on C with two fixed points equal to 
the set P,(C)NC. This involution can be extended to the whole plane such 
that o and the polar line P, is its set of fixed points. To show this, we may 
assume C is the conic V(tot2 — tî), image of the Veronese map vz : P! > 
C, [uo, u1] > fue, uot, uz]. We identify a point x = [xo, 71, £2] in the plane 


with a symmetric matrix 
zo £ 
x= ( 0 ') 
Tı T2 


so that the conic is given by the equation det X = 0. Consider the action of 
G € SL(2) on P? which sends X to 'GXG. This defines an isomorphism 
from PSL(2) to the subgroup of PGL(3) leaving the conic C invariant. In this 
way, any automorphism of C extends to a projective transformation of the 
plane leaving C invariant. Any nontrivial element of finite order in PGL(3) 
is represented by a diagonalizable matrix, and hence its set of fixed points 
consists of either a line plus a point, or 3 isolated points. The first case occurs 
when there are two equal eigenvalues, the second one when all eigenvalues are 
distinct. In particular, an involution belongs to the first case. It follows from the 
definition of the involution 7 that the two intersection points of P, (C) with C 
are fixed under the extended involution 7. So, the point o, being the intersection 
of the tangents to C at these points, is fixed. Thus the set of fixed points of the 
extended involution 7 is equal to the union of the line P,(C) and the point o. 

As an application, we get a proof of the following Pascal’s Theorem from 
projective geometry. 


Theorem 2.1.12 Let pı,...,pe be the set of vertices of a hexagon inscribed 
in a nonsingular conic C. Then the intersection points of the opposite sides 





PiPi+rı N Pi+aPira, Where i is taken modulo 3, are collinear. 


Proof A projective transformation of P! is uniquely determined by the im- 
ages of three distinct points. Consider the transformation of the conic C (iden- 
tified with P! by a Veronese map) which transforms p; to pj43,i = 1,2,3. 
This transformation extends to a projective transformation 7 of the whole plane 
leaving C invariant. Under this transformation, the pairs of the opposite sides 
Pipi+3 are left invariant, thus their intersection point is fixed. A projective 
transformation with three fixed points on a line, fixes the line pointwise. So, all 
three intersection points lie on a line. 
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The line joining the intersection points of opposite sides of a hexagon is 
called the Pascal line. Changing the order of the points, we get 60 Pascal lines 
associated with six points on a conic. 

One can see that the triangle A; with sides pipz, Pipe, P2p3 and the triangle 
As with sides Paps, P3P4, P5Pg are in perspective from the Pascal line. Hence 
they are perspective from the pole of the Pascal line with respect to the conic. 
Note that not all vertices of the triangles are on the conic. 

Dually, we obtain Brianchon’s Theorem. 


Theorem 2.1.13 Let pı,...,ps be the set of vertices of a hexagon whose 
sides touch a nonsingular conic C. Then the diagonals Pipirs,i = 1,2,3 
intersect at one point. 


We leave it to the reader to find two perspective triangles in this situation. 





Figure 2.2 Pascal’s Theorem 


We view a triangle as a point in (P?)?. Thus the set of ordered pairs of conju- 
gate triangles is an open subset of the hypersurface in (P?)? x (P?)? = (P?)® 
defined by Equation (2.8). The equation is multilinear and is invariant with 
respect to the projective group PGL(3) acting diagonally, with respect to the 
cyclic group of order 3 acting diagonally on the product (P?)? x (P?)%, and 
with respect to the switch of the factors in the product (P?)? x (P?)?. It is 
known from the invariant theory that the determinant of the matrix M, consid- 
ered as a section of the sheaf H°((P?)°, O°) must be a linear combination 
of the products of the maximal minors (ijk) of the matrix whose columns are 
the six vectors l1, l4, 12,15, 13,15 such that each columns occurs in the prod- 
uct once. We use that det M = 0 expresses the condition that the intersection 
points £; N £; are collinear. 

Fix a basis in A?(E) to define a natural isomorphism 


2 2 
MA) — E, (vi A v2, w1 A wo) b> (v A v2 Aw) we — (vi A v2 A wW2)W4. 
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This corresponds to the familiar identity for the vector product of 3-vectors 
(vi x v2) x (wy N ws) = (vi X Vg X Ww )w2 = (vi X U2 X ww. 


If we apply this formula to EY instead of E, we obtain that the line spanned by 
the points £1 N£; and l2N£; has equation det (l4, l4 , l2)l4—det (l1, 14, 15 )l2 = 0. 
The condition that this line also passes through the intersection point £3 N £3 is 


det(l3, 15, det(l1, 14, l2)l4 — det (11,1, 14)l2) 
= det(I1, l4, l2) det (13, 13,15) — det(l1, 04,15) det(l3, 13,12) = 0. 
This shows that the determinant in (2.8) can be written in symbolic form as 
(12, 34, 56) := (123)(456) — (124)(356). (2.9) 


Remark 2.1.14 Let X = (P?)[® be the Hilbert scheme of P? of 0-cycles of 
degree 3. It is a minimal resolution of singularities of the 3d symmetric product 
of P?. Consider the open subset of X formed by unordered sets of 3 non- 
collinear points. We may view a point of U as a triangle. Thus any nonsingular 
conic C defines an automorphism gc of U of order 2. Its set of fixed points is 
equal to the variety of self-polar triangles of C’. The automorphism of U can 
be viewed as a birational automorphism of X. 

One can also give a moduli-theoretical interpretation of the 3-dimensional 
GIT-quotient of the variety X modulo the subgroup of Aut(P?) leaving the 
conic C invariant. Consider the intersection of the sides of the triangle with 
vertices a,b,c. They define three pairs of points on the conic. Assume that 
the six points are distinct. The double cover of the conic branched over six 
distinct points is a hyperelliptic curve B of genus 2. The three pairs define 
3 torsion divisor classes which generate a maximal isotropic subspace in the 
group of 2-torsion points in the Jacobian variety of the curve B (see Chapter 5). 
This gives a point in the moduli space of principally polarized abelian surfaces 
together with a choice of a maximal isotropic subspace of 2-torsion points. It 
is isomorphic to the quotient of the Siegel space H2 modulo the group T'o(2) 


of matrices & € Sp(4, Z) such that C =0 mod 2. 


D 


2.2 Poncelet relation 


2.2.1 Darboux’s Theorem 


Let C be a conic, and let T = {41, l2, £3 } be a circumscribed triangle. A conic 
C’ which has T as an inscribed triangle is called the Poncelet related conic. 
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Since passing through a point impose one condition, we have oo? Poncelet 
related conics corresponding to a fixed triangle T. Varying T, we expect to 
get 00° conics, so that any conic is Poncelet related to C with respect to some 
triangle. But surprisingly this is wrong! Darboux’s Theorem asserts that there 
is a pencil of divisors pı + p2 + p3 such that the triangles T with sides tangent 
to C at the points pı, pa, p3 define the same Poncelet related conic. 

We shall prove it here. In fact, we shall prove a more general result, in which 
triangles are replaced with n-polygons. An n-polygon P in P? is an ordered 
set of n > 3 points (p1,..., Pn) in P? such that no three points p;, pi41, Pi+2 
are collinear. The points p; are the vertices of P, the lines 9;, p;+ı are called 
the sides of P (here pp+1 = pı). The number of n-gons with the same set of 
vertices is equal to n!/2n = (n — 1)!/2. 

We say that P circumscribes a nonsingular conic C if each side is tangent 
to C. Given any ordered set (q1,..., qn) of n points on C, let 4; be the tangent 
lines to C at the points q;. Then they are the sides of the n-gon P with vertices 
pi = 4G N Ci4y,t = 1,...,2 (n41 = &). The n-gon P circumscribes C. 
This gives a one-to-one correspondence between n-gons circumscribing C and 
ordered sets of n points on ©. 

Let P = (pı,...,Pn) be a n-gon that circumscribes a nonsingular conic C. 
A conic Sis called Poncelet n-related to C with respect to P if all points p; 
lie on C. 

Let us start with any two conics C and S. We choose a point pı on S and 
a tangent lı to C passing through pı. It intersects S at another point pa. We 
repeat this construction. If the process stops after n steps (i.e. we are not getting 
new points p;), we get an inscribed n-gon in S which circumscribes C. In this 
case S is Poncelet related to C. The Darboux Theorem which we will prove 
later says that, if the process stops, we can construct infinitely many n-gons 
with this property starting from an arbitrary point on S. 

Consider the following correspondence on C x S: 


R= {(x,y) € Cx S : TJ is tangent to C at x}. 


Since, for any x € C the tangent to C at x intersects S at two points, and, for 
any y € S there are two tangents to C passing through y, so we get that R is 
of bidegree (2, 2). This means if we identify C, S with Pt, then R is a curve of 
bidegree (2, 2). As is well-known R is a curve of arithmetic genus 1. 


Lemma 2.2.1 The curve R is nonsingular if and only if the conics C and 
S intersect at four distinct points. In this case, R is isomorphic to the double 
cover of C (or S) ramified over the four intersection points. 


Proof Consider the projection map ms : R —> S. This is a map of degree 2. 
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A branch point y € S is a point such that there only one tangent to C passing 
through y. Obviously, this is possible only if y € ©. It is easy to see that R is 
nonsingular if and only if the double cover ms : R— S = Pt has four branch 
points. This proves the assertion. 














Note that, if R is nonsingular, the second projection map mrc : R > C 
must also have 4 branch points. A point x € C is a branch point if and only 
if the tangent of C at x is tangent to S. So we obtain that two conics intersect 
transversally if and only if there are four different common tangents. 

Take a point (x[0], y[0]) € R and let (z[1], y[1]) € R be defined as follows: 
y[1] is the second point on S on the tangent to [0], x[1] is the point on C 
different from x[0] at which a line through y[1] is tangent to C’. This defines a 
map Tc,s : R + R. This map has no fixed points on R and hence, if we fix a 
group law on R, is a translation map ta with respect to a point a. Obviously, we 
get an n-gon if and only if ta is of order n, i.e. the order of a in the group law 
is n. As soon as this happens we can use the automorphism for constructing 
n-gons starting from an arbitrary point (x[0], y[0]). This is Darboux’s Theorem 
which we have mentioned in above. 


Theorem 2.2.2 (G. Darboux) Let C and S be two nondegenerate conics in- 
tersecting transversally. Then C and S are Poncelet n-related if and only if the 
automorphism Tc s of the associated elliptic curve R is of order n. If C and 
S are Poncelet n related, then starting from any point x € C and any point 
y E S there exists an n-gon with a vertex at y and one side tangent to C at y 
which circumscribes C and inscribed in S. 


In order to check explicitly whether two conics are Poncelet related one 
needs to recognize when the automorphism Tc,s is of finite order. Let us 
choose projective coordinates such that C is the Veronese conic totz — t? = 0, 
the image of P! under the map [to, ti] +> It}, toti, t2]. By using a projective 
transformation leaving C invariant we may assume that the four intersection 
points pı, p2, p3, pa of C and S are the images of the points 0, 1,00, a. Then 
R is isomorphic to the elliptic curve given by the affine equation 


y? = a(x — 1)(x — a). 
The conic S' belongs to the pencil of conics with base points p1, ... , p4: 
(totz — t2) + Atı (ato — (1 + a)tı + t2) = 0. 


We choose the zero point in the group law on R to be the point (x[0], y[0]) = 
(pa, pa) € C x S. Then the automorphism Tco,s sends this point to (x[1 


= 
= 
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where 


y[1] = (Aa,A(1+a)+1,0), x]1] = ((a+1)?A?,2a(1+ a)A,4a?). 





Thus x[1] is the image of the point (1, a) € P! under the Veronese map. 
The point y[1] corresponds to one of the two roots of the equation 
2a 2a 2a 
2 
= 1 $ 
Y= ati atA a+ © 
So we need a criterion characterizing points (x, +,/a(x — 1)(x — a)) of fi- 





nite order. Note that different choice of the sign corresponds to the involution 
x t+ —x of the elliptic curve. So, the order of the points corresponding to two 
different choices of the sign are the same. We have the following result of A. 
Cayley. 


Theorem 2.2.3 (A. Cayley) Let R be an elliptic curve with affine equation 
y’ z g(x), 


where g(x) is a cubic polynomial with three distinct nonzero roots. Let y = 
>, cix? be the formal power Taylor expansion of y in terms of the local 
parameter x at the point p = (0, \/g(0)). Then p is of order n > 3 if and only 
if 








C2 C3 wee Ck+1 

C3 C4 ose Chia 
=0, n=2k+1, 

Ck+1 Ck+2 +++ C2k 

C3 C4 ... Ck+1 

C4 C5 ... Ck+2 

=0, n=2k 
Ck+1 Ck+2 «+++ C2k-1 





Proof Let œ be the point at infinity of the affine curve y? — g(x) = 0. 
The rational function x (resp. y) has pole of order 2 (resp. 3) at oo. If n = 
2k + 1, the rational functions 1,2,...,2*,y,xy,...,2*~ly form a basis of 
the linear space H? (C, Oc(noo)). If n = 2k, the same is true for the functions 
l,x,...,0*,y,ay,...,2*~2y. A point p = (0, co) is a n-torsion point if and 
only if there is a linear combination of these functions which vanishes at this 
point with order n. Since x is a local parameter at the point p, we can expand 


y in a formal power series y = Spear cr x". Let us assume n = 2k + 1, the 
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other case is treated similarly. We need to find some numbers (ao, ..., @2x) 
such that, after plugging in the formal power series, 


ao +a1z+...+ apr" +ak+1ıYy +... + anna ly 


is divisible by x?*t!. This gives a system of n linear equations 


aj + ak+1Ci ++ ak+i+iCo = 0,7 =0,...,k, 

a2kC2+i + Aak-1C3 4 +++ + ak+1Ck+1+i = 0, i =0,...,k— 1. 
The first k + 1 equations allow us to eliminate aọ, . . . , ag. The last k equations 
have a solution for (ax+1,...,Q2x) if and only if the first determinant in the 


assertion of the Theorem vanishes. 














To apply the Proposition we have to take 


O 2a B=1+ 2a a 2a 
sm Tran TIT FDA 


Let us consider the variety Pn 

Let us look at the quotient of Pa by PSL(3). Consider the rational map 
B : P3 x P3 — (P?) which assigns to (C, S) the point set C N S. The 
fiber of 8 over a subset B of four points in general linear position is isomor- 
phic to an open subset of P! x P!, where P! is the pencil of conics with 
base point B. Since we can always transform such B to the set of points 
{[1, 0, 0], [0, 1, 0}, [0, 0, 1], [1, 1, 1]}, the group PSL(3) acts transitively on the 
open subset of such 4-point sets. Its stabilizer is isomorphic to the permutation 
group G, generated by the following matrices: 


0 -1 0 1 0 0 1 0 -1 
100], 00-1}, 0-1 -1 
0 0 1 0 1 0 0 0 -1 


The orbit space P„/PSL(3) is isomorphic to a curve in an open subset of 
P! x P!/&,, where Gy, acts diagonally. By considering one of the projection 
maps, we obtain that P,, /PSL(3) is an open subset of a cover of Pt of degree 
N equal to the number of Poncelet n-related conics in a given pencil of conics 
with 4 distinct base points with respect to a fixed conic from the pencil. This 
number was computed by F. Gerbardi [243] and is equal to >T(n). A modern 
account of Gerbardi’s result is given in [26]. A smooth compactification of 
Pn/PSL(3) is the modular curve X°(n) that parameterizes the isomorphism 
classes of the pairs (R, e), where R is an elliptic curve and e is a point of order 
nin R. 
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Proposition 2.2.4 Let C and S be two nonsingular conics. Consider each 
n-gon inscribed in C as a subset of its vertices, and also as a positive divisor 
of degree n on C. The closure of the set of n-gons inscribed in C and circum- 
scribing S is either empty, or a g}, i.e. a linear pencil of divisors of degree 
N. 


Proof First observe that two polygons inscribed in C and circumscribing 5 
which share a common vertex must coincide. In fact, the two sides passing 
through the vertex in each polygon must be the two tangents of S passing 
through the vertex. They intersect C at another two common vertices. Contin- 
uing in this way, we see that the two polygons have the same set of vertices. 
Now consider the Veronese embedding vn of C = P! in P”. An effective 
divisor of degree n is a plane section of the Veronese curve V} = v„(P!). 
Thus the set of effective divisors of degree n on C can be identified with the 
dual projective space (P”)Y. A hyperplane in (P”)Y is the set of hyperplanes 
in P” which pass through a fixed point in P”. The degree of an irreducible 
curve X C (P")’ of divisors is equal to the cardinality of the set of divisors 
containing a fixed general point of V}. In our case it is equal to 1. 














2.2.2 Poncelet curves and vector bundles 


Let C and S' be two Poncelet n-related conics in the plane P? = |E|. Recall 
that this means that there exist n points p1,... ,?n on C such that the tangent 
lines 4; = Tp, (C) meet on S. One can drop the condition that S is a conic. We 
say that a plane curve S of degree n — 1 is Poncelet related to the conic C if 
there exist n points, as above, such that the tangents to C at these points meet 
on S. 

We shall prove an analog of Darboux’s Theorem for Poncelet related curves 
of degree larger than 2. First, we have to remind some constructions in the 
theory of vector bundles over the projective plane. 

Let Pt = |U] for some vector space U of dimension 2 and let P? = |V| for 
some vector space V of dimension 3. A closed embedding v : P! — P? has 
the image isomorphic to a nonsingular conic, a Veronese curve. This defines 
an isomorphism 


EY = H°(\E|, Ojx\(1)) S H°(|U|, Ow) (2)) = S°(0%). 


Its transpose defines an isomorphism E S S?(U). This gives a bijective corre- 
spondence between nonsingular conics and linear isomorphisms E — S?(U). 
Also, since dim N U = 1, a choice of a basis in N U defines a linear isomor- 
phism U = UV. This gives an isomorphism of projective spaces |U| = |U|Y 
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that does not depend on a choice of a basis in A U. Thus a choice of a nonsin- 
gular conic in |E| also defines an isomorphism |EY| — |S? (U)| which must 
be given by a nonsingular conic in |E |. This is of course the dual conic. 

Fix an isomorphism P? & |S? (U)]| defined by a choice of a conic C in P?. 
Consider the multiplication map S? (U) @ S"~?(U) — S” (U). It defines a 
rank 2 vector bundle Snc on P? whose fiber at the point x = [q] € |S?(U)| is 
equal to the quotient space S” (U)/q8”7? (U). One easily sees that it admits a 
resolution of the form 


0 > S”? (U)(—1) > (UT) > Sno > 0, (2.10) 


where we identify a vector space V with the vector bundle 7*V, where is 
the structure map to the point. The vector bundle S,, c is called the Schwarzen- 
berger vector bundle associated to the conic C'. 


(S"(U)/qs"-*(U))’ = {f € S” (UY) : D(f) = 0}. (2.11) 


Embedding |U | in |S” (U )| by means of the Veronese map, we will identify 
the divisor of zeros of q with a divisor V (q) of degree 2 on the Veronese curve 
R, C |S”(UV)|, or, equivalently, with a 1-secant of R„. A hyperplane con- 
taining this divisor is equal to V (qg) for some g € S”~?(U). Thus the linear 
space (2.11) can be identified with the projective span of V (q). In other words, 
the fibres of the dual projective bundle Sy o are equal to the secants of the 
Veronese curve Ry. 

It follows from (2.10) that the vector bundle S,, ¢ has the first Chern class 
of degree n — 1 and the second Chern class is equal to n(n — 1)/2. Thus we 
expect that a general section of S„,c has n(n — 1)/2 zeros. We identify the 
space of sections of S,,c with the vector space S” (U). A point [s] € |S"(U)| 
can be viewed as a hyperplane H, in |S” (UY )|. Its zeros are the secants of Rp 
contained in Hs. Since H, intersects Rn at n points p1,...,Pn, any 1-secant 
Pip; is a 1-secant contained in Hs. The number of such 1-secants is equal to 
n(n —1)/2. 

Recall that we can identify the conic with |U| by means of the Veronese 
map V2 : |U| — |S?(U)|. Similarly, the dual conic CY is identified with |UY |. 
By using the Veronese map vn : |UY| — |S"(UY)|, we can identify CY with 
Rn. Now a point on Rn is a tangent line on the original conic C, hence n 
points p1,...,Pn from the above are the sides £; of an n-gon circumscribing 
C. A secant p;p; from the above is a point in P? equal to the intersection point 
qij = li N Lj. And the n(n — 1)/2 points qij represent the zeros of a section s 
of the Schwarzenberger bundle S,, ¢. 

For any two linearly independent sections s1, 52, their determinant sı A s2 
is a section of N Sn,c and hence its divisor of zeros belongs to the linear 
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system |Op2 (n — 1)|. When we consider the pencil (s1, s2) spanned by the two 
sections, the determinant of each member s = Ası + usa has the zeros on the 
same curve V (sı A s2) of degree m — 1. 

Let us summarize this discussion by stating and proving the following gen- 
eralization of Darboux’s Theorem. 


Theorem 2.2.5 Let C be a nonsingular conic in P? and let S, c be the as- 
sociated Scwarzenberger rank 2 vector bundle over P?. Then n-gons circum- 
scribing C are parameterized by |H°(S„,c)|. The vertices of the polygon Il; 
defined by a section s correspond to the subscheme Z(s) of zeros of the section 
s. A curve of degree n— 1 passing through the vertices corresponds to a pencil 
of a sections of Sn c containing s and is equal to the determinant of a basis of 
the pencil. 


Proof A section s with the subscheme of zeros Z(s) with ideal sheaf Tz.) 
defines the exact sequence 





0 Op > Sno > Iz(n — 1) 30. 


A section of Tz (n — 1) is a plane curve of degree n — 1 passing through Z (s). 
The image of a section t of Sn c in H®(Zz(n — 1)) is the discriminant curve 
s ^ t. Any curve defined by an element from H°(Zz(n — 1)) passes through 
the vertices of the n-gon II, and is uniquely determined by a pencil of sections 
containing s. 














One can explicitly write the equation of a Poncelet curve as follows. First 
we choose a basis £o, €; of the space U and the basis (4, a is SEO 
the space S4(U). The dual basis in S”(UV) is (Dti t o<i<a. Now the 
coordinates in the plane |S?(U)| are t2, 2totı,t3, so a point in the plane is a 
binary conic Q = a€? + 2b&o&ı + cé?. For a fixed x = [Q] € |S? (U)|, the 
matrix of the multiplication map S"~?(U) + S” (U), G > QG is 


a 
2b a 
c 2b 
K(x) = c 
a 
2b 
c 


A section of Spc is given by f = X; o c£ E} € S” (U). Its zeros is the 
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set of points x such that the vector c of the coefficients belongs to the column 
subspace of the matrix K(x). Now we vary f in a pencil of binary forms 
whose coefficient vector c belongs to the nullspace of some matrix A of size 
(n — 1) x (n + 1) and rank n — 1. The determinant of this pencil of sections 
is the curve in the plane defined by the degree n — 1 polynomial equation in 
x = [a,b,c] 


det (K(x) - A) =0. 
Note that the conic C in our choice of coordinates is V(t? — tot2). 


Remark 2.2.6 Recall that a section of S,,¢ defines a n-gon in the plane 
|S2(U)| corresponding to the hyperplane section H, N Rn. Its vertices is the 
scheme of zeros Z(s) of the section s. Let m : X(s) — P? be the blow-up of 
Z(s). For a general s, the linear system of Poncelet curves through Z(s) em- 
beds the surface X (s) in |S” (UV )| with the image equal to H,NSec, (Rn). The 
exceptional curves of the blow-up are mapped onto the secants of R,, which are 
contained in Hs. These are the secants pjp;, where Hs O Rn = {pi,---,Pn}- 
The linear system defining the embedding is the proper transform of the lin- 
ear system of curves of degree n — 1 passing through sn(n — 1) points of 
Z(s). This implies that the embedded surface X (s) has the degree equal to 
(n— 1)? — $n(n—1) = 4(n— 1)(n— 2). This is also the degree of the secant 
variety Sec;(R,,). For example, take n = 4 to get that the secant variety of 
R4 is a cubic hypersurface in P* whose hyperplane sections are cubic surfaces 
isomorphic to the blow-up of the six vertices of a complete quadrilateral. 


2.2.3 Complex circles 


Fix two points in the plane and consider the linear system of conics passing 
through the two points. It maps the plane to P? with the image equal to a 
nonsingular quadric Q = V (q). Thus we may identify each conic from the 
linear system with a hyperplane in P3, or using the polarity defined by Q, with 
a point. When the two points are the points [0, 1, +i] in the real projective plane 
with the line at infinity to = 0, areal conic becomes a circle, and we obtain that 
the geometry of circles can be translated into the orthogonal geometry of real 
3-dimensional projective space. In coordinates, the rational map P? --+ P? is 
given by 





[to, tı, ta] > [xo, Ti, T2, z3] = t? = t, toti, tote, t2]. 
Its image is the quadric 


Q = V (aor — x} — x2). 
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Explicitly, a point [v] = [ao, a1, a2, a3] € P? defines the complex circle 
S(v) : a(t? +t) — 2olaıtı + atz) + azti = 0. (2.12) 
By definition, its center is the point c = [ag, a1, @a], its radius square R? is 
defined by the formula 
ag R? = af + a2 — aoas = g(a). (2.13) 


Let us express the property that two circles are tangent to each other. It 
applies to complex circles as well. 


Proposition 2.2.7 Let |v], [w] be two points in P?, and let S(v), S(w) be two 
complex circles corresponding to planes in P? which are polar to the points 
with respect to the quadric Q = V (q). Then the two circles touch each other if 
and only if 

(v, v)(w, w) — (v, w)? = 0, (2.14) 


where (v, w) denotes the bilinear form associated to the quadratic form q. 


Proof Let£ = V (Av + uw) be the line spanned by the points [v] and [w]. Via 
polarity, it corresponds to a pencil of planes in P?. The preimages of two planes 
are tangent if and only if the pencil contains a plane tangent to the quadric Q. 
Dually this means that the line £ is tangent to Q. This is equivalent to the binary 
form 


q(Av + pw) = X? (v, v) + 2(v, w)Au + p(w, w) 
having has a double root. Of course, this happens if and only if (2.14) holds. 














Note that relation (2.14) is of degree 2 in v and w. If we identify the space 
of circles with P®, this implies that the pairs of touching complex circles is a 
hypersurface in P? x P? of bidegree (2, 2). It is easy to see that the diagonal of 
P? x P? is the double locus of the hypersurface. 

Fix two complex irreducible circles S = S (v) and S” = S(w) and consider 
the variety R of complex circles S(x) touching S and S’. It is equal to the 
quartic curve, the intersection of two quadratic cones Qs and Qs of conics 
touching S and 9’, 


(v, v)(z, £) — (v, £)? = (w, w)(z, £) — (w, £}? = 0. 


Since the singular points of these cones [v] and [w] satisfy these equations, the 
quartic curve has two singular points. In fact, it is the union of two conics given 
by the equations 





(v,v)(w, x) + y (w, w)(v, x) = 0. 
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The two conics intersect at the points [x] such that (x, x) = 0 and (v, £) = 
(v, w) = 0. The first condition means that [x] is the null-circle, i.e. a2 R? = 0 
in (2.13). It is the union of two lines connecting one if the two intersection 
points of S and S” outside the line at infinity to = 0 with the two intersection 
points at infinity. In the case when S and 5’ touch each other the whole pencil 
generated by S and S’ becomes a component of the quartic curve entering with 
multiplicity 2. So, the two cones Qs and Qs touch each other along the line 
spanned by S' and S”. 


Theorem 2.2.8 (J. Steiner) Suppose, after m steps, Sm is equal to Sı. Then, 
starting from arbitrary conic 5\ touching S and S', we get a sequence of concis 
1-3 Sm = S; tangent to S and S' with S, tangent to Si,_,. 


Proof Let R be one of the conic components of the variety of complex circles 
touching S and S”. Let 


X = {(S1, 92) E€ Rx R : Sıtouches S2}. 


It is a curve of bidegree (4,4) on Rx R = P! x P!. The fiber of its projection 
to the first factor over a point represented by a conic S4 consists of three points. 
One them is at the diagonal and enters with multiplicity 2. This implies that X 
consists of the diagonal taken with multiplicity 2 and the residual curve F of 
bidegree (2,2). The fiber of the first projection X — R over Sı consists of 
complex circles which touch S and S$ and also touch S’ and S4. It consists 
of the intersection of two quartic curves, each has a double line as component. 
The double lines are represented by the pencil generated by S and Sı and 
the pencil generated by S’ and S1. The only case when the fiber consists of 
one point is when Sı is one of the two null-lines touching S and S’ at their 
intersection point not at infinity. In this case the quadric Q s, of circles touching 
Sı is the double plane of circles passing through the singular point of S1. Thus 
we see that the residual curve F' has only two branch points for each of the two 
projections X — R. Since its arithmetic genus is equal to 1, it must consist 
of two irreducible curves of bidegree (1, 1) intersecting at two points a, b. If 
we fix one of the components F, then the map (S1, 52) +> (5a, $3) is the 
automorphism of F; \ {a,b} = C*. The sequence S1, S2,.$3,... terminates if 
and only if this automorphism is of finite order m. As soon as it is, we can start 
from any Sı and obtain a finite sequence (.51,..., Sm = S1). 














Remark 2.2.9 We followed the proof from [26]. When S and S’ are concen- 
tric real circles, the assertion is evident. The general case of real conics can be 
reduced to this case (see [222], [500]). Poncelet’s and Steiner’s Theorems are 
examples of a porism, which can be loosely stated as follows. If one can find 
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one object satisfying a certain special property then there are infinitely many 
such objects. There are some other poristic statements for complex circles: 
Emch’ Theorem and the zig-zag theorem discussed in [26]. 


2.3 Quadric surfaces 


2.3.1 Polar properties of quadrics 


Many of the polar properties of conics admit extension to nonsingular quadrics 
in higher-dimensional P”. For example, a self-polar (n + 1)-hedron is defined 
as a collection of n + 1 ordered hyperplanes V (l;) in general linear position 
such that the pole of each plane V (l;) is equal to the intersection point of the 
remaining hyperplanes. Similarly to the case of conics, one proves that a self- 
polar (n + 1)-hedron is the same as a polar (n + 1)-hedron of the quadric. 

The definition of the conjugate (n + 1)-hedra is a straightforward extension 
of the definition of conjugate triangles. We say that two simplexes © and X’ are 
mutually polar with respect to a quadric Q if the poles of the facets of T” are 
vertices of T. This implies that the images of k-dimensional faces of T under 
the polarity defined by Q are the opposite (n — k)-dimensional facets of X’. 
The condition (2.7) extends to any dimension. However, it does not translate to 
a single equation on the coefficients of the linear forms defining the polyhedra. 
This time we have a system of n(n+1) /2 linear equations with n+1 unknowns 
and the condition becomes the rank condition. 

We adopt the terminology of convex geometry to call the set of n + 1 lin- 
early independent hyperplanes a simplex. The intersection of a subset of k 
hyperplanes will be called an (n — k)-dimensional face. If k = n, this is a 
vertex , if k = n — 1, this is an edge, if n = 0 this is a facet . 

The notion of perspectivity of triangles extends to quadrics of any dimen- 
sion. We say that two simplexes are perspective from a point o if there is a 
bijection between the sets of vertices such that the lines joining the corre- 
sponding vertices pass through the point o. We say that the two simplexes are 
perspective from a hyperplane if this hyperplane contains the intersections of 
corresponding facets. We have also an extension of Desargues’ Theorem. 


Theorem 2.3.1 (G. Desargues) Two simplexes are perspective from a point 
if and only if they are perspective from a hyperplane. 


Proof Without loss of generality, we may assume that the first simplex & is 
the coordinate simplex with vertices p; = [e;] and it is perspective from the 
point o = [e] = [1,..., 1]. Let q; = [v;] be the vertices of the second simplex 
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X2. Then we have v; = e + A;e; for some scalars A;. After subtracting, we 
obtain v; — vj = Axe; — Aje;. Thus any two edges pip; and qiq; meet at a point 
rij which lies on the hyperplane H = V(V_, 5). Since the intersection 
of the facet of © opposite the point py with the facet of “2 opposite the point 
qk contains all points r;; with 7,7 # k, and they span the intersection, we get 
that the two simplexes are perspective from H. The converse assertion follows 


by duality. 














Remark 2.3.2 As remarked [527], p.252, the previous assertion is a true space 
generalization of the classical Desargues’s Theorem. Other generalization ap- 
plies to two space triangles and asserts that the perspectivity from a point im- 
plies that the intersection points of the corresponding sides (which automati- 
cally intersect) are collinear. 


Let by : E — EY be an isomorphism defined by a nonsingular quadric 
Q = V (q). For any linear subspace L of E, the subspace b,(L)+ of E is called 
the polar of L with respect to Q. It is clear that the dimensions of a subspace 
and its polar subspace add up to the dimension of ||. Two subspaces A and A’ 
of the same dimension are called conjugate if the polar subspace of A intersects 
N. 

These classical definitions can be rephrased in terms of standard definitions 
of multilinear algebra. Let A (resp. A’) be spanned by [vı],..., [vx] (resp. 
[wı],... , [wx]). For any two vectors v,w € E, let (v, w)q denote the value 
of the polar bilinear form bq of q on (v, w)q. 


Lemma 2.3.3 A and A’ are conjugate with respect to Q if and only if 


(v1, Wi)q (v2,Wi)g --- (Ue, Wi)q 
(v1,wa)g (U2,We)q --- (UR, wa) 

det . í : a j : 7) =0 
(v1, Weg (v2, Wr)g Fe (Uk, Wk)q 


Proof Let bz : E — EY be the linear isomorphism defined by the polar 
bilinear form of q. The linear funtions b,(v1),...,0g(vx) form a basis of a 
k-dimensional subspace L of EY whose dual L+ is an (n — k)-dimensional 
subspace of E. It is easy to see that the spans of vı,...,v, and w1,..., Wk 
have a common nonzero vector if and only if L+ intersects nontrivially the lat- 
ter span. The condition for this is that, under the natural identification A (EV) 
and A" (E)V, we have 


bg(u1) A... A bg (ve)(wi A... A we) = det((v;, wj)q) = 0. 
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It follows from the Lemma that the relation to be conjugate is symmetric. 


From now on, until the end of this section, we assume that n = 3. 

A tetrahedron in P? with conjugate opposite edges is called self-conjugate. 
It is clear that a polar tetrahedron of Q is self-conjugate, but the converse is not 
true. 

Let T be a tetrahedron with vertices pı = [v1],...,p4 = [v4]. Suppose 
that two pairs of opposite edges are conjugate with respect to some quadric 
Q. Then T is self-conjugate (see [552], B. III, p. 135, or [537], 7.381). The 
proof is immediate. Suppose the two conjugate pairs of edges are (pi p2, D3P4) 
and (P1P3, P2Pa). For brevity, let us denote (v;,v;)q by (ij). Then (13) (24) — 
(14) (23) = 0, and (12)(34)—(14)(23) = 0 imply, after subtraction, (13) (24)— 
(12)(34) = 0. This means that the remaining pair (p1p3, P2p3) is conjugate. 

We know that two conjugate triangles are perspective. In the case of quadrics 
we have a weaker property expressed on the following Chasles’ Theorem. 


Theorem 2.3.4 [M. Chasles] Let T and T’ be two mutually polar tetrahedra 
with respect to a quadric Q. Suppose no two opposite edges of T are conjugate. 
Then the lines joining the corresponding vertices belong to the same ruling of 
lines of some nonsingular quadric Q'. 


Proof Let pı, p2, p3, pa be the vertices of T and let q1, 92, 93, qa be the ver- 
tices of T”. In the following, {i, j, k,l} = {1,2,3,4}. By definition, q is a 
pole of the plane spanned by p;, pj, px and the matching between the vertices 
is pi +> qi. Suppose the edge pipz is not conjugate to the opposite edge Dx Pi. 
This means that it does not intersect the edge ;g,. This implies that the lines 
DiGi and pjg; do not intersect. By symmetry of the conjugacy relation, we also 
obtain that the lines p,q, and prq; do not intersect. Together this implies that 
we may assume that the first three lines 4; = piq; are not coplanar. 

Without loss of generality, we may assume that the first tetrahedron T is 
the coordinate tetrahedron. Let A = (a;j) be a symmetric matrix defining the 
quadric Q and let C = adj(A) = (cij) be the adjugate matrix defining the 
dual quadric. The coordinates of facets of T are columns of A = (aij). The 
coordinates of the intersection point of three facets defined by three columns 
Ai, Aj, Ax of A are equal to the column Cm of C, where m Æ i, j,k. Thus 
a general point on the line generated by the point [1,0,0,0] has coordinates 
[A, C12, €13, C14], and similar for other three lines. Recall that by Steiner’s 
construction (see [267], p. 528) one can generate a nonsingular quadric by two 
projectively equivalent pencils of planes through two skew lines. The quadric 
is the union of the intersection of the corresponding planes. Apply this con- 
struction to the pencil of planes through the first two lines. They projectively 
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matched by the condition that the corresponding planes in the pencils contain 
the same point [c31, €32, A, €41] on the third line. The two planes from each 
pencil are defined by the equations 


too ty “te tb 
1 0 0 0 


det 
Acıı cCı2 Cı3 C14 


C31 C32 A 34 
= tıcı3C34 + t2(€14C32 — C12C34) — t3¢13¢32 + Altacıa — tıcıa) = 0, 


to ty t2 t3 
0 1 0 0 
C21 C22 C23 C24 
C31 C32 À C34 
= toC23€34 + t2(caaczı — C21C34) — tacazcaı + A(t3c21 — tıcaa) = 0, 
Eliminating À, we find the equation of the quadric 


(c12C34 — C24€13)(Cagtots + Cratite) + (ci3cea — €14€23)(Ciotats + Czatotı) 


+(c1aca3 — €12€34) (Cistitz + costote) = 0. 


By definition, the quadric contains the first three lines. It is immediately checked 
that a general point [c41 , C42, €43, A] on the fourth line lies on the quadric. 














The following result follows from the beginning of the proof. 


Proposition 2.3.5 Let T and T’ be two mutually polar tetrahedra. Assume 
that T (and hence T’) is self-conjugate. Then T and T’ are in perspective 
from the intersection points of the lines joining the corresponding vertices and 
perspective from the polar plane of this point. 


One can think that the covariant quadric Q’ constructed in the proof of 
Chasles’ Theorem 2.3.4 degenerates to a quadratic cone. Counting parame- 
ters, it is easy to see that the pairs of perspective tetrahedra depend on the 
same number 19 of parameters as pairs of tetrahedra mutually polar with re- 
spect to some quadric. It is claimed in [21], v. 3, p.45, that any two perspective 
tetrahedra are, in fact, mutually polar with respect to some quadric. Note that 
the polarity condition imposes three conditions, and the self-conjugacy con- 
dition imposes two additional conditions. This agrees with counting constants 
(5 = 24 — 19). 

One can apply the previous construction to the problem of writing a quadratic 
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form q as a sum of five squares of linear forms. Suppose we have two self- 
conjugate tetrahedra T and T” with respect to a quadric Q that are also mu- 
tually polar with respect to Q. By Proposition 2.3.5, they are in perspective. 
Choose coordinates such that T is the coordinate tetrahedron and let A = 
(aij )o<i,j<3 be a symmetric matrix defining Q. We know that the equations 
of facets H; of T’ are Vs aijtj). Since T is self-conjugate, the inter- 
section lines Ho N Hı meet the coordinate lines to = tı = 0. This means 
that the equations aa0t2 + agot3 = 0 and aaıta + a3it3 = 0 have a nonzero 
solution, i.e. @29031 = 421430. Similarly, we get that aj9a32 = Azoaı2 and 
491432 = Go2431. Using the symmetry of the matrix, this implies that the six 
products are equal. Hence ao3013/d12 = @23003/@02 = @03413/ao1 are all 
equal to some number a. Then the equation of the quadrics can be written as a 
sum of five squares 


3 
5 aut? + 2 5 Qijtitj 
i=0 


0<i<j<3 


2 


2 
= X (ai _ aaj3)t? + (a33 _ a)tz + a aisti + at)? —N. 
i=0 i=0 


Here we assume that A is general enough. The center of perspective of the two 
tetrahedra is the pole of the plane V (ao3to + aigt1 + az23t2 + ats). 

The pentad of points consisting of the vertices of a self-conjugate tetrahe- 
dron with regard to a quadric Q and the center of the perspectivity o of the 
tetrahedron and its polar tetrahedron form a self-conjugate pentad (and penta- 
hedron in the dual space). This means that the pole of each plane spanned by 
three vertices lies on the opposite edge. As follows from above, the pentad of 
points defined by a self-conjugate tetrahedron defines a polar polyhedron of Q 
consisting of the polar planes of the pentad. 


Proposition 2.3.6 Let H; = V (l;),i =1,...,5,form a nondegenerate polar 
pentahedron of a quadric Q = V (q). Let p1,..., ps be the poles of the planes 
V(l;) with respect to Q. Then the pentad p,,..., ps is self-conjugate and is a 
polar polyhedron of the dual quadric. 


Proof Let x; be the pole of H; with respect to Q. Then the pole of the plane 
spanned by £i, £j, £p is the point zije = Hi O H; O Hy. We may assume 
that q = Sar I}. Then P,,,,(Q) belongs to the pencil P generated by the 
remaining two planes H,., Hs. When we vary a point along the edge 7,7, the 
polar plane of the point belongs to the pencil P. For one of the points, the polar 
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plane will be equal to the plane P,,,, (Q), hence this points coincide with 7; jr. 
By definition, the pentad is self-conjugate. 

The second assertion can be checked by straightforward computation. Since 
the polar pentahedron is nondegenerate, we can choose coordinates such that 
the polar pentahedron of Q is to equal to the union of the coordinate tetrahe- 
dron and the plane V (X. t;). We can write 


3 3 
2g=) > dt? +) 
i=0 


i=0 
for some nonzero scalars \;. For any v = (ag, @1, @2,a3) € C*, we have 


3 
D,(gq) = X la + Ajai) ti 
i=0 
where a = ws ai. Let&; = a+ A;a; be considered as coordinates in the dual 
space. We can express a; in terms of é; by solving a system of linear equations 
with matrix 


w i AS A 
1 à 1 1 
1 1 à 1 
1 1 1 ds 
Write a; = L;(fo,...,€3) = Da Cij&j, where (c;;) is the inverse matrix. 


Let vj = (Coj, C15, C25, C35). The dual quadric consists of points (£o, £1, €2, €3) 
such that q(ao, a1, @2, a3) = 0. This gives the equation of the dual quadric 


3 


3 
QY = V(X AL &1, &2, 3)? + (DL Li (Eos £1, €2,€3)) )- 


i=0 i=0 
So, we see that the dual quadric has the polar polyhedron defined by the planes 
V(Li), VQ> Li). We have 


3 
Du; (q) = > Aa; + a)cijti = tj, j = 0, 1, 2,3, 


i=0 
hence Dy ys (q4) = dt; This checks that the points of the pentad are poles of 
the planes of the polar pentahedron of Q. 














Remark 2.3.7 Let Il;,...,IIy be sets of m-hedra in P”,n > 1, with no 
common elements. Suppose that these polyhedra, considered as hypersurfaces 
in P” of degree m (the unions of their hyperplanes), belong to the same pencil. 
It is easy to see that this is equivalent to that the first two m-hedra I, He 
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are perspective from each hyperplane of IIs, ..., Ilẹ. The open problem is as 
follows. 

What is the maximal possible number N (n, m) of such polyhedra? 

By taking a general hyperplane, we get N(n,m) < N(2, m). It is known 
that N(2,m) > 3 and N(2,2),N(2,3) = 4. It was proven by J. Stipins 
[547] (see also [606]) that N(2,m) < 4 for all m and it is conjectured that 
N(2,m) = 3 form #3. 

In the next chapter we will consider the case n = 2,m = 3, N = 4. In the 
csen=3,m=4,N = 3, the three tetrahedra are called desmic desmic (the 
name is due to C. Stephanos [546]). The configuration of the 12 planes form- 
ing three desmic tetrahedra has a beautiful geometry (see, for example, [378], 
[379]). A general member of the pencil generated by three desmic tetrahedra is 
a desmic quartic surface. It has 12 singular points and represents a special em- 
bedding of a Kummer surface of the product of two isomorphic elliptic curves. 
We refer to [308] for some modern treatment of desmic quartic surfaces. 


2.3.2 Invariants of a pair of quadrics 


Let Qi = V(f) and Q2 = V (g) be two quadrics in P” (not necessarily non- 
singular). Consider the pencil V (tof + tig) of quadrics spanned by C and S. 
The zeros of the discriminant equation D = discr(to f + tig) = 0 correspond 
to singular quadrics in the pencil. In coordinates, if f, g are defined by sym- 
metric matrices A = (aij), B = (biż), respectively, then D = det(toA+tıB) 
is a homogeneous polynomial of degree < n+ 1. Choosing different system of 
coordinates replaces A, B by QT AQ, QT BQ, where Q is an invertible matrix. 
This replaces D with det(Q)?D. Thus the coefficients of D are invariants on 
the space of pairs of quadratic forms on C”*+ with respect to the action of the 
group SL(n + 1). To compute D explicitly, we use the following formula for 
the determinant of the sum of two m x m matrices X + Y: 


det(X +Y) = 5 TAE E (2.15) 


1<i1<...<in<n 


where A, ,...,i, is the determinant of the matrix obtained from X by replac- 
ing the columns X;,,...,X;, with the columns Y;,,...,Y;,. Applying this 
formula to our case, we get 


D = Ott +), t + Ong 1th (2.16) 
i=1 
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where Oo = det A, 0,41 = det B, and 
Ok = > det(A,...Bi,... Bi, -- - An4i), 


1<i1<...<ipr<ntl 


where A = [Aı ... An+ı], B = [B1 ... Bn4i]. We immediately recognize the 
geometric meanings of vanishing of the first and the last coefficients of D. The 
coefficient Oo (resp. On+1) vanishes if and only if Qı (resp. Q2) is a singular 
conic. 


Proposition 2.3.8 Let Qı and Qə be two general quadrics. The following 
conditions are equivalent. 


(i) O, =0; 
(ii) Qə is apolar to the dual quadric QY; 
(iii) Qı admits a polar simplex with vertices on Qo. 


Proof First note that 
©, = Tr(Badj(A)). (2.17) 


Now adj(A) is the matrix defining QY and the equivalence of (i) and (ii) be- 
comes clear. 

Since ©; are invariants of (Q1, Q2), we may assume that Q1 = V (W087). 
Suppose (iii) holds. Since the orthogonal group of C acts transitively on the 
set of polar simplexes of Qı, we may assume that the coordinate simplex is 
inscribed in Q2. Then the points [1,0,...,0],...,[0,...,0, 1], must be on Qo. 
Hence 

Q2=V( >> Wk), 
0<i<j<n 
and the condition (7) is verified. 

Now suppose (i) holds. Choose coordinates such that Qı = V (a;t?). Start 
from any point on Q2 but not on Qj, and choose a projective transformation 
that leaves Q; invariant and sends the point to the point pı = [1,0,..., 0]. The 
quadric Qə transforms to a quadric with an equation in which the coefficient 
at xg is equal to 0. The polar line of pı with respect to Q; is V(X; aiti). 
It intersects Q2 along a quadric of dimension n — 2 in the hyperplane to = 0. 
Using a transformation leaving V (to) and Qı invariant, we transform Q% to 
another quadric such that the point p2 = [0,1,0,..., 0] belongs to V (to) N Q3. 
This implies that the coefficients of the equation of Q% at t3 and t? are equal 
to zero. Continuing in this way, we may assume that the equation of Qa is of 
the form annt + nz a;jtit; = 0. The trace condition is anna, = 0. 
It implies that ann = 0 and hence the point p,41 = [0,...,0,1] is on Q2. 
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The triangle with vertices [1,0,...,0],...,[0,...,0,1] is a polar simplex of 
Qı which is inscribed in Q2. 














Observe that, if Qı = V(X t?), the trace condition means that the conic Q2 
is defined by a harmonic polynomial with respect to the Laplace operator. 


Definition 2.3.9 A quadric Qı is called apolar to a quadric Qa if one of the 
equivalent conditions in Proposition 2.3.8 holds. If Qı is apolar to Qz and 
vice versa, the quadrics are called mutually apolar. 


The geometric interpretation of other invariants ©; is less clear. First note 
that a quadratic form q on a vector space E defines a quadratic form Aq on 
the space A" E. Its polar bilinear form is the map A” bg: NE>NE = 
(A" E)“, where by : E — EY is the polar bilinear form of q. Explicitly, the 
polar bilinear form N bq is defined by the formula 


(v1 A... Av, wı A... A Wr) = det(b,(v;, w;)) 


which we already used in Lemma 2.3.3. 

If A is the symmetric matrix defining q, then the matrix defining Ae q is 
denoted by A“) and is called the k-th compound matrix of A. If we index the 
rows and the columns of A‘*) by an increasing sequence J = (j1,..-, jp) C 
{1,...,n + 1}, then the entry AN, of A‘) is equal to the (J, J’)-minor 
Aj jı of A. Replacing each Ar, with the minor Ay 7 taken with the sign 
(—1)*-7, we obtain the definition of the adjugate k-th compound matrix 
adj} (A) (not to be confused with adj(A(®))). The Laplace formula for the 
determinant gives 


A™ adj) (A) = det(A)I. 


If A is invertible, then A®) is invertible and (AP)! = 54 jadj(A\). 
We leave it to the reader to check the following fact. 





Proposition 2.3.10 Let Qı = V(q),Q2 = V(q) be defined by symmetric 
matrices A, B and let A“) and B®) be their k-th compound matrices. Then 


@,(A, B) = Tr(A@+adj(B™)). 


Example 2.3.11 Letn = 3. Then there is only one new invariant to interpret. 
This is ©2 = Tr(A®Padj(B))). The compound matrices A and B®) are 
6 x 6 symmetric matrices whose entries are 2 x 2-minors of A and B taken 
with an appropriate sign. Let A = (a;;). The equation of the quadric defined 
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by AC?) is given by the bordered determinant 


aoo aor @o2 4&3 &o no 
Qio 411 Q12 413 E ı m 
a20 421 Q22 423 E2 n2 
a30 @31 a32 433 €3 13 
fo & & & 0 0 
n m m m O 0 


The equation is called the line-equation or complex equation of the quadric 
Q defined by the matrix A. If we take the minors &;n; — Ejn; as Plücker co- 
ordinates in | A C4 
tangent to the quadric Q. This can be immediately checked by considering a 
parametric equation of a line A(&o, £1, €2, &3) + (mo, 1, 72, 73), inserting it in 
the equation of the quadric and finding the condition when the corresponding 
quadratic form in A, u has a double root. In matrix notation, the condition is 
(EAE)(nAn) — (EAn)? = 0, which can be easily seen rewritten in the form 
of the vanishing of the bordered determinant. The intersection of the quadric 
defined by the matrix AC?) with the Klein quadric defining the Grassmannian 
of lines in P? is an example of a quadratic line complex. We will discuss this 
and other quadratic line complexes in Chapter 10. Take Q = V(X t?). Then 
the bordered determinant becomes equal to 


=0. (2.18) 


, the line-equation parameterizes lines in P? which are 





3 3 3 
Ol) O mw -OlémP? = SY) myin = SY) Da 
i=0 i=0 i=0 0<i<j<3 0<i<j<3 


where p;; are the Pliicker coordinates. We have 


02(A, B) = Tr( B2) = a (bijbji i biibjj). 
0<i<j<3 

The coordinate line t; = t; = 0 touches the quadric Q2 when b;jbji — biibjj = 
0. Thus © vanishes when a polar tetrahedron of @, has its edges touching Qo. 

It is clear that the invariants ©, are bihomogeneous of degree (k,n + 1 — i) 
in coefficients of A and B. We can consider them as invariants of the group 
SL(n+1) acting on the product of two copies of the space of square symmetric 
matrices of size n + 1. One can prove that the n + 1 invariants ©; form a 
complete system of polynomial invariants of two symmetric matrices. This 
means that the polynomials ©; generate the algebra of invariant polynomials 
(see [580], p. 304). 

One can use the invariants O; to express different mutual geometric proper- 
ties of two quadrics. We refer to [537] for many examples. We give only one 
example. 
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Theorem 2.3.12 Two quadrics touch each other if and only if 
J =D(Qpo,.--, Ony1) = 9, 

where D is the discriminant of a binary form of degree n + 1. 


Proof This follows from the description of the tangent space of the discrimi- 
nant hypersurface of quadratic forms. The line defining the pencil of quadrics 
generated by the two quadrics does not intersect the discriminant hypersurface 
transversally if and only if one of quadrics in the pencil is of corank > 2, or one 
of the quadrics has a singular point at the base locus of the pencil (see (1.45)). 
In the case of pencils the first condition implies the second one. Thus the con- 
dition for tangency is that one of the roots of the equation det (to A + t1 B) = 0 
is a multiple root. 














The invariant J is called the tact-invariant of two quadrics.' Note that two 
quadrics touch each other if and only if their intersection has a singular point. 


Corollary 2.3.13 The degree of the hypersurface of quadrics in P” touching 
a given nonsingular quadric is equal to n(n + 1). 


Proof This follows from the known property of the discriminant of a binary 
form ae aita "ti. If we assign the degree (d — i, i) to each coefficient a;, 
then the total degree of the discriminant is equal to d(d — 1). This can be 
checked, for example, by computing the discriminant of the form aotd + aat?, 
which is equal to co a (see [239], p. 406). In our case, each 9, has 
bidegree (n + 1 — k, k), and we get that the total bidegree is equal to (n(n + 
1),n(n + 1)). Fixing one of the quadrics, we obtain the asserted degree of the 
hypersurface. 














2.3.3 Invariants of a pair of conics 


In this case we have four invariants Op, ©1, O2, O3, which are traditionally 
denoted by A, 0, 0’, A’, respectively. 
The polynomials 
(Ro, Ri, Ra, Rz) = (00, AA’, OA, 867A’) 


are bihomogeneous of degrees (3,3), (3,3), (6,6), (6,6). They define a ra- 
tional map P* x P° --+ P(1,1,2,2). We have the obvious relation RöRı — 
R2R3 = 0. After dehomogenization, we obtain rational functions 


X = R,/R3, Y = R2/Ro, Z = R3/R? 


1 The terminology is due to A. Cayley, taction = tangency. 
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such that X = YZ. The rational functions 
Y=0'A/E’?, Z=0A'/e” 


generate the field of rational invariants of pairs of conics (see [536], p. 280). 
The polynomials Ro, Rı, R2, Rz generate the algebra of bihomogeneous in- 
variants on P° x P° with respect to the diagonal action of SL(4) and the GIT- 
quotient is isomorphic to the rational surface V (tötı — tats) in the weighted 
projective space P(1, 1, 2, 2). The surface is a normal surface with one singular 
point [0, 1, 0,0] of type Aa. The singular point corresponds to a unique orbit 
of a pair of nonsingular conics (C, S) such that CY is apolar to S' and S is 
apolar to C. It is represented by the pair 


2+2+2=0, Rte te=, 


where e = e?™t/3, The stabilizer subgroup of this orbit is a cyclic group of 
order 3 generated by a cyclic permutation of the coordinates. 
Recall that the GIT-quotient parameterizes minimal orbits of semi-stable 
points. In our case, all semi-stable points are stable, and unstable points corre- 
spond to a pairs of conics, one of which has a singular point on the other conic. 


Using the invariants A, ©, ©’, A’, one can express the condition that the two 
conics are Poncelet related. 


Theorem 2.3.14 Let C and S be two nonsingular conics. A triangle inscribed 
in C and circumscribing S exists if and only if 


8? — 480A’ = 0. 


Proof Suppose there is a triangle inscribed in C and circumscribing S. Ap- 
plying a linear transformation, we may assume that the vertices of the triangle 
are the points [1, 0, 0], [0, 1, 0] and [0, 0, 1] and C = V (totı + toto + tıt2). Let 
S = V (g), where 


g = at? + bt? + ct3 + 2dtotı + 2etot2 + 2ftite. (2.19) 
The triangle circumscribes S when the points [1, 0, 0], [0, 1, 0], [0, 0, 1] lie on 


the dual conic Š. This implies that the diagonal entries be— f?, ac—e?, ab— d? 
of the matrix adj(B) are equal to zero. Therefore, we may assume that 





g = 07 te + BÈ +y É — 2aßtotı — 2aytot2 — 2Bytite. (2.20) 
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0 1 1 0 2aßy? 2ayß? 
6’ = Tr( 1 0 1|- [2a82 0  26ya2 ) = 4aßy(a+ 6+), 
1 1 0 2ayß? 2Bya? 0 





a? aß ay 1 1 
e=T((-o8 6 -s7)(1 -1 1 ])=-@+6+), 
-ay -by 7 1 1 -~l 
N = —4(a by}. 


This checks that O’? — 40A” = 0. 

Let us prove the sufficiency of the condition. Take a tangent line ¢; to 5 
intersecting C at two points x, y and consider tangent lines @2, (3 to $ passing 
through x and y, respectively. The triangle with sides £1, l2, l3 circumscribes 
S and has two vertices on C. Choose the coordinates such that this triangle 
is the coordinate triangle. Then, we may assume that C = V (at? + 2totı + 
2tıt2 + 2tot2) and $ = V (g), where g is as in (2.20). Computing ©’? — 40A’ 
we find that it is equal to zero if and only if a = 0. Thus the coordinate triangle 
is inscribed in ©. 














Darboux’s Theorem is another example of a poristic statement, with respect 
to the property of the existence of a polygon inscribed in one conic and cir- 
cumscribing the other conic. Another example of a poristic statement is one of 
the equivalent properties of a pair of conics from Proposition 2.3.8: Given two 
nonsingular conics C and S, there exists a polar triangle of C inscribed in S, 
or, in other words, C is apolar to S. 

Recall from Theorem 1.1.9 that any projective automorphism of P” = |E] 
is a composition of two polarities ¢, Y : |E| — |EY|. 


Proposition 2.3.15 Let C and S be two different nonsingular conics and 
g € Aut(P?) be the composition of the two polarities defined by the conics. 
Then g is of order 3 if and only if C and S are mutually apolar. 


Proof Let A, B be symmetric 3 x 3 matrices corresponding to C and S. The 
conics C and S$ are mutually apolar if and only if Tr(AB~+) = Tr(BA!) 
= 0. The projective transformation g is given by the matrix X = AB!. 
This transformation is of order 3 if and only if the characteristic polynomial 
|X — AI3| of the matrix X has zero coefficients at A, \?. Since Tr(X) = 0, 
the coefficient at A? is equal to zero. The coefficient at \ is equal to zero if 
and only if Tr(X~') = Tr(BA~') = 0. Thus g is of order 3 if and only if 
THAD) = Ti BA-*) = 0. 
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Remark 2.3.16 It is immediate that any set of mutually apolar conics is lin- 
early independent. Thus the largest number of mutually apolar conics is equal 
to six. The first example of a set of six mutually apolar conics was given by 
F. Gerbardi [241]. The following is a set of mutually apolar conics given by P. 
Gordan [256]: 

t + et? + et = 0, 

#2 + et? + =0, 

r (tE +t? + t2) + rV3(tots + tote + tite) = 0, 
(ea +t + #2) + rV3(—tots — tote + tıt2) = 0, 
7 (2 +t? + 2) + rV3(—toti + tot2 — tite) = 0, 
r2(t2 +t? +22) + rV3(toti — tote — tite) = 0, 




















2ri/ 3 r= Sy V=3, These six quadrics play an important role 


wheren = e 
in the theory of invariants of the Valentiner group G, the subgroup of PGL(3) 
isomorphic to the alternating group Xe. in C? with the algebra of invariants 
generated by three polynomials of degrees 6, 12 and 30. The invariant of degree 
6 is the sum of cubes of the six mutually apolar quadratic forms. The invariant 
of degree 12 is their product. The invariant of degree 30 is also expressed in 
terms of the six quadratic forms but in a more complicated way (see [242], 


[256]). We refer to [248] for further discussion of mutually apolar conics. 


Consider the set of polar triangles of C inscribed in S. We know that this set 
is either empty or of dimension > 1. We consider each triangle as a set of its 
three vertices, i.e. as an effective divisor of degree 3 on S. 


Proposition 2.3.17 The closure X of the set of self-polar triangles with re- 
spect to C which are inscribed in S, if not empty, is a gj, i.e. a linear pencil of 
divisors of degree 3. 


Proof First we use that two self-polar triangles with respect to C and in- 
scribed in $ which share a common vertex must coincide. In fact, the polar 
line of the vertex must intersect S' at the vertices of the triangle. Then the as- 
sertion is proved using the argument from the proof of Proposition 2.2.4. 














Note that a general g} contains four singular divisors corresponding to ram- 
ification points of the corresponding map P! — P!. In our case these divisors 
correspond to four intersection points of C and S. 

Another example of a poristic statement is the following. 


Theorem 2.3.18 Let T and T’ be two different triangles. The following as- 
sertions are equivalent: 
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(i) there exists a conic S containing the vertices of the two triangles; 
(ii) there exists a conic & touching the sides of the two triangles; 
(iii) there exists a conic C with polar triangles T and T". 


Moreover, when one of the conditions is satisfied, there is an infinite number 
of triangles inscribed in S, circumscribed around ©, and all of these triangles 
are polar triangles of C. 


Proof (iii) (ii) According to Proposition 1.3.9, a conic C admits T as a 
polar triangle if the conics in the dual plane containing the sides of the triangle 
are all apolar to C. If T and T” are polar triangles of C, then the two nets of 
conics passing through the sides of the first and the second triangle intersect 
in the 4-dimensional space of apolar conics. The common conic is the conic 
X from (ii). Conversely, if 3 exists, the two nets contain a common conic and 
hence are contained in a 4-dimensional space of conics in the dual plane. The 
apolar conic is the conic C from (iii). 

(ii) (i) This follows from the previous argument applying Corollary 2.1.4. 

Let us prove the last assertion. Suppose one of the conditions of the Theorem 
is satisfied. Then we have the conics C’, S, © with the asserted properties with 
respect to the two triangles T, T’. By Proposition 2.3.17, the set of self-polar 
triangles with respect to C inscribed in S is a g4. By Proposition 2.2.4, the set 
of triangles inscribed in $ and circumscribing ©} is also a g}. Two g4’s with 2 
common divisors coincide. 














Recall from Theorem 2.3.12 that the condition that two conics C and 5 
touch each other is 


27A? A”? — 1800’ AA’ + 4A0’3 + 40/03 — 8/20? = 0. (2.21) 


The variety of pairs of touching conics is a hypersurface of bidegree (6, 6) 
in P3 x P°. In particular, conics touching a given conic is a hypersurface of 
degree 6 in the space of conics. This fact is used for the solution of the famous 
Apollonius problem in enumerative geometry: find the number of nonsingular 
conics touching five fixed general conics (see [231], Example 9.1.9). 

Remark 2.3.19 Choose a coordinate system such that C = V (t3 + t? + 3). 
Then the condition that S is Poncelet related to C with respect to triangles is 
easily seen to be equal to 

2 —cc3 = 0, 
where 


det(A — tI3) = (-t)? + c1 (—t)? + c2(—t) + c3 


is the characteristic polynomial of a symmetric matrix A defining S. This is 
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a quartic hypersurface in the space of conics. The polynomials c1, ca, c3 gen- 
erate the algebra of invariants of the group SO(3) acting on the space V = 
S?((C3)Y). If we use the decomposition V = Hg Cq, where q = tå +t? +13 
and Hq is the space of harmonic quadratic polynomials with respect to q, 
then the first invariant corresponds to the projection H, © Cq — Cq. Let 
V2 : Pt — P? be the Veronese map with image equal to ©. Then the pull-back 
map 


v* : V = H°(P?, Ope (2)) > H? (P+, Op: (4)) 


defines an isomorphism of the representation H, of SO(3) with the represen- 
tation S*((C?)) of SL(2). Under this isomorphism, the invariants cy and c3 
correspond to the invariants S and T on the space of binary quartics from Ex- 
ample 1.5.2. In particular, the fact that a harmonic conic is Poncelet related 
to C is equivalent to the corresponding binary quartic admiting an apolar bi- 
nary quadric. Also, the discriminant invariant of degree 6 of binary quartics 
corresponds to the condition that a harmonic conic touches C. 


2.3.4 The Salmon conic 


One can also look for covariants or contravariants of a pair of conics, that is, 
rational maps |Op2(2)| x |Op2(2)| --» |Op2(d)| or |Op2(2)| x |Op2(2)] --> 
|Op2(d)|Y which are defined geometrically, i.e. not depending on a choice of 
projective coordinates. 

Recall the definition of the cross ratio of four distinct ordered points p; = 
[a;, bi] on Pt 
(pı — p2)(p3 — Pa) 
(pı — ps)(p2 — pa)’ 





R(pip2; papa) = (2.22) 


where 

i bi 
= ) = ab; — ajbi. 
It is immediately checked that the cross ratio does not take the values 0, 1, 00. 
It does not depend on the choice of projective coordinates. It is also invariant 
under a permutation of the four points equal to the product of two commut- 
ing transpositions. The permutation (12) changes R to —R/(1 — R) and the 
permutation (23) changes R to 1/R. Thus there are at most six possible cross 


ratios for an ordered set of four points 
1 1 R R-1 
1 
= R’ i Tae Rel R 


The number of distinct cross ratios may be reduced to three or two. The first 


ae es (g bj 
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case happens if and only if one of them is equal to —1 (the other ones will 
be 2 and 1/2). The unordered set of four points in this case is called a har- 
monic quadruple. The second case happens when R satisfies R? + R +1 = 0, 
i.e. R is one of two cubic roots of 1 not equal to 1. In this case we have an 
equianharmonic quadruple. 

If we identify the projective space of binary forms of degree 2 with the pro- 
jective plane, the relation (2.3) can be viewed as a symmetric hypersurface H 
of bidegree (1, 1) in P? x P?. In particular, it makes sense to speak about har- 
monically conjugate pairs of maybe coinciding points. We immediately check 
that a double point is harmonically conjugate to a pair of points if and only if 
it coincides with one of the roots of this form. 

We can extend the definition of the cross ratio to any set of points no three 
of which coincide by considering the cross ratios as the point 


R = [(pı — p2)(p3 — pa), (pi — ps)(p2 — pa)] € P*. (2.23) 


It is easy to see that two points coincide if and only if R = [0, 1], [1, 1], [1, 0]. 
This corresponds to R = 0, 1, œœ. 

Two pairs of points {p1, p2} and {q1, q2 } are harmonically conjugate in the 
sense of definition (2.3) if and only if R(p1q1; q2p2) = —1. To check this, we 
may assume that pı, p2 are roots of f = at? + 2ßtotı + yt? and qi, qo are 
roots of g = a't? + 28’tot, + y’t?, where, for simplicity, we may assume that 
a,a’ # 0 so that, in affine coordinates, the roots x, y of the first equations 
satisfy x + y = —28/a,xy = Yy/a and similarly the roots of the second 
equation x’, y’ satisfy x’ + y’ = —28'/a’,a'y’ = 7'/a’. Then 





i a 
ee 








if and only if 
(x—2'\(y'—y) + (e—y)(a' — y) = (x + y)(x' + y’) - 2ry — 2x'y 


_ AB 2y 2 o 92 ey 2p _ 
~ aa! a al aa! u 


0. 





So we see that the two pairs of roots form a harmonic quadruple if and only if 
(2.3) holds. 

The expression ay’ + a'y — 288” is an invariant of a pair (f, g) of binary 
quadratic forms. It is equal to the coefficient at t for the discriminant of f + tg. 
It is analogous to the invariants © and ©’ for a pair of conics. 

The Salmon conic associated to a pair of conics C and C” is defined to be 
the locus S(C, C”) of points x in P? such that the pairs of the tangents through 
x to C and to C” are harmonically conjugate. Note that it makes sense even 
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when z lies on one of the conics. In this case one considers the corresponding 
tangent as the double tangent. 
Let A be a square symmetric 3 x 3-matrix. The entries of the adjugate matrix 
adj(A) are quadratic forms in the entries of A. By polarization, we obtain 
adj(AoA + 1B) = Adadj( A) + AoAradj(A, B) + AZadj(B), 
where (A, B) — adj(A, B) is a bilinear function of A and B. 
Theorem 2.3.20 Let C = V(q),C’ = V(q’), where q and q’ are quadratic 


forms defined by symmetric matrices A = (aij) and B = (bij). Then the 
Salmon conic S(C, C”) is defined by the matrix adj(adj(A), adj(B)). 


Proof By duality, the pencil of lines through a point x = [xo, £1, £2] cor- 
responds to the line ls = V(aquo + 21u1 + £2u2) in the dual plane with 
dual coordinates uo, u1, ua. Without loss of generality, we may assume that 
£2 = —1. Let CY,C’” be the dual conics defined by the matrices adj(A) = 
(Aij), adj(B) = (Bij). The intersection of the line l, with CY is equal to two 
points [uo, u1, zouo + 211] such that 


(Aoo + Anaxo + Aogre)ua + (A11 + Arazı + Azox?)ut 


+2(Aooxoti + Ao2r1 + Aj2X9 + Aoı Juouı = 0. 


Replacing A with B, we get the similar formula for the intersection of £ with 
C’Y. The intersection points [ug, u1, zouo + Xıuı] correspond to the tangent 
lines to C and C” passing through the point x. By (2.3), they are harmonically 
conjugate if and only if 


(Aoo + Ao2%o + A227) (Bu + Bıazı + B2227) 
+(Boo + Borto + B22x5)(Aıı + A1281 + A2227) 


—2(Asaxotı + Aoaxı + A12Xo + Aoı)(Baaxoxı + Boor, + Bi2£0 +Bo1) = 0. 
This gives the equation of the Salmon conic S(C, C”): 
(AaaBıı + A11 B22 — 2A12 Bis) xe + (Aoo B22 + A22Boo — 2Ao2Bo2)x] 





+(Ao0 B11 +411 Boo —2A01 Bo1)x”+2(Ao2Bı2 + Aı2Bo2a— A22Bo2— A02 B22 )£0 X1 
+2(Ao2Bıı + A11 Bo2 — A12 Bo1 — Ao1 B12)£0£2 
+2(Ao0 Biz + A12 Boo — Ao2 Bo1 — Ao1 Bo2)z1£2 = 0. 


It is easy to see that the symmetric matrix defining this quadratic form is equal 
to adj(adj(A), adj(B)). 
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Let S(C,C’) = V(s). Consider the pencil generated by CY and C’Y. In 
matrix notation, it is equal to the pencil of matrices adj(A) + tadj(B). The 
dual conics of this pencil form a quadratic family of conics defined by the 
matrices adj(adj(A) + tadj(B)) = |A|A + tS + t?|B|B, where S is the ma- 
trix defining the Salmon conic. Its members are tangent to the quartic curve 
V(s? — 4|A||Blqq’). Since the members of the linear pencil pass through the 
four points CY N C’Y, all members of the quadratic family are tangent to the 
four common tangents of C and C’. Thus 


V(s? — 4|Al|Blqq’) = V(hlalsla), (2.24) 


where V (l;) are the common tangents. This implies the following remarkable 
property of the Salmon conic. 


Theorem 2.3.21 Let C and C" be two conics such that the dual conics inter- 
sect at four distinct points representing the four common tangents of C and S. 


Then the eight tangency points lie on the Salmon conic associated with C and 
C. 


Here is another proof of the theorem that does not use (2.24). Let x be a 
point where the Salmon conic meets C. Then the tangent line £ through x to 
C represents a double line in the harmonic pencil formed by the four tangents 
through x to C and S. As we remarked before, the conjugate pair of lines must 
contain £. Thus £ is a common tangent to C and S and hence x is one of the 
eight tangency points. Conversely, the argument is reversible and shows that 
every tangency point lies on the Salmon conic. 

The Salmon conic represents a covariant of pairs of conics. A similar con- 
struction gives a contravariant conic in the dual plane, called the Salmon enve- 
lope conic S' (C, C’). It parameterizes lines which intersect the dual conics C 
and C” at two pairs of harmonically conjugate points. We leave it to the reader 
to show that its equation is equal to 


(a22b11 + a11b22 — 2a12b12)un + (ao0b22 + a22b00 — 2ao2bo2)u7 





2 
+(aoobıı + a11doo — 2a01 b01 )us + 2(ao2b12 + a12b02 — a22b02 — a92b22) Ugur 





+2(ao2b11 + a11b02 — a12b01 — ao1b12) uote 





+2(aoo0b12 + a12b00 — ao2b01 — ao1b02)u1U2 = 0. 


If we write S’(C,C’) = V(s’), we find, as above, that V(s’? — q’q'V) is 
equal to the union of four lines corresponding to intersection points of C N C”. 
This implies that the Salmon envelope conic passes through the eight points 
corresponding to the eight tangents of C and C” at the intersection points. 
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The equation of the Salmon conic is greatly simplified if we simultaneously 
diagonalize the quadrics q and q’ defining C and C”. Assume q = t3 + t? + 
t2, q! = at? + bt? + ct3. Then the equation of S(C, C’) becomes 


a(b + c)t2 + b(c + a)t? + cla +b)t} = 0, 
and the equation of S’ (C, C”) becomes 
(b + c)ug + (c+ a)uz + (a+ b)uz = 0. 


By passing to the dual conic, we see that the dual conic S’(C, C’)Y is different 
from S(C, C”). Its equation is 


(a+c)(a+b)t§ + (a+ b)(b+c)t? + (a+ b)(b+ c)t} =0. 


It can be expressed as a linear combination of the equations of C,C’ and 


S(C,C’) 
(a+c)(a+b)t3+(a+b)(b+c)t?+(atb)(b+c)t} = (ab+bc+ac)(t5+t7+t3) 
+(a+b+c)(at2 + bt? + ct2) — (a(b + c)t? + b(c + a)t} + cla + b)é3). 


Remark 2.3.22 The full system of covariants, and contravariants of a pair of 
conics is known (see [258], p. 286. ) The curves C, C’,S’(C,C’), the Jaco- 
bian of C,C’, and S(C,C’) generate the algebra of covariants over the ring 
of invariants. The envelopes CY, C’Y,S’(C, C”), the Jacobian CY, C’Y, and 
S’(C, C”) generate the algebra of contravariants. 


Exercises 


2.1 Let E be a vector space of even dimension n = 2k over a field K of character- 
istic 0 and (e1,...,én) be a basis in E. Let w = 7,_, aijei ^ ej € N? EY and 
A = (aij )1<i<j<n be the skew-symmetric matrix defined by the coefficients a;;. Let 


NE (w) =wN--- Aw = akleı A--- A én for some a € F. The element a is called the 
pfaffian of A and is denoted by Pf(A). 


(i) Show that 


Pf(A) = 5 e(S) Il Qij, 


SES (i j)ES 


where S is a set of pairs (i1, j1), ..-, (ik, jp) such that 1 < is < js < 2k, s = 
1,...,k, {t1,...,¢n,91,---,je} = {1,... n}, S is the set of such sets S, 
e(S) = 1 if the permutation (i1, j1,..-,%x, jr) is even and —1 otherwise. 

(ii) Compute Pf(A) when n = 2, 4, 6. 

(iii) Show that, for any invertible matrix C, 


PFC - A- C) = det(O)Pf(A). 
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(iv) Using (iii) prove that 
det(A) = Pf(A)”. 
(iv) Show that 


n 


PIA) = ID PI Ai )ais, 


i=1 


where A;; is the matrix of order n — 2 obtained by deleting the i-th and j-th rows 
and columns of A. 

(v) Let B be a skew-symmetric matrix of odd order 2k — 1 and B; be the matrix 
of order 2k — 2 obtained from B by deleting the i-th row and 7-th column. Show 
that the vector (Pf(B1),...,(—1)'T*Pf(B;),..., Pf(Bar-ı)) is a solution of the 
equation B- x = 0. 

(vi) Show that the rank of a skew-symmetric matrix A of any order n is equal to 


the largest m such that there exist i1 < ... < im such that the matrix Ai,...i,, 
obtained from A by deleting i,-th rows and columns, j = 1,..., m, has nonzero 
pfaffian . 


2.2 Let V = v2(P*) be a Veronese surface in P?, considered as the space of conics in 
p’, 


(i) Let A be a plane in P* and M4 be the net of conics in P? cut out by hyperplanes 
containing A. Show that A is a trisecant plane if and only if the set of base points 
of Na consists of > 3 points (counting with multiplicities). Conversely, a net of 
conics through three points defines a unique trisecant plane. 

(ii) Show that the nets of conics with two base points, one of them is infinitely near, 
forms an irreducible divisor in the variety of trisecant planes. 

(iii) Using (ii), show that the anticanonical divisor of degenerate triangles is irre- 
ducible. 

(iv) Show that the trisecant planes intersecting the Veronese plane at one point (cor- 
responding to net of conics with one base point of multiplicity 3) define a smooth 
rational curve in the boundary of the variety of self-polar triangles. Show that this 
curve is equal to the set of singular points of the boundary. 


2.3 Let U C (P?)'®) be the subset of the symmetric product of P? parameterizing the 
sets of three distinct points. For each set Z € U let Lz be the linear system of conics 
containing Z. Consider the map f : U + G2(P°), Z œ> Lz C |Op2 (2). 


(i) Consider the divisor D in U parameterizing sets of 3 distinct collinear points. 
Show that f(D) is a closed subvariety of G2(P°) isomorphic to P?. 

Gi) Show that the map f extends to the Hilbert scheme (p2)Bl of 0-cycles Z with 
h (Oz) = 3. 

(iii) Show that the closure D of m !(D) in the Hilbert scheme is isomorphic to a 
P?-bundle over P? and the restriction of f to D is the projection map to its base. 

(iv) Define the map f : P — |Op2(2)|, which assigns to a point in the fiber p~! (Z) 
the corresponding conic in the net of conics though Z. Show that the fiber of Í over 
a nonsingular conic C is isomorphic to the Fano variety of self-polar triangles of 
the dual conic CV. 

(v) Let P* = f~ '(D2(2)) be the preimage of the hypersurface of singular conics. 


Describe the fibres of the projections p : P° — (P?)®! and f : P° > Do(2). 
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2.4 Identify P! with its image under a Veronese map va : P! — P?. 


(i) Show that any involution of P! (i.e. an automorphism of order 2) coincides with 
the involution of the Veronese conic obtained by projection from a point not lying 
on the conic (called the center of the involution). 

(ii) Show that two involutions of P! without common fixed points commute if and 
only if the two pairs of fixed points are harmonically conjugate. 

(iii) Show that the product of three involutions is an involution if their centers are 
collinear (J. Valles). The converse is known for any number of involutions. 


2.5 Prove that two unordered pairs {a, b}, {c, d} of points in P* are harmonically con- 
jugate if and only if there is an involution of P* with fixed points a, b that switches c 
and d. 


2.6 Prove the following Hesse’s Theorem. If two pairs of opposite vertices of a quadri- 
lateral are each conjugate for a conic, then the third pair is also conjugate. Such a 
quadrilateral is called a Hesse quadrilateral. Show that four lines form a polar quadri- 
lateral for a conic if and only if it is a Hesse quadrilateral. 


2.7 A tetrad of points pı, p2, p3, pa in the plane is called self-conjugate with respect to 
a nonsingular conic if no three points are collinear and the pole of each side pipz lies 
on the opposite side Pr pr. 


(i) Given two conjugate triangles, show that the vertices of one of the triangles to- 
gether with the center of perspectivity form a self-conjugate tetrad. 

(ii) Show that the four lines with poles equal to p1, p2, p3, pa form a polar quadrilat- 
eral of the conic and any nondegenerate polar quadrilateral is obtained in this way 
from a self-conjugate tetrad. 

(iii) Show that any polar triangle of a conic can be extended to a polar quadrilateral. 


2.8 Extend Darboux’s Theorem to the case of two tangent conics. 


2.9 Show that the secant lines of a Veronese curve Rm in P™ are parameterized by the 
surface in the Grassmannian G;(P™) isomorphic to P?. Show that the embedding of 
P? into the Grassmannian is given by the Schwarzenberger bundle. 


2.10 Let U be a 2-dimensional vector space. Use the construction of curves of degree 
n — 1 Poncelet related to a conic to exhibit an isomorphism of linear representations 
A?(S"U) and S"~+(S?U) of SL(U). 

2.11 Assume that the pencil of sections of the Schwarzenberger bundle S„,c has no 
base points. Show that the Poncelet curve associated to the pencil is nonsingular at a 
point x defined by a section s from the pencil if and only if the scheme of zeros Z(s) 
is reduced. 


2.12 Find a geometric interpretation of vanishing of the invariants ©, ©’ from (2.16) in 
the case when C‘ or S is a singular conic. 
2.13 Let pi, p2, p3, pa be four distinct points on a nonsingular conic C. Show that the 


triangle with the vertices A = pip3 N papa, B = pipz N papa and C = pripa N paps 
is a self-conjugate triangle with respect to ©. 





2.14 Show that two pairs {a,b}, {c, d} of points in P+ with a common point are nver 
harmonically conjugate. 

2.15 Let (a,b, c,d) be a quadrangle in P?, and p,q be the intersection points of two 
pairs of opposite sides ab, cd and bc, ad. Let p’, q’ be the intersection points of the line 
pq with the diagonals ac and bd. Show that the pairs (p, q) and (p’, q’) are harmonically 
conjugate . 
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2.16 Show that the pair of points on a diagonal of a complete quadrilateral defined by its 
sides is harmonically conjugate to the pair of points defined by intersection with other 
two diagonals. 


2.17 Show that a general net of conics admits a common polar quadrangle. 
2.18 Show that four general conics admit a unique common polar quadrangle. 


2.19 Find the condition on a pair of conics expressing that the associate Salmon conic 
is degenerate. 


2.20 Show that the triangle formed by any three tangents to two general conics is in 
perspective with any three of common points. 


2.21 Show that the set of 2n + 2 vertices of two self-polar (n + 1)-hedra of a quadric 
in P” impose one less condition on quadrics. In particular, two self-polar triangles lie 
on a conic, two self-polar tetrahedra are the base points of a net of quadrics. 


2.22 A hexad of points in P? is called self-conjugate with respect to a nonsingular 
quadric if no four are on the plane and the pole of each plane spanned by three points 
lies on the plane spanned by the remaining three points.. Show that the quadric admits a 
nondegenerate polar hexahedron whose planes are polar planes of points in the hexad. 
Conversely, any nondegenerate polar hexahedron of the quadric is obtained in this way 
from a self-conjugate tetrad. 


2.23 Show that the variety of sums of five powers of a nonsingular quadric surface is 
isomorphic to the variety of self-conjugate pentads of points in P?. 


2.24 Consider 60 Pascal lines associated with a hexad of points on a conic. Prove the 
following properties of the lines. 


(i) There are 20 points at which three of Pascal lines intersect, called the Steiner 
points. 

(ii) The 20 Steiner points lie on 15 lines, each containing four of the points (the 
Pliicker lines). 

(iii) There are 60 points each contained in three Plücker lines (the Kirkman points). 


2.25 Prove the following generalization of Pascal’s Theorem. Consider the 12 intersec- 
tion points of a nonsingular quadric surface Q with six edges of a tetrahedron T' with 
vertices 1,2, p3,p4. For each vertex p; choose one of the 12 points on each edge 
Dip; and consider the plane A; spanned by these three points. Show that the four lines 
in which each of these four planes meats the opposite face of the tetrahedron are rulings 
of a quadric. This gives 32 quadrics associated to the pair (T, Q) [95], p. 400, [21], v. 
3, Ex. 15, [494], p. 362. 


2.26 Let Oo, . . . , O4 be the invariants of a pair of quadric surfaces. 


(i) Show that the five products 82, 8004, 9193, 0704, 820. generate the algebra 
of invariants of bidegrees (m, n) with m = n. 

(ii) Show that the GIT-quotient of ordered pairs of quadrics by the group SL(4) 
is isomorphic to the hypersurface of degree 6 in the weighted projective space 
P(1, 2, 2,3, 3) given by the equation tıt3 — tsta = 0. 

(iii Show that the GIT-quotient has a singular line and its general point corresponds 
to the orbit of the pair V (X> t7), V (t — t3) + a(t3 — t3)). 
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Historical Notes 


There is a great number of books dealing with the analytic geometry of conics. 
The most comprehensive source for the history of the subject is Coolidge’s 
book [127]. Many facts and results about real conics treated in a synthetic way 
can be found in text-books in projective geometry. Coxeter’s small book [134] 
is one of the best. 

The theory of polarity for conics goes back to Poncelet [452]. Polar trian- 
gles and tetrahedra of a conic and a quadric surface were already studied by 
P. Serret [529]. In particular, he introduced the notion of a self-conjugate tri- 
angles, quadrangles and pentagons. They were later intensively studied by T. 
Reye [461], [466] and R. Sturm [552], B. 3. The subject of their study was 
called the Polarraum, i.e. a pair consisting of a projective space together with 
a nonsingular quadric. 

Pascal’s Theorem was discovered by B. Pascal in 1639 when he was 16 years 
old [431] but not published until 1779 [431]. It was independently rediscovered 
by C. MacLaurin in 1720 [374]. A large number of results about the geometry 
and combinatorics of 60 Pascal lines assigned to six points on a conic have 
been discovered by J. Steiner, J. Kirkman, A. Cayley, G. Salmon, L. Cremona 
and others. A good survey of these results can be found in Note 1 in Baker’s 
book [21], v.2, and Notes in Salmon’s book [491]. We will return to this in 
Chapter 9. 

Poncelet’s Closure Theorem which is the second part of Darboux’s Theorem 
2.2.2 was first discoverd by J. Poncelet himself [452]. We refer the reader to 
the excellent account of the history of the Poncelet related conics in [49]. A 
good elementary discussion of Poncelet’s Theorem and its applications can be 
found in Flatto’s book [222]. Other elementary and non-elementary treatments 
of the Poncelet properties and their generalizations can be found in [26], [27], 
[118], [120], [265], [266]. 

The relationship between Poncelet curves and vector bundles is discussed in 
[577], [409], [578], [582]. The Schwarzenberger bundles were introduced in 
[508]. We followed the definition given in [178]. The papers [397] and [298], 
[299] discuss the compactification of the variety of conjugate triangles. The 
latter two papers of N. Hitchin also discuss an interesting connection with 
Painleve equations. 

The notion of the apolarity of conics is due to T. Reye [464]. However, 
J. Rosanes [479] used this notion before under the name conjugate conics. 
In the same paper he also studied the representation of a conic as a sum of 
four squares of linear forms. The condition (2.8) for conjugate conics was first 
discovered by O. Hesse in [290]. He also proved that this property is poristic. 
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The condition for Poncelet relation given in terms of invariants of a pair of 
conics (Theorem 2.3.14) was first discovered by A. Cayley [76], [81]. 

The theory of invariants of two conics and two quadric surfaces was first 
developed by G. Salmon (see [491], [493], vol. 1). The complete system of in- 
variants, covariants and contravariants of a pair of conics was given by J. Grace 
and A. Young [258]. P. Gordan has given a complete system of 580 invariants, 
covariants and contravariants of a pair of quadric surfaces [255]. Later H.W. 
Turnbull was able to reduce it to 123 elements [579]. In series of papers by J. 
Todd one can find further simplifications and more geometric interpretations 
of the system of combinants of two quadric surfaces [573], [574]. A good ex- 
positions of the theory of invariants can be found in Sommerville’s and Todd’s 
books [537], [575]. The latter book contains many examples and exercises, 
some of which were borrowed here. 

Chasles’ Theorem 2.3.4 about the covariant quadric was proven by him in 
[92] and reproved later by N. Ferrers [218] . A special case was known earlier 
to E. Bobillier [45]. Chasles’ generalization of Pascal’s Theorem to quadric 
surfaces can be found in [95]. Baker’s book [21], v. 3, gives a good exposition 
of polar properties of quadric surfaces. 

The proof of Theorem 2.3.21 is due to J. Coolidge [127], Chapter VI, 83. 
The result was known to G. von Staudt [540] (see [127], p. 66) and can be also 
found in Salmon’s book on conics [491], p. 345. Although Salmon writes in the 
footnote on p. 345 that “I believe that I was the first to direct the attention to the 
importance of this conic in the theory of two conics”, this conic was already 
known to Ph. La Hire [353] (see [127], p. 44 ). In Sommerville’s book [536], 
the Salmon conic goes under the name harmonic conic-locus of two conics. 
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3.1 Equations 
3.1.1 Elliptic curves 


There are many excellent expositions of the theory of elliptic curves from their 
many aspects: analytical, algebraic and arithmetical (a short survey can be 
found in Hartshorne’s book [282], Chapter IV). We will be brief here. 

Let X be a nonsingular projective curve of genus 1. By Riemann-Roch, for 
any divisor D of degree d > 1, we have dim H°(X,Ox(D)) = d. If d > 2, 
the complete linear system |D| defines an isomorphism X — C, where C is 
a curve of degree d in P?~! (called an elliptic normal curve of degree d). If 
d = 2, the map is of degree 2 onto P!. The divisor classes of degree 0 are 
parameterized by the Jacobian variety Jac(X ) isomorphic to X. Fixing a point 
zo on X, the group law on Jac(X‘) transfers to a group law on X by assigning 
to a divisor class 0 of degree 0 the divisor class 0 + x9 of degree | represented 
by a unique point on X. The group law becomes 





re@y=ze |a+y— crol. (3.1) 


The translation automorphisms of X act transitively on the set Pic4(X ) of 
divisor classes of degree d. This implies that two elliptic normal curves are 
isomorphic if and only if they are projectively equivalent. In the case d = 2, 
this implies that two curves are isomorphic if and only if the two sets of four 
branch points of the double cover are projectively equivalent. 

In this Chapter we will be mainly interested in the case d = 3. The image 
of X is a nonsingular plane cubic curve. There are two known normal forms 
for its equation. The first one is the Weierstrass form and the second one is the 
Hesse form. We will deal with the Hesse form in the next subsection. Let us 
start with the Weierstrass form. 

By Proposition 1.1.17, C = V(f) has an inflection point po. Without loss of 


126 Plane cubics 


generality, we may assume that po = [0, 0, 1] and the inflection tangent line at 
this point has the equation to = 0. The projection from po is the double cover 
C — P!. It has ramification branch points, the intersection points of © with 
the first polar. There are four tangent lines to C containing po. One of them is 
V (to). The first polar V(b) of the point po is a singular conic that intersects 
C at the tangency points of the four tangents, we immediately obtain that it 
consists of the line V (to) and a line V (t2 + atı + bto) not passing through the 
point po. Changing the coordinates, we may assume that the line is equal to 
V (t2). Now the equation of C takes the form 


tots + at? + btto + ytit + ôt = 0, 


where a # 0. Replacing tı with tı + £to, and scaling the coordinates, we 
may assume that œ = 1 and 3 = 0. This gives us the Weierstrass equation of a 
nonsingular cubic: 


tot? + #2 + atit? + bt = 0. (3.2) 


It is easy to see that C is nonsingular if and only if the polynomial z? + ax + b 
has no multiple roots, or, equivalently, its discriminant A = 4a? + 27)? is not 
equal to zero. 

Two Weierstrass equations define isomorphic elliptic curves if and only if 
there exists a projective transformation transforming one equation to another. 
It is easy to see that it happens if and only if (a’, 8’) = (A?a, A? 8) for some 
nonzero constant A. This can be expressed in terms of the absolute invariant 

3 


So o 3.3 
j 4a3 + 2702 a 
Two elliptic curves are isomorphic if and only if their absolute invariants are 


equal.! 

The projection [to, t1, t2] + [to, ti] exhibits C as a double cover of P+. Its 
ramification points are the intersection points of C and its polar conic V (tot). 
The cover has four branch points [1, A], [0,1], where A? + aà +b = 0. The 
corresponding points [1,A,0], and [0,0,1] on C are the ramification points. 
If we choose po = [0,0,1] to be the zero point in the group law on C, then 
2p ~ 2po for any ramification point p implies that p is a 2-torsion point. Any 
2-torsion point is obtained in this way. 

It follows from the above computation that any nonsingular plane cubic 
V(f) is projectively isomorphic to the plane cubic V (t3to + t? + atit2 + bt). 
The functions S : f > a/27,T : f + 4b can be extended to the Aronhold 


1 The coefficient 1728 = 2633 is needed to make this work in characteristic 2 and 3, otherwise 
j would not be defined for example when a = 1, b = 0 in characteristic 2. 
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invariants © and T of degrees 4 and 6 of a ternary cubic form. The explicit 
expressions of S and T in terms of the coefficients of f are rather long and can 
be found in many places (e.g. [182], [492]). 

Fixing an order on the set of branch points, and replacing them by a projec- 
tively equivalent set, we may assume that the cubic polynomial x? + ax + b is 
equal to —a(a — 1)(a — A). This gives an affine equation of C 


y’? = g(x — 1)(x — à), 


called the Legendre equation. 

The number X is equal to the cross ratio R(g192; 9394) of the four ordered 
branch points (q1,92,93,94) = (0,A,1,00). The absolute invariant (3.3) is 
expressed in terms of A to give the following formula: 


(A?-A+1)? 


ee I, 
4 VAIP 


(3.4) 
Remark 3.1.1 For any binary form g(to,tı) of degree 4 without multiple 
zeros, the equation 


t + g(to,tı) =0 (3.5) 


defines an elliptic curve X in the weighted projective plane P(1, 1, 2). The four 
zeros of g are the branch points of the projection X — P! to the first two co- 
ordinates. So, every elliptic curve can be given by such an equation. The coef- 
ficients a, b in the Weierstrass equation are expressed in terms of the invariants 
S and T of binary quartics from Example 1.5.2. We have a = -49,b= —AT. 
In particular. 


u 275 (9)? 
IP — 277 (9)? 


Definition 3.1.2 A nonsingular plane cubic V ( f) with Weierstrass Equation 
(3.2) is called harmonic (resp. equianharmonic) if b = 0 (resp. a = 0). 


We leave it to the reader to prove the following. 


Theorem 3.1.3 Let C = V(f) be a nonsingular plane cubic and c be any 
point on C. The following conditions are equivalent. 


(i) C is a harmonic (resp. equianharmonic cubic). 

(ii) The absolute invariant j = 1728 (resp. j = 0). 

(iii) The set of cross ratios of four roots of the polynomial to(t? + atıt? + 
bt) is equal to {—1, 2, $} (resp. consists of two primitive cube roots of 
—1). 
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(iv) The group of automorphisms of C leaving the point c invariant is a 
cyclic group of order 4 (resp. 6). 


Note that C is a harmonic cubic if and only if the invariant T of degree on the 
space of binary quartic forms (1.82) vanishes on the binary form g in Equation 
(3.5). A quartic binary form on which T vanishes is called a harmonic binary 
quartic. We know that a binary form g is harmonic if and only if it admits an 
apolar binary quadratic form. One can check that this form is nondegenerate if 
and only if g has no multiple zeros. In this case it can be written as a sum of two 
powers of linear forms lf + 13. This exhibits an obvious symmetry of order 4. 
Changing coordinates we can reduce the form to t — tt = (t2 + t7)(t@ — t7). 
The pairs of zeros of the factors are harmonically conjugate pairs of points. 
This explains the name harmonic cubic. 

Theorem 3.1.3 gives a geometric interpretation for the vanishing of the 
quadratic invariant S (1.82) on the space of binary quartics. It vanishes if and 
only if there exists a projective transformation of order 3 leaving the zeros of 
a binary forms invariant. 

Another useful model of an elliptic curve is an elliptic normal quartic curve 
C in P’. There are two types of nondegenerate quartic curves in P3 that differ 
by the dimension of the linear system of quadrics containing the curve. In 
terminology of classical algebraic geometry, a space quartic curve is of the first 
species if the dimension is equal to 1, quartics of the second species are those 
which lie on a unique quadric. Elliptic curves are nonsingular quartics of the 
first species. The proof is rather standard (see, for example, [278]). By Lemma 
8.6.1 from Chapter 8, we can write C as the intersection of two simultaneously 
diagonalized quadrics 


The pencil AQı + Q2 contains exactly four singular members corresponding 
to the parameters [—a;,1],i = 0,1,2,3. The curve C is isomorphic to the 
double cover of P! branched over these four points. This can be seen in many 
ways. Later we will present one of them, a special case of Weil’s Theorem on 
the intersection of two quadrics (the same proof can be found in Harris’s book 
[278], Proposition 22.38). Changing a basis in the pencil of quadrics containing 
C', we can reduce the equations of C to the form 


ttt tte = t +A + #3 =0. (3.6) 


The absolute invariant of E is expressed via formula (3.4). 
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3.1.2 The Hesse equation 


Classical geometers rarely used Weierstrass equations. They preferred Hesse’s 
canonical equations of cubic curves: 


ti +t? + t3 + Gatotit, = 0. (3.7) 


Let us see that any nonsingular cubic can be reduced to this form by a linear 
change of variables. 

Since any tangent line at an inflection point intersects the curve with mul- 
tiplicity 3, applying (1.23), we obtain that the curve has exactly 9 inflection 
points. Using the group law on an elliptic cubic curve with an inflection point 
o as the zero, we can interpret any inflection point as a 3-torsion point. This 
of course agrees with the fact the group X [3] of 3-torsion points on an elliptic 
curve X is isomorphic to (Z/3Z)?. 

Let H be a subgroup of order 3 of X. Since the sum of elements of this 
group add up to 0, we see that the corresponding three inflection points p, q,r 
satisfy p + q +r ~ 30. It is easy to see that the rational function on C with 
the divisor p + q + r — 30 can be obtained as the restriction of the rational 
function m(to, t1, t2)/lo(to, t1, t2), where V(m) defines the line containing 
the points p,q,r and V (lo) is the tangent to C at the point o. There are three 
cosets with respect to each subgroup H. Since the sum of elements in each 





coset is again equal to zero, we get 12 lines, each containing three inflection 
points. Conversely, if a line contains three inflection points, the sum of these 
points is zero, and it is easy to see that the three points forms a coset with 
respect to some subgroup H. Each element of (Z/3Z)° is contained in four 
cosets (it is enough to check this for the zero element). 

A triangle containing the inflection points is called an inflection triangle. 
There are four inflection triangles and the union of their sides is the set of 12 
lines from above. The configuration of 12 lines and 9 points, each line contains 
3 points, and each point lies on four lines is the famous Hesse arrangement of 
lines (123, 94). 

Consider the polar conic of an inflection point. It splits into the union of the 
tangent line at the point and another line, called the harmonic polar line of the 
inflection point. 


Lemma 3.1.4 Let x be a point on a nonsingular cubic ©. Any line £ passing 
through x intersects C at points y, z which are harmonically conjugate to the 
pair x,w, where w is the intersection point of the line and the conic polar 


P,(C). 
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We will prove this property later in a more general case when C is a curve 
of degree d and z is its point of multiplicity (d — 2) (see Proposition 7.3.18). 


Proposition 3.1.5 Let a,b,c be three collinear inflection points. The har- 
monic polar lines of three inflection points on a line £ intersect at the opposite 
vertex of the inflection triangle containing £. 


Proof Let A be the inflection triangle with side £ containing the points a, b, c. 
Consider the three lines £; through a which join a with one of the inflection 
point x; on the side of A. Let z; be the other inflection point on 4; (lying on the 
other side). By the previous Lemma, the harmonic polar line intersects each £; 
at a point y; such that the cross ratio R(ay;; tizi) is constant. This implies that 
the harmonic polar line is the line in the pencil of lines through the vertex that, 
together with the two sides and the line passing through a, make the same cross 
ratio in the pencil. Since the same is true for harmonic polar lines of the points 














b and c, we get the assertion. 


It follows from the previous Proposition that the nine harmonic polar lines 
intersect by three at 12 edges of the inflection triangles, and each vertex be- 
longs to four lines. This defines the dual Hesse arrangement of lines (94, 123). 
It is combinatorially isomorphic to the arrangement of lines in the dual plane 
which is defined from the Hesse line arrangement via duality. 

Now it is easy to reduce a nonsingular cubic curve C = V (f) to the Hesse 
canonical form. Choose coordinates such that one of the inflection triangles is 
the coordinate triangle. Let q be one of its vertices, say q = |1, 0, 0], and x be 
an inflection point on the opposite line V (to). Then P,,(C) is the union of the 
tangent to C at x and the harmonic polar of x. Since the latter passes through 
q, we have P,2.(C) = P,q2(C) = 0. Thus the polar line P,2(C) intersects the 
line V (to) at three points. This can happen only if P} (C) = V (to). Hence 
vH = V (to) and f has no terms t2ty, t2t2. We can write 

f = ata + dt} + ctå + dtotite. 


Since C is nonsingular, it is immediately checked that the coefficients a, b,c 
are not equal to zero. After scaling the coordinates, we arrive at the Hesse 
canonical form. 

It is easy to check, by taking partials, that the condition that the curve given 
by the Hesse canonical form is nonsingular is 


1+8a7 4 0. (3.8) 


By reducing the Hesse equation to a Weierstrass forms one can express the 
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Aronhold invariants S, T and the absolute invariant j in terms of the parameter 
œ in (3.7): 


S=a-a’, (3.9) 

T = 1 — 20a? - 80°, (3.10) 
_ 64(a— at)’ 

Í= Tr Base (3.11) 


3.1.3 The Hesse pencil 


Since the cubic C and its four inflection triangles pass through the same set 
of nine points, the inflection points of C’, they belong to a pencil of cubic 
curves. This pencil is called the Hesse pencil. It is spanned by C and one of 
the inflection triangles, say the coordinate triangle. Thus the Hesse pencil is 
defined by the equation 


(to + tf + t3) + utotite = 0. (3.12) 
Its base points are 
[0,1,-1, [0,1,-e], [0,1,-e], 
11,0,-1], [1,0,-e7], [1,0,-d], 
1,-10, [1,—e,0], [1,—e7, 0], (3.13) 
where e = e?”'/3, They are the nine inflection points of any nonsingular mem- 


ber of the pencil. The singular members of the pencil correspond to the values 
of the parameters 


(A, u) = (0,1), (1,—3), (1,—3e), (1, —3e). 


The last three values correspond to the three values of a for which the Hesse 
equation defines a singular curve. 

Any triple of lines containing the nine base points belongs to the pencil and 
forms its singular member. Here they are: 





Vito), V(t), Vet), 
V(to + t1 + te), V(to + eti + ete), V(to + tı + eta), (3.14) 
V (to + et; + te), V(to + ety + ete), V(to + ty + ete), 
V(to +etı + te), V(to + eti + eta), V(to + tı + ta). 
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We leave to a suspicious reader to check that 


(to + tı + t2)(to + ety + eta) (to + eti + eta) = tå + t3 + #3 — Stotite, 
(to + eti + t2) (to + eti + eta) (to + ti + eta) = t + t3 + #3 — 3etotite, 


(to + eti + te)(to + ety + eta) (to + tı + rte) = t + 3 + #3 — 3e7totite. 


The 12 lines (3.14) and nine inflection points (3.13) form the Hesse configura- 
tion corresponding to any nonsingular member of the pencil. 

Choose [0, 1, —1] to be the zero point in the group law on C. Then we can 
define an isomorphism of groups & : (Z/3Z)? — X[3] by sending [1,0] to 
(0, 1, —e], [0, 1] to [1, 0, —1]. The points of the first row in (3.13) are the sub- 
group H generated by ¢({1,0]). The points of the second row are the coset of 
H containing ¢((0, 1]). 


Remark 3.1.6 Note that, varying a in Pt \ {-3,-5, =e. oo}, we obtain a 
family of elliptic curves Xa defined by Equation (3.7) with a fixed isomor- 
phism ġa : (Z/3Z)? — X,,[3]. After blowing up the 9 base points, we obtain 


a rational surface S(3) 
f:5@)—P! (3.15) 


defined by the rational map P?— — P+, [to, t1, t2] > [totita, t +17 +13]. The 
fiber of f over a point (a,b) € P? is isomorphic to the member of the Hesse 
pencil corresponding to (A, p) = (—b, a). It is known that (3.15) is a modular 
family of elliptic curves with level 3, i.e. the universal object for the fine moduli 
space of pairs (X,¢), where X is an elliptic curve and ¢ : (Z/3Z)? — X[3] is 
an isomorphism of groups. There is a canonical isomorphism P! = Y, where 
Y is the modular curve of level 3, i.e. a nonsingular compactification of the 
quotient of the upper half-plane H = {a + bi € C : b > 0} by the group 


T(3)={A= ( > € SL(2,Z): A=; mod 3}, 


which acts on H by Möbius transformations z +> maak The boundary of 
H/T(3) in Y consists of four points (the cusps). They correspond to the sin- 
gular members of the Hesse pencil. 





3.1.4 The Hesse group 


The Hesse group G216 is the group of projective transformations which pre- 
serve the Hesse pencil of cubic curves. First, we see the obvious symmetries 
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generated by the transformations 


Wt [to, t1, t2] H [to, estı, Eto], 
Oo: [to, ta, t2] u [t2, to, ti]. 


They define a projective representation of the group (Z/3Z)?. 

If we fix the group law by taking the origin to be [0, 1, —1], then 7 induces 
on each nonsingular fiber the translation automorphism by the point [0, 1, —€] 
and ø is the translation by the point [1, 0, —1]. 


Theorem 3.1.7 The Hesse group G216 is a group of order 216 isomorphic to 
the semi-direct product 


(Z/32)” x SL(2, F3), 
where the action of SL(2, F3) on (Z/3Z)? is the natural linear representation. 


Proof Let g € Gaıe. It transforms a member of the Hesse pencil to another 
member. This defines a homomorphism G216 — Aut(P!). An element of the 
kernel K leaves each member of the pencil invariant. In particular, it leaves 
invariant the curve V(totit2). The group of automorphisms of this curve is 
generated by homotheties [to, t1, t2] — [to, atı, bt2] and permutation of co- 
ordinates. Suppose o induces a homothety. Since it also leaves invariant the 
curve V (t3 + t3 + 13), we must have 1 = a? = b’. To leave invariant a gen- 
eral member we also need that a? = b? = bc. This implies that g belongs to 
the subgroup generated by the transformation o. An even permutation of co- 
ordinates belongs to a subgroup generated by the transformation r. The odd 
permutation oo : [to, t1, t2] > [to, t2, tı] acts on the group of 3-torsion points 
of each nonsingular fiber as the negation automorphism x ++ —x. Thus we see 
that 


K = (Z/3Z)? x (oo). 


Now let J be the image of the group G'216 in Aut(P!). It acts by permuting 
the four singular members of the pencil and thus leaves the set of zeros of the 
binary form 


A = (8t? + tö)to 
invariant. It follows from the invariant theory that this implies that H is a sub- 


group of M4. We claim that H = 24. Consider the projective transformations 
given by the matrices 


1 1 1 1 e 
a=|le.e 2], az= |e? e e 
1e e Ee e 
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The transformations co, 01,02 generate a subgroup isomorphic to the quater- 
nion group Qs with center generated by oo. The transformation 


03: [to, t1, t2] > [eto, t2, ti] 


satisfies as = oo. It acts by sending a curve Ca from (3.7) to Cea. It is easy 
to see that the transformations 01, 02,03,7 generate the group isomorphic to 
SL(2, F3). Its center is (oo) and the quotient by the center is isomorphic to 24. 
In other words, this group is the binary tetrahedral group. Note that the whole 
group can be generated by transformations o, T, 00, 01. 














Recall that a linear operator o € GL(E) of a complex vector space E of 
dimension n + 1 is called a complex reflection if it is of finite order and the 
rank of o —idg is equal to 1. The kernel of o — id g is a hyperplane in E, called 
the reflection hyperplane of o. It is invariant with respect to o and its stabilizer 
subgroup is a cyclic group. A complex reflection group is a finite subgroup G 
of GL(E) generated by complex reflections. One can choose a unitary inner 
product on E such that any complex reflection o from E can be written in the 
form 


Syn i tHe 2+ (N — 1)(x, vv, 
where v is a vector of norm 1 perpendicular to the reflection hyperplane H, of 
g, and n is a nontrivial root of unity of order equal to the order of o. 


Recall the basic facts about complex reflection groups (see, for example, 
[539]): 


e The algebra of invariants S(E)° = C[to,...,tn]@ is freely generated by 


n + 1 invariant polynomials fo,..., fn (geometrically, F/G S C"+}), 
e The product of degrees d; of the polynomials fo, ..., fn is equal to the order 
of G. 


e The number of complex reflections in G is equal to X` (d; — 1). 


All complex reflections group were classified by G. Shephard and J. Todd 
[531]. There are five conjugacy classes of complex reflection subgroups of 
GL(3,C). Among them is the group G isomorphic to a central extension of 
degree 3 of the Hesse group. It is generated by complex reflections Sy, of or- 
der 3, where the reflection line H, is one of the 12 lines (3.14) in P? and v is 
the unit normal vector (a, b, c) of the line V (ato + bt; +cta). Note that each re- 
flection Sy ņ leaves invariant the hyperplanes with a normal vector orthogonal 
to v. For example, s(1,0,0),. leaves invariant the line V (to). This implies that 
each of the 12 complex reflections leaves the Hesse pencil invariant. Thus the 
image of G in PGL(3, C) is contained in the Hesse group. It follows from the 
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classification of complex reflection groups (or could be checked directly, see 
[539]) that it is equal to the Hesse group and the subgroup of scalar matrices 
from G is acyclic group of order 3. 

Each of the 12 reflection lines defines two complex reflections. This gives 24 
complex reflections in G. This number coincides with the number of elements 
of order 3 in the Hesse group and so there are no more complex reflections in 
G. Let dı < da < d3 be the degrees of the invariants generating the algebra 
of invariants of G. We have dı + dz + d3 = 27, dıdəd3 = 648. This easily 
gives dı = 6, d2 = 9,d3 = 12. There are obvious reducible curves of degree 
9 and 12 in P? invariant with respect to G. The curve of degree 9 is the union 
of the polar harmonic lines. Each line intersects a nonsingular member of the 
pencil at nontrivial 2-torsion points with respect to the group law defined by 
the corresponding inflection point. The equation of the union of nine harmonic 
polar lines is 








fo = (tå — #2) (43 — 03) (ef — t3) = 0. (3.16) 


The curve of degree 12 is the union of the 12 lines (3.14). Its equation is 





fig = totrte[27to tity — (tò + ti + t2)°] = 0. (3.17) 


A polynomial defining an invariant curve is a relative invariant of G (it is an 
invariant with respect to the group G” = GN SL(3,C)). One checks that the 
polynomial fo is indeed an invariant, but the polynomial fı2 is only a relative 
invariant. So, there exists another curve of degree 12 whose equation defines 
an invariant of degree 12. What is this curve? Recall that the Hesse group acts 
on the base of the Hesse pencil via the action of the tetrahedron group Alu. 
It has three orbits with stabilizers of order 2,3 and 3. The first orbit consists 
of six points such that the fibres over these points are harmonic cubics. The 
second orbit consists of four points such that the fibres over these points are 
equianharmonic cubics. The third orbit consists of four points corresponding 
to singular members of the pencil. It is not difficult to check that the product of 
the equations of the equianharmonic cubics defines an invariant of degree 12. 
Its equation is 


fio = (E + t + E + 8 + 8)? + 21632323] = 0. (3.18) 
An invariant of degree 6 is 
fe = 7(t6 + #8 + #8) — 6(8 + #8 + 48). (3.19) 


The product of the equations defining 6 harmonic cubics is an invariant of 
degree 18 


fig = (t + t3 + t3) - 540epe3e3 (to + t3 + t3) — 5832¢6¢848 = 0. (3.20) 
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3.2 Polars of a plane cubic 


3.2.1 The Hessian of a cubic hypersurface 


Let X = V(f) be a cubic hypersurface in P”. We know that the Hessian 
He(X) is the locus of points a € P” such that the polar quadric P,(X) is 
singular. Also we know that, for any a € He(X), 


Sing(P,(X)) = {b € P’ : Dy(Da(f)) = 0}. 
Since P,(Pı(X)) = P.(P,(X)) we obtain that b € He(X). 


Theorem 3.2.1 The Hessian He(X) of a cubic hypersurface X contains the 
Steinerian St( X). If He(X) #4 P”, then 


For the last assertion one needs only to compare the degrees of the hyper- 
surfaces. They are equal to n + 3. 
In particular, the rational map, if defined, 


sty! : St(X) + He(X),a + Sing(P,(X)) (3.21) 


is a birational automorphism of the Hessian hypersurface. We have noticed this 
already in Chapter 1. 


Proposition 3.2.2 Assume X has only isolated singularities. Then He(X) = 
P” if and only if X is a cone over a cubic hypersurface in P"=!, 


Proof Let W = {(a,b) € P” x P” : Py»2(X) = 0}. For each a € P”, the 
fiber of the first projection over the point a is equal to the first polar P(X). 
For any b € P”, the fiber of the second projection over the point b is equal 
to the second polar P,2 (X) = V(X 9; f(b)t;). Let U = P” \ Sing(X). For 
any b € U, the fiber of the second projection is a hyperplane in P”. This 
shows that p3 U ) is nonsingular. The restriction of the first projection to U 
is a morphism of nonsingular varieties. The general fiber of this morphism is 
a regular scheme over the general point of P”. Since we are in characteristic 
0, it is a smooth scheme. Thus there exists an open subset W C P” such 
that p7 (W) N U is nonsingular. If He(X) = 0, all polar quadrics P,(X) are 
singular, and a general polar must have singularities inside of p3 '(Sing(X)). 
This means that pı (p5 (Sing(X))) = P”. For any x € Sing(X), all polar 
quadrics contain x and either all of them are singular at x or there exists an 
open subset U, C P” such that all quadrics P,(X) are nonsingular at x for 
a € Uz. Suppose that, for any x € Sing( X), there exists a polar quadric which 
is nonsingular at x. Since the number of isolated singular points is finite, there 
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will be an open set of points a € P” such that the fiber Di (a) is nonsingular in 
p> (Sing(X)). This is a contradiction. Thus, there exists a point c € Sing(X) 
such that all polar quadrics are singular at x. This implies that c is a common 
solution of the systems of linear equations He(f3)(a) - X = 0,a € P”. Thus 
the first partials of fs are linearly dependent. Now we apply Proposition 1.1.6 
to obtain that X is a cone. 














Remark 3.2.3 The example of a cubic hypersurface in P* from Remark 1.1.16 
shows that the assumption on singular points of X cannot be weakened. The 
singular locus of the cubic hypersurface is the plane to = tı = 0. 


3.2.2 The Hessian of a plane cubic 


Consider a plane cubic C = V (f) with equation in the Hesse canonical form 
(3.7). The partials of sf are 


te+2atite, t?+2atote, t + 2atotı. (3.22) 
Thus the Hessian of C has the following equation: 


to Qta atı 
He(C) = lat» tı atol = (14 2a%)totite — a? (t + t? + #3). (8.23) 
atı ato ta 


In particular, the Hessian of the member of the Hesse pencil corresponding to 
the parameter (A, u) = (1,6), a # 0, is equal to 


1+ 20° 
Ae 





totıt2 = 0, (3.24) 
or, if (A, u) = (1, 0) or (0, 1), then the Hessian is equal to V (totıta). 


Lemma 3.2.4 Let C be anonsingular cubic in a Hesse’s canonical form. The 
following assertions are equivalent: 


(i) dim Sing(P,(C)) > 0; 

(ii) a € Sing(He(C)); 

(iii) He(C) is the union of three nonconcurrent lines; 

(iv) C is isomorphic to the Fermat cubic V (td +17 + t3); 
(v) He(C) is a singular cubic; 

(vi) C is an equianharmonic cubic; 


(vii) a(a? — 1) = 0. 
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Proof Use the Hesse equation for a cubic and for its Hessian. We see that 
He(C) is singular if and only if either a = 0 or 1 + 8(- 22° )3 = 0. Ob- 
viously, œ = 1 is a solution of the second equation. Other solutions are e€, €?. 
This corresponds to He(C), where C is of the form V (tè + t3 + t3), or is given 


by the equation 


#3 +03 + t8 + Ge'totite = (eto + eti + t2)? + (to + ti + t2)? 


+(to +t, +t)? = 0, 
where 7 = 1,2, or 


to +t? + 8 + 6totite = (to + ti + t2)? + (to + ceti + t2)? 


+(to + êti + et2)? = 0. 


This computation proves the equivalence of (iii), (iv), (v), and (vii). 

Assume (i) holds. Then the rank of the Hessian matrix is equal to 1. It is easy 
to see that the first two rows are proportional if and only if a(a? — 1) = 0. 
Thus (i) is equivalent to (vii), and hence to (iii), (iv), (v) and (vii). The point a 
is one of the three intersection points of the lines such that the cubic is equal to 
the sum of the cubes of linear forms defining these lines. Direct computation 
shows that (ii) holds. Thus (i) implies (ii). 

Assume (ii) holds. Again the previous computations show that a(a? — 1) = 
0 and the Hessian curve is the union of three lines. Now (i) is directly verified. 

The equivalence of (iv) and (vi) follows from Theorem 3.1.3 since the trans- 
formation [to, t1, t2] — [t1, to, e?”*/%t2] generates a cyclic group of order 6 of 
automorphisms of C leaving the point [1, —1, 0] fixed. 














Corollary 3.2.5 Assume that C = V(f) is not projectively isomorphic to 
the Fermat cubic. Then the Hessian cubic is nonsingular, and the map a +> 
Sing(P.(C)) is an involution on He(C) without fixed points. 


Proof The only unproved assertion is that the involution does not have fixed 
points. A fixed point a has the property that Da(Da(f)) = Daz(f) = 0. It 
follows from Theorem 1.1.5 that this implies that a € Sing(C). 














Remark 3.2.6 Consider the Hesse pencil of cubics with parameters (A, u) = 
(ao, 601) 


Clasa) = V(ao(t3 +t? +13) + Gar totite). 
Taking the Hessian of each curve from the pencil we get the pencil 


Hias a) = V (aot +t] + t3 + 6aytoti te). 
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The map Cag.) > H(ao,a) defines a regular map 
b:P!>P!, [ao, a1] + [to, t1] = [-a007, a8 + 203]. (3.25) 


This map is of degree 3. For a general value of the inhomogeneous parameter 
A = tı/to, the preimage consists of three points with inhomogeneous coordi- 
nate œ = aı /@o satisfyfing the cubic equation 


6A0° — 207 +1=0. (3.26) 


We know that the points [ag, a1] = [0, 1], [1, 2]; Esl, L | correspond 
to singular members of the A-pencil. These are the branch points of the map b. 


Over each branch point we have two points in the preimage. The points 





(ao, 1) = [1,0], [1, 1], (1, €], [1, €] 


are the ramification points corresponding to equianharmonic cubics. A non- 
ramication point in the preimage corresponds to a singular member. 

Let Ca = Ca a). If we fix a group law on a Ha = He(Ca), we will be able 
to identify the involution described in Corollary 3.2.5 with the translation auto- 
morphism by a nontrivial 2-torsion point 7. Given a nonsingular cubic curve H 
together with a fixed-point-free involution 7, there exists a unique nonsingular 
cubic Ca such that H = H, and the involution 7 is the involution described 
in the corollary. Thus the three roots of Equation (3.26) can be identified with 
3 nontrivial torsion points on Ha. We refer the reader to Exercise 3.2 for a 
reconstruction of Ca from the pair (Ha, n). 


Recall that the Cayleyan curve of a plane cubic C is the locus of lines pq 
in the dual plane such that a € He(C) and b is the singular point of P,(C). 
Each such line intersects He(C) at three points a, b, c. The following gives the 
geometric meaning of the third intersection point. 


Proposition 3.2.7 Let c be the third intersection point of a line £ € Cay(C) 
and He(C). Then £ is a component of the polar P(C) whose singular point is 
c. The point d is the intersection point of the tangents of He(C) at the points a 
and b. 


Proof From the general theory of linear system of quadrics, applied to the net 
of polar conics of C, we know that (is a Reye line, i.e. it is contained in some 
polar conic P4(C') (see subsection 1.1.7). The point d must belong to He(C) 
and its singular point c belongs to £. Thus c is the third intersection point of £ 
with C. 

It remains for us to prove the last assertion. Chose a group law on the curve 
He(C) by fixing an inflection point as the zero point. We know that the Steine- 
rian involution is defined by the translation x > x © 7, where n is a fixed 
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2-torsion point. Thus b = a ® n. It follows from the definition of the group law 
on a nonsingular cubic that the tangents T, (He(C)) and T,(He(C)) intersect 
at a point d on He(C). We have d © 2a = 0, hence d = —2a. Since a, b,c 
lie on a line, we get c = —a — bin the group law. After subtracting, we get 
d—c = b— a = n. Thus the points x and c are an orbit of the Steinerian 
involution. This shows that c is the singular point of Pi(C). By Proposition 
1.2.5, Pa(C) contains the points a, b. Thus ab is a component of Pı(C). 














It follows from the above Proposition that the Cayleyan curve of a nonsin- 
gular cubic C parameterizes the line components of singular polar conics of 
C. It is also isomorphic to the quotient of He(C) by the Steinerian involution 
from Corollary 3.2.5. Since this involution does not have fixed points, the quo- 
tient map He(C’) — Cay(C) is an unramified cover of degree 2. In particular, 
Cay(C) is a nonsingular curve of genus 1. 

Let us find the equation of the Cayleyan curve. A line £ belongs to Cay( X) 
if and only if the restriction of the linear system of polar conics of X to £ 
is of dimension 1. This translates into the condition that the restriction of the 
partials of X to £ is a linearly dependent set of three binary forms. So, write 
L in the parametric form as the image of the map P! — P? given by [u, v] — 
lagu + bov, aru + biv, azu + bav]. The condition of the linear dependence is 
given by 


ao T 20a a2 2aobo aa 2a(aıba S a2b1) be Ir 2abıba 
det a? 7 2aagaa 2aıbı = 2a(aoba IF abo) b? ar 2aboba = 0. 
ag T 2cagaı 2aaba T 2a(aobı SS aıbo) b2 T 2abobı 














The coordinates of £ in the dual plane are 
[uo, U1, U2] = [aıb2 — a2b1, a2bo — aob2, aobı — aıbo]. 


Computing the determinant, we find that the equation of Cay(X‘) in the coor- 
dinates uo, U1, Ug IS 


ua + us + us + 6a'uouruz = 0, (3.27) 


where a’ = (1 — 4a?)/6a. Note that this agrees with the degree of the Cay- 
leyan curve found in Proposition 1.1.26. Using formula (3.9) for the absolute 
invariant of the curve, this can be translated into an explicit relationship be- 
tween the absolute invariant of an elliptic curve C and the isogenous ellip- 
tic curve C/(7-), where Te is the translation automorphism by a nontrivial 
2-torsion point e. 
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3.2.3 The dual curve 


Write the equation of a general line in the form t2 = uoto + uit and plug 
in Equation (3.7). The corresponding cubic equation has a multiple root if and 
only if the line is a tangent. We have 


(uoto + uiti)® + #8 + t? + 6atotı (uoto + uit) 
= (ug + 1)tò + (u3 +1)t? + (3uguı + bauo)tatı + (Buou? + 6auı)totı = 0. 


The condition that there is a multiple root is that the discriminant of the homo- 
geneous cubic form in tg, tı is equal to zero. Using the formula (1.81) for the 
discriminant of a cubic form, after plugging in, we obtain 


(Bubur +6auo) (3uour+6auı)”+18(3ugu +6aug)(3uout+6aur)(ug+1) (up +1) 





—4(ug + 1)(3uouy + Gaur)? — 4(u? + 1)(3u1ug + 6auo)? — 27(up + 1)’ (u? +1)” 





= -27 + 864upusa® + 648ugura — 64807 uou] — 64807 ugu, + 64807 uou 





+1296a*ugur — 27u$ — 27ug + 54ugu? — 864u3a — 864upa? — 54u? —54ue = 0. 


It remains for us to homogenize the equation and divide by (—27) to obtain 
the equation of the dual curve 


us + u + us — (2+ 320°) (ugu? + uaus + užu?) 


-24a ugurua (u + u + u3) — (24a + 48a*)ururu2 = 0. (3.28) 


According to the Plücker formula (1.50), the dual curve of a nonsingular plane 
cubic has nine cusps. They correspond to the inflection tangents of the original 
curve. The inflection points are given in (3.12). Computing the equations of 
the tangents, we find the following singular points of the dual curve: 


[-2m,1,1], [1, —2a, 1], [1,1,—2a], [-2ae, e?,1], [—2ae, 1,e?], 


je”, —2ae, 1], [1, —2ae, e?], [1,&°, —2ae], [e?,1,-20). 


The tangent of C at an inflection point a is a component of the polar conic 
P(C), hence connects a to the singular point of the polar conic. This implies 
that the tangent line belongs to the Cayleyan curve Cay(C), hence the Cay- 
leyan curve contains the singular points of the dual cubic. The pencil of plane 
curves of degree 6 spanned by the dual cubic CY and the Cayleyan cubic taken 
with multiplicity 2 is an example of an Halphen pencil of index 2 of curves of 
degree 6 with nine double base points (see Exercises to Chapter 7). 
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3.2.4 Polar s-gons 


Since, for any three general points in P?, there exists a plane cubic singular at 
these points (the union of three lines), a general ternary cubic form does not 
admit polar triangles. Of course this is easy to see by counting constants. 

By Lemma 3.2.4, a nonsingular cubic admits a polar triangle if and only if it 
is an equianharmonic cubic. Its polar triangle is unique. Its sides are the three 
first polars of C which are double lines. 


Proposition 3.2.8 A plane cubic admits a polar triangle if and only if either 
it is a Fermat cubic or it is equal to the union of three distinct concurrent lines. 


Proof Suppose C = V (1? + 13 + 13). Without loss of generality, we may as- 
sume that l; is not proportional to l2. Thus, after a linear change of coordinates, 
C = V(t} +t? + L). If Lto, t1, t2) does not depend on tg, the curve C is the 
union of three distinct concurrent lines. Otherwise, we can change coordinates 











to assume that l = ta and get a Fermat cubic. 





By counting constants, a general cubic admits a polar quadrangle. It is clear 
that a polar quadrangle 4{ [l4], . . . , [/4]} is nondegenerate if and only if the linear 
system of conics in the dual plane through the points [l;] is an irreducible pencil 
(i.e. a linear system of dimension 1 whose general member is irreducible). This 
allows us to define a nondegenerate generalized polar quadrangle of C as a 
generalized quadrangle Z of C such that |Zz(2)| is an irreducible pencil. 

Let g(to,tı) be a binary form of degree 3. Its polar 3-hedron is the divisor 
of zeros of its apolar form of degree 3. Thus 


VSP(g,3) = |AP3(g)|Y & P?. (3.29) 


This implies that any ternary cubic form f = t3 + g(to,tı) admits degenerate 
polar quadrangles. 

Also, if C = V(g(to,t1)) is the union of three concurrent lines then any 
four distinct nonzero linear forms Iı,l2,!3,l4 form a degenerate quadrangle 
of C. In fact, using the Van der Monde determinant, we obtain that the cubes 
13, 13, 13, 13 form a basis in the space of binary cubic forms. So the variety of 
sums of four powers of C is isomorphic to the variety of four distinct points 
in P!. Its closure VSP(C, 4) in the Hilbert scheme Hilb‘ (IP?) is isomorphic to 
(PYM = pt, 


Lemma 3.2.9 C admits a degenerate polar quadrangle if and only if it is one 
of the following curves: 


(i) an equianharmonic cubic; 
(ii) a cuspidal cubic; 
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(iii) the union ofthree concurrent lines (not necessarily distinct). 
Proof We only have to prove the converse. Suppose 
f=B+B ++, 
where l4, l2, l3 vanish at a common point a which we identify with a vector in 
E. We have 


Dal) = (a) + p(a)2 + Ig(a)l2 + la(a)l2 = La(a) 22. 


This shows that the first polar P,(V(f)) is either the whole P? or the double 
line 20 = V (12). In the first case C is the union of three concurrent lines. 
Assume that the second case occurs. We can choose coordinates such that a = 
[0, 0, 1] and £ = V (t2). Write 


f = got} + gitd + g2t2 + 93, 


where gj, are homogeneous forms of degree k in variables to, tı. Then D,(f) = 
Of = 3t2go + 2t2g1 + go. This can be proportional to ¢3 only if g = g2 = 
0, go Æ 0. Thus V (f) = V(got3 + 93(to,tı)). If g3 has no multiple linear fac- 
tors, we get an equianharmonic cubic. If g has a linear factor with multiplicity 
2, we get a cuspidal cubic. Finally, if g3 is a cube of a linear form, we reduce 
the latter to the form t? and get three concurrent lines. 














Remark 3.2.10 We know that all equianharmonic cubics are projectively 
equivalent to the Fermat cubic. The orbit of the Fermat cubic V (ty +t? +13) is 
somorphic to the homogeneous space PSL(3)/G, where G = (Z/3Z)? x 63. 
Its closure in |.$°(#)| is a hypersurface F and consists of curves listed in the 
assertion of the previous Lemma and also reducible cubics equal to the unions 
of irreducible conics with its tangent lines. The explicit equation of the hyper- 
surface F is given by the Aronhold invariant S of degree 4 in the coefficients of 
the cubic equation. A nice expression for the invariant S in terms of a pfaffian 
of a skew-symmetric matrix was given by G. Ottaviani [421]. 


Lemma 3.2.11 The following properties are equivalent: 


(i) APı(f) # {0} 
(ii) dim AP2(f) > 2; 


(iii) V(f) is equal to the union of three concurrent lines. 
Proof By the apolarity duality, 
(As) x Ara (Ars SC, 
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we have 


Thus dim AP2(f) = 3 + dim AP, (f). This proves the equivalence of (i) and 
(ii). By definition, AP; (f) # {0} if and only if D,,(f) = 0 for some nonzero 
linear operator ~ = )> a;0;. After a linear change of variables, we may assume 
that Y = Oo, and then do(f) = 0 if and only if C does not depend on to, i.e. C 
is the union of three concurrent lines. 














Lemma 3.2.12 Let Z be a generalized polar quadrangle of f. Then |Iz(2) 
is a pencil of conics in |E“ | contained in the linear system |AP2(f)|. If Z is 
nondegenerate, then the pencil has no fixed component. Conversely, let Z be a 
0-dimensional cycle of length 4 in |E|. Assume that |Zz(2)| is an irreducible 
pencil contained in |AP2(f)|. Then Z is a nondegenerate generalized polar 
quadrangle of f. 


Proof The first assertion follows from the definition of nondegeneracy and 
Proposition 1.3.12. Let us prove the converse. Let V (Aq, + uga) be the pencil 
of conics |Zz(2)|. Since AP( f) is an ideal, the linear system L of cubics of the 
form V (qılı + dela), where l4, lz are linear forms, is contained in |AP3(/)]|. 
Obviously, it is contained in |Zz(3)|. Since |Zz(2)| has no fixed part we may 
choose qı and q2 with no common factors. Then the map EY 6 EY — Iz(3) 
defined by (lı,l2) — qılı + gala is injective, hence dim L = 5. Assume 
dim |Zz(3)| > 6. Choose three points in general position on an irreducible 
member C of |Zz(2)| and three non-collinear points outside C. Then find a 
cubic K from |Zz(3)| which passes through these points. Then K intersects 
C with total multiplicity 4 + 3 = 7, hence contains C. The other compo- 
nent of K must be a line passing through three non-collinear points. This 
contradiction shows that dim |Zz(3)| = 5 and we have L = |Zz(3)|. Thus 
|Zz(3)| C |AP3(f)| and, by Proposition 1.3.12, Z is a generalized polar quad- 
rangle of C. 














Note that not every point in Hilb* (P?) can be realized as a generalized quad- 
rangle of a ternary cubic. Each point in the Hilbert scheme Hilb? (P?) is the 
union of subschemes supported at one point. Let us recall analytic classifica- 
tion of closed subschemes V (I) of length h < 4 supported at one point (see 
54). 
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e h= 4: I = (z,y*), (2,1), (27, £y, y’). 


The subschemes Z of length 4 that cannot be realized as the base scheme 
of a pencil of conics, are those which contain a subscheme analytically iso- 
morphic to one of the following schemes V (x, y’), V(x, y*), V (x?, ry, y?), 
or V(x?, ry, y’). 


Theorem 3.2.13 Assume that C is neither an equianharmonic cubic, nor a 
cuspidal cubic, nor the union of three concurrent lines. Then 


VSP(f,4) = |APa(f)|Y = PR. 


If C is nonsingular, the complement of A = VSP( f, 4) \ VSP(f,4)° is a curve 
of degree 6 isomorphic to the dual of a nonsingular cubic curve. If C is a nodal 
cubic, then A is the union of a quartic curve isomorphic to the dual quartic of 
C and two lines. If C is the union of a nonsingular conic and a line intersecting 
it transversally, A is the union of a conic and two lines. If C is the union of a 
conic and its tangent line, then A = VSP(f, 4). 


Proof We will start with the case when C is nonsingular. We know that its 
equation can be reduced to the Hesse canonical form (3.7). The space of apolar 
quadratic forms is spanned by auouı — u2, @uıla — Ue, auguz — UF. It is 
equal to the net of polar conics of the curve C” in the dual plane given by the 
equation 


ui + u3 + u3 — 6bauuu =0, ala? — 1) £0. (3.30) 


The net |AP2(f))| is base-point-free. Its discriminant curve is a nonsingular 
cubic, the Hessian curve of the curve C’. The generalized quadrangles are pa- 
rameterized by the dual curve He(C’)”. All pencils are irreducible, so there are 
no degenerate generalized quadrangles. Generalized quadrangles correspond 
to tangent lines of the discriminant cubic. So, 


VSP(f,4) = |AP2(f)|”, (3.31) 


and VSP(f, 4) \ VSP(f,4)° = He(C’)Y. 

Next, assume that C = V (t3to + t? + t7to) is an irreducible nodal cubic. 

The space of apolar quadratic forms is spanned by us, u ua, ug-u?+3uoun. 
The net |AP2(f)| is base-point-free. Its discriminant curve is an irreducible 
nodal cubic D. So, all pencils are irreducible, and (3.31) holds. Generalized 
quadrangles are parameterized by the union of the dual quartic curve DY and 
the pencil of lines through the double point. 

Next, assume that C = Vie + tot t2) is the union of an irreducible conic 
and a line which intersects the conic transversally. 
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The space of apolar quadratic forms is spanned by u?, u2, 6u1u2 — ud. The 
net |AP2(/)| is base-point-free. It is easy to see that its discriminant curve is 
the union of a conic and a line intersecting the conic transversally. The line 
component defines the pencil generated by V (u?) and V(u3). It has no fixed 
part but its members are singular. So, all generalized quadrangles are nonde- 
generate and (3.31) holds. The locus of generalized quadrangles consists of a 
conic and two lines. 

Next, assume that V(f) = V(totıta) is the union of three nonconcurrent 
lines. 


The net |AP2(f)| of apolar conics is generated by V (u2), V (u2), V(u3). It 
is base-point-free. The discriminant curve is the union of three nonconcurrent 
lines representing pencils of singular conics which have no fixed component. 
Thus any pencil not containing a singular point of the discriminant curve de- 
fines a nondegenerate polar quadrangle. A pencil containing a singular point 
defines a nondegenerate generalized polar quadrangle. Again (3.31) holds and 
VSP( f, 4) \ VSP(f, 4)° consists of three nonconcurrent lines. 

Finally, let C = V(to(toti + t3)) be the union of an irreducible conic and 
its tangent line. We check that AP2(f) is spanned by uz, unu2, u3 — uoua. 
The discriminant curve is a triple line. It corresponds to the pencil V (Au? + 
Ju, U2) of singular conics with the fixed component V (u1). There are no polar 
quadrangles. Consider the subscheme Z of degree 4 in the affine open set ug A 
0 defined by the ideal supported at the point [1,0,0] with ideal at this point 
generated by (u;/uo)?, wiu2/ua, and (u2/u9)?. The linear system |Zz(3)| 
is of dimension 5 and consists of cubics of the form V (ugu; (au; + bug) + 
g3(u1, U2)). One easily computes AP3(f). It is generated by the polynomial 
ugus — uzu, and all monomials except uju; and uou3. We see that |Zz(3)| C 
|AP3(f)|. Thus Z is a degenerate generalized polar quadrangle of C and (3.31) 
holds. 














Remark 3.2.14 We know already the variety VSP(f, 4) in the case when C 
is the union of concurrent lines. In the remaining cases which have been ex- 
cluded, the variety VSP(f, 4) is a reducible surface. Its description is too in- 
volved to discuss it here. For example, if C is an equianharmonic cubic, it 
consists of four irreducible components. Three components are isomorphic to 
P?. They are disjoint and each contains an open dense subset parametrizing 
degenerate polar quadrangles. The fourth component contains an open subset 
of base schemes of irreducible pencils of apolar conics. It is isomorphic to the 
blow-up of |AP3| at three points corresponding to reducible pencils. Each of 
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the first three components intersects the fourth component along one of the 
three exceptional curves. 


3.3 Projective generation of cubic curves 


3.3.1 Projective generation 


Suppose we have m different r-dimensional linear systems |L;| of hypersur- 
faces of degrees d; in P”. Choose projective isomorphisms ¢; : P” — |L;| and 
consider the variety 


Z={(A,2) E P” x PP": ee A (A)N...N dm(A)}. (3.32) 


The expected dimension of a general fiber of the first projection pr, : Z — P” 
is equal to n — m. Assume 


e Z is irreducible of dimension r + n — m; 
e the second projection pr, : Z — P” is of finite degree k on its image X. 


Under these assumptions, X is an irreducible subvariety of dimension r +n — 
m. 


Proposition 3.3.1 
degX = Sr (di, sei ‚dm)/k, 


where s, is the r-th elementary symmetric function in m variables. 


Proof It is immediate that Z is a complete intersection in P” x P” of m 
divisors of type (1,d;). Let II be a general linear subspace in P” of codimen- 
sion n — m + r. We use the intersection theory from [231]. Let hı and ha be 
the natural generators of H?(P" x P”, Z) equal to the preimages of the co- 
homology classes hı, ha of a hyperplane in P” and P”, respectively. We have 
(pr,)= ([Z]) = kLX]. By the projection formula, 





m m 


(pry) ((Z]) = (pra). (J | (a +4;R2)) = (pra). (S84 (das <5 dn) AGAR) 


j=1 j=1 


=X s;(d1,-.-, dm) h3’ (Pra) (h5) = sr (di, - - , dm) h3". 


Intersecting with BE, we obtain that k deg X = s.(dı,...,din): 
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Since through a general point in P” passes a unique member of a pencil, 
k=1lifr=1. 

The following example is Steiner’s construction of rational normal curves 
of degree n in P”. We have already used it in the case of conics, referring the 
reader for the details to [267]. 


Example 332 Letr=1,m=nanddı =... = dn = 1. Let pı,:..,Pn 
be linearly independent points in P” and let P; be the pencil of hyperplanes 
passing through the codimension 2 subspace spanned by all points except p;. 
Choose a linear isomorphism &; : Pt — P; such that the common hyperplane 
H spanned by all the points corresponds to different parameters A € P!. 

Let H(A) = ¢,(A). A line contained in the intersection H(A) A ... A 
H„(A) meets H, and hence H meets each H;(A). If H is different from each 
H(A), this implies that the base loci of the pencils P; meet. However this 
contradicts the assumption that the points p; are linearly independent. If H = 
H(A) for some i, then H N H; (A) is equal to the base locus of P;. Thus the 
intersection Hy (A)N...MH„(A) consists of the point p;. This shows that, under 
the first projection pr, : Z — P!, the incidence variety (3.32) is isomorphic to 
P! . In particular, all the assumptions on the pencils P; are satisfied with k = 1. 
Thus the image of Z in P” is a rational curve R,, of degree n. If 6;(A) = H, 
then the previous argument shows that p; € Rn. Thus all points p1,..., Pn lie 
on Rn. Since all rational curves of degree n in P” are projectively equivalent, 
we obtain that any such curve can be projectively generated by n pencils of 
hyperplanes. 

More generally, let P1,..., Pn be n pencils of hyperplanes. Since a projec- 
tive isomorphism &; : P! — P; is uniquely determined by the images of three 
different points, we may assume that d;(A) = V (Aol; + Aım;) for some lin- 
ear forms l;, m;. Then the intersection of the hyperplanes d1(A)N...Ndn(A) 
consists of one point if and only if the system of n linear equations with n + 1 
unknowns 














Aoli + Aımı =... = Aoln + AMn = 0 


has a 1-dimensional space of solutions. Under some genericity assumption on 
the choice of the pencils, we may always assume it. This shows that the ra- 
tional curve Rp is projectively generated by the pencils, and its equations are 
expressed by the condition that 


rank ( 1 ees Ja 

mo mi eee Mn 

Observe that the maximal minors of the matrix define quadrics in P” of rank 
<4. 
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Example 3.3.3 Take two pencils P; of planes in P? through skew lines £;. 
Choose a linear isomorphism ¢ : P! — P;. Then the union of the lines ¢1(A)N 
®2(A) is equal to a quadric surface in P’ containing the lines (1, la. 


3.3.2 Projective generation of a plane cubic 


We consider a special case of the previous construction where n = 2,r = 1 
and m = 2. By Proposition 3.3.1, X is a curve of degree dı + da. Assume that 
the base locus of the pencil P; consists of d? distinct points and the two base 
loci have no points in common. It is clear that the union of the base loci is the 
set of d? + d3 points on X. 

Take a pencil of lines P; and a pencil of conics P2. We obtain a cubic curve 
C containing the base point of the pencil of lines and four base points of the 
pencil of conics. The pencil P3 cuts out on C a g4. We will use the following. 


Lemma 3.3.4 For any g4 on an irreducible reduced plane cubic curve, the 
lines spanned by the divisor from g4 intersect at one point on the curve. 


Proof The standard exact sequence 
0 > Op2(—2) > Op2(1) > Oc(1) > 0 


gives an isomorphism H°(P?,Qp2(1)) S H°(C,Oc(1)). It shows that the 
pencil g3 is cut out by a pencil of lines. Its base point is the point whose exis- 
tence is asserted in the Lemma. 














The point of intersection of lines spanned by the divisors from a g3 was 
called by Sylvester the coresidual point of C (see [492], p. 134). 

Let C be a nonsingular plane cubic. Pick up four points on C, no three of 
them lying on a line. Consider the pencil of conics through these points. Let q 
be the coresidual point of the g} on C defined by the pencil. Then the pencil 
of lines through q and the pencil of conics projectively generate C. 

Note that the first projection pr, : Z — P! is a degree 2 cover defined by 
the g4 cut out by the pencil of conics. It has four branch points corresponding 
to lines #1 (A) which touch the conic @2(A). 

There is another way to projectively generate a cubic curve. This time we 
take three nets of lines with fixed isomorphisms ¢; to P?. Explicitly, if A = 
[Ao, A1, A2] € P? and ¢;(A) = V (a to + at ty + ate), where ar are 
linear forms in Ag, Aı, Aa, then C is given by the equation 

a) © a) 


ao ay 
det a?) al?) a) =0. 
(3) 8) 3) 


( 
ag ai a3 
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This is an example of a determinantal equation of a plane curve which we will 
study in detail in the next Chapter. 


3.4 Invariant theory of plane cubics 


3.4.1 Mixed concomitants 


The classical invariant theory dealt with objects more general that invariants 
of homogeneous forms. Let E, as usual, denote a complex vector space of 
dimension n + 1. Recall that the main object of study in the invariant theory is 
a mixed combinant, an element ® of the tensor product 


Q S*(EY)) "eQ EY) SQE) 

j=l 
which is invariant with respect to the natural linear representation of SL( E) 
on the tensor product. We will be dealing here only with the cases when r = 
1,k,s < 1. If k = s = 0, ® is an invariant of degree mı on the space S?( EY). 
If k = 1, s = 0, then ® is a covariant of degree m and order p. If k = 0, s = 1, 
then ® is a contravariant of degree m and class q. If k = s = 1, then Pisa 
mixed concomitant of degree m, order p and class q. 

Choosing a basis uo,..., Un in E, and the dual basis to,...,t„ in EY, one 
can write an invariant ® € $™(94(EY))Y = S™(S4(E)) as a homogeneous 
polynomial of degree m in coefficients of a general polynomial of degree d 
in Ug,..-, Un Which are expressed as monomials of degree d in ug,..., Un. 
Via polarization, we can consider it as a multihomogeneous function of degree 
(d,...,d) on (E*)™. Symbolically, it is written as a product of w sequences 
(i1 ...%) of numbers from {1,..., m} such that each number appears d times. 
The relation 


(n+ 1)w = md 


must hold. In particular, there are no invariants if n + 1 does not divide md. 
The number w is called the weight of the invariant. When we apply a linear 
transformation, it is multiplied by the w-th power of the determinant. 

A covariant ® € S™(S4(EY))Y @ SP(EY) can be written as a polynomial 
of degree m in coefficients of a general polynomial of degree d and of degree 
pin coordinates to,...,¢,. Via polarization, it can be considered as a multiho- 
mogeneous function of degree (d,...,d,p) on (EY)™ x E. Symbolically, it 
can be written as a product of w expressions (jo... jn) and p expressions (i), 
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where each number from {1,..., m} appears d times. We must have 
(n+ 1)w + pn = md. 


A contravariant ® € S™(S4(EY))Y @$4(E) can be written as a polynomial 
of degree m in coefficients of a general polynomial of degree d and of degree 
qin Uo,.--, Un. Via polarization, it can be considered as a multihomogeneous 
function of degree (d,...,d,q) on (EY)™ x EY. Symbolically, it can be writ- 
ten as a product of w expressions (jo . . . jn) and q expressions (71 ... in). We 
have 


(n+ 1)w + qn = md. 


A mixed concomitant ® € S'™(S4(EY))Y @S?(EY)@S4(E) can be written 
as a polynomial of degree m in coefficients of a general polynomial of degree 
d, of degree pin to,...,t,, and of degree q in ug,..., Un. Via polarization, it 
can be considered as a multihomogeneous function of degree (d,...,d, p,q) 
on (EY)™ x Ex EY. Symbolically, it can be written as a product of w expres- 
sions (jo,...,jn), p expressions (i), and q expressions (i1,...,%n)e, where 
each number from {1,..., m} appears d times. We have 


(n+ 1)w + (a+ b)n = md. 


Note that instead of numbers 1,...,m classics often employed m letters 
a,b,c,.... 

For example, we have met already the Aronhold invariants S and T of de- 
grees 4 and 6 of a ternary cubic form. Their symbolic expressions are 


S = (123) (124)(134) (234) = (abc) (abd) (acd) (bed), 
T = (123) (124)(135) (256) (456)? = (abc)(abd)(ace)(bef)(def)”. 


3.4.2 Clebsch’s transfer principle 


This principle allows one to relate invariants of polynomials in n variables to 
contravariants and covariants of polynomials in n + 1 variables. 

Start from an invariant ® of degree m on the space S“((C”)”) of homoge- 
neous polynomials of degree d. We will “transfer it” to a contravariant ® on 
the space of polynomials of degree din n + 1 variables. First we fix a volume 
form w on E. A basis in a hyperplane U C E defines a linear isomorphism 
C” — U. We call a basis admissible if the pull-back of the volume form un- 
der this linear map is equal to the standard volume form eı A... A en. For 


152 Plane cubics 


any a € EY, choose an admissible basis (v?,...,v@) in Ker(a). For any 
(1,..-,lm) € (EY), we obtain n vectors in C”, the columns of the matrix 
(wt)... Im(wr) 
A = 
I (vn) Im(Un) 


The value of ® on this set of vectors can be expressed as a linear combination 
of the product of maximal minors | Ar|, where each column occurs d times. It 
is easy to see that each minor A,, ...;, is equal to the value of l; A... Al;, € 
N EY on vj, A... A uj under the canonical pairing 


Am’ x Arc. 


Our choice of a volume from on E allows us to identify A” E with EY. Thus 
any minor can be considered as multilinear function on (EY)™ x EY and its 
value does not depend on the choice of an admissible basis in Ker(w). Symbol- 
ically, (i, . . . in) becomes the bracket expression (71 . . . în )u. This shows that 
the invariant ®, by restricting to the subspaces Ker(q), defines a contravariant 
® on S4(EV) of degree m and class q = md/n. 


Example 3.4.1 Let ® be the discriminant of a quadratic form in n variables. It 
is an invariant of degree m = n on the space of quadratic forms. Its symbolic 
notation is (12...n)?. Its transfer to P” is a contravariant & of degree n and 
class q = 2n/n = 2. Its symbolic notation is (12...n)?. Considered as map 
® : S?EY = SE, the value of (q) on u € EV is the discriminant of the 
quadratic form obtained from restriction of q to Ker(u). It is equal to zero if 
and only if the hyperplane V (u) is tangent to the quadric V (q). Thus V(®(q)) 
is the dual quadric V(q)’. 


Example 3.4.2 Consider the quadratic invariant S on the space of binary 
forms of even degree d = 2k with symbolic expression (12)?*. We write a 
general binary form f € S¢(U) of degree d symbolically, 


f = (foto + &1t1)* = (moto + mti)”, 


where (£o, £1) and (no, 71) are two copies of a basis in U and (to, t4 ) is its dual 
basis. Then the coefficients of f are equal to (£) aj, where aj = ¿i De = 
nn. Thus S is equal to 

2k 


(fom — Em)” = S-(-1) (7) (om) (em) 4 


j=0 
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2k 


= EEE maa”) 


2k 
>; )aza- j= -2(%-1) F) ajazk— j+ (ar). 


j=0 


We have already encountered this invariant in the case d = 3 (see Subsection 
13.1). 

The transfer of S is the contravariant of degree 2 and class d with symbolic 
expression (abu). For example, when d = 4, its value on a quartic ternary 
form f is a quartic form in the dual space which vanishes on lines which cut out 
on V(f) a harmonic set of 4 points. The transfer T of the invariant of degree 3 
on the space of quartic binary forms defines a contravariant of class 6. Its value 
on a quartic ternary form is a ternary form of degree 6 in the dual space which 
vanishes on the set of lines which cut out in V (f) an equianharmonic set of 4 
points. 


One can also define Clebsch’s transfer of covariants of degree m and order 
p, keeping the factors iy in the symbolic expression. The result of the transfer 
is a mixed concomitant of degree m, order p and class md/n. 


3.4.3 Invariants of plane cubics 


Since this material is somewhat outside of the topic of the book, we state some 
of the facts without proof, referring to classical sources for the invariant theory 
(e.g. [113], t. 2, [492]). 

We know that the ring of invariants of ternary cubic forms is generated by 
the Aronhold invariants S and T. Let us look for covariants and contravariants. 
As we know from Subsection 1.5.1, any invariant of binary form of degree 3 is 
a power of the discriminant invariant of order 4, and the algebra of covariants 
is generated over the ring of invariants by the identical covariant U: f > f, 
the Hessian covariant H of order 2 with symbolic expression (ab)a,b,, and 
the covariant J = Jac(f,H) of degree 3 and order 6 with symbolic expression 
(ab)?(ca)b,c?. Clebsch’s transfer of the discriminant is a contravariant F of 
degree 4 and class 6. Its symbolic expression is (abu)? (cdu)? (acu) (bdu). Its 
value on a general ternary cubic form is the form defining the dual cubic curve. 
Clebsch’s transfer of H is a mixed concomitant © of degree 2, order 2 and class 
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2. Its symbolic expression is (abu)?azbz. Explicitly, up to a constant factor, 


foo fo Jo2 uo 
Sr 2% M f2 % (3.33) 
20 fa fez u 
uo u wa 0 
where fij = sot. 

The equation O(f,x,u) = 0, for fixed x, is the equation of the dual of 
the polar conic P,(V(f)). The equation O(f,x,u) = 0, for fixed u, is the 
equation of the locus of points x such that the first polar P,(V(f)) is tangent 
to the line V (u). It is called the poloconic of the line V (u). Other description 
of the poloconic can be found in Exercise 3.3. 

The Clebsch transfer of J is a mixed concomitant Q of degree 3, order 3 and 
class 3. Its symbolic expression is (abu)? (cau)c2bz. The equation Q( f, x, u) = 
0, for fixed u, is the equation of the cubic curve such that second polars P,2(V (f)) 
of its points intersect V (u) at a point conjugate to x with respect to the polo- 
conic of V (u). A similar contravariant is defined by the condition that it van- 
ishes on the set of pairs (x, u) such that the line V (u) belongs to the Salmon 
envelope conic of the polars of x with respect to the curve and its Hessian 
curve. 

An obvious covariant of degree 3 and order 3 is the Hessian determinant 
H = det He( f). Its symbolic expression is (abc)”a,b..c.. Another covariant G 
is defined by the condition that it vanishes on the locus of points x such that the 
Salmon conic of the polar of x with respect to the curve and its Hessian curve 
passes through «. It is of degree 8 and order 6. Its equation is the following 
bordered determinant 


foo foi foz ho 
fio fu fa» ħi 


fo fa Fa he 
ho h ho 0 


where fi; = „4, hi = BY (see [77],[113], t. 2, p. 313). The algebra of 
covariants is generated by U, H, G and the Brioschi covariant [56] J(f,H, G) 


whose value on the cubic (3.7) is equal to 


(1 + 8a*)(t] — #5) (#2 — to) (to - th). 








Comparing this formula with (3.16), we find that it vanishes on the union of 9 
harmonic polars of the curve. The square of the Hermite covariant is a polyno- 
mial in U, H, G. 

The Cayleyan of a plane cubic defines a contravariant P of degree 3 and class 
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3. Its symbolic expression is (abc)(abu)(acu)(bcu). Its value on the curve in 
the Hesse form is given in (3.27). There is also a contravariant Q of degree 
5 and class 3. In analogy with the form of the word Hessian, A. Cayley gave 
them the names the Pippian and the Quippian [78]. If C = V(f) is given in 
the Hesse form (3.7), then 


Q(f) =V((1 — 10a?) (ug + u? + u3) — 6a?(5 + Aa?)uou1u>). 


The full formula can be found in Cayley’s paper [77]). He also gives the for- 
mula 


H(6aP + bQ) = (-2Ta? + 4857a2b + 18T Sab? + (T? + 165°)b?P 


+(85a? + 3Ta?b — 245?ab? — TS*b7)Q, 


where the product of a covariant and a contravariant is considered as the com- 
position of the corresponding equivariant maps. 

According to A. Clebsch, Q( f) vanishes on the locus of lines whose polo- 
conics with respect to the Cayleyan of C are apolar to their poloconics with 
respect to C. Also, according to W. Milne and D. Taylor, Q( f) is the locus of 
lines which intersect C at three points such that the polar line of the Hessian 
curve H( f) with respect two of the points is tangent to H( f) at the third point 
(see [384]). This is similar to the property of the Pippian which is the set of 
lines which intersect C at three points such that the polar line with respect to 
two of the points is tangent to C at the third point. The algebra of contravari- 
ants is generated by F, P, Q and the Hermite contravariant [287]. Its value on 
the cubic in the Hesse form is equal to 


(1 + 8a") (uf — u3)(uz — up) (up — u1). 


It vanishes on the union of nine lines corresponding to the inflection points of 
the curve. The square of the Hermite contravariant is a polynomial in F, P, Q. 


Exercises 


3.1 Find the Hessian form of a nonsingular cubic given by the Weierstrass equation. 


3.2 Let H = He(C) be the Hessian cubic of a nonsingular plane cubic curve C that is 
not an equianharmonic cubic. Let 7 : H — H be the Steinerian automorphism of H 
that assigns to a € H the unique singular point of Pa(C). 


(i) Let H = {(a,0) € H x (P?)Y : £ C P.(C)}. Show that the projection pı : 
H > His an unramified double cover. 
(ii) Show that H S H/(r) S C. 
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3.3 Let C = V (f) C P? be a nonsingular cubic. 


(i) Show that the set K (£) of second polars of C with respect to points on a fixed 
line £ is a dual conic of the poloconic of C with respect to £. 

(ii) Show that K(£) is equal to the set of poles of £ with respect to polar conics 
P,(C), where x € £. 

(iii) What happens to the conic K (£) when the line £ is tangent to C? 

(iv) Show that the set of lines £ such that K (£) is tangent to £ is the dual curve of ©. 

(v) Let l = V (aoto + aıtı + aat2). Show that K (£) can be given by the equation 














0 ao aı a2 
o af arf af 
0 ate dt © Dtgdta 
g(a, t) = det h af af a5 | =0. 
1 Bt dtp ate Ot Ote 
á af arf af 
2 Jtzðto Jtzðtı ote 


(vi) Show that the dual curve CY of C can be given by the equation (the Schläfli 
equation) 
0,9 $ , 2 
a7 9(€, a7 g(E, a? 9(E, 
fo Se) She) moi (8) 
det | g, sc (E) Fed LED (gy 











dtıödto at? Ot Ota 
87 g(&,t) a? g(&,t) a? g(t) 
E2 Ot2ödtg (£) ðt2ðt1 (E) 8t2 (§) 





3.4 Let C C P*! be an elliptic curve embedded by the linear system |Oc(dpo) 
where po is a point in C. Assume d = p is prime. 


> 


(i) Show that the image of any p-torsion point is an osculating point of C, i.e., a point 
such that there exists a hyperplane (an osculating hyperplane) which intersects the 
curve only at this point. 

(ii) Show that there is a bijective correspondence between the sets of cosets of (Z/pZ)? 
with respect to subgroups of order p and hyperplanes in P?~' which cut out in C 
the set of p osculating points. 

(iii) Show that the set of p-torsion points and the set of osculating hyperplanes define 
a (pp+1,p(p + 1)p)-configuration of p? points and p(p + 1) hyperplanes (i.e. each 
point is contained in p + 1 hyperplanes and each hyperplane contains p points). 

(iv) Find a projective representation of the group (Z/pZ) in PP”! such that each 
osculating hyperplane is invariant with respect to some cyclic subgroup of order p 
of (Z/pZ)?. 


3.5 A point on a nonsingular cubic is called a sextactic point if there exists an irreducible 
conic intersecting the cubic at this point with multiplicity 6. Show that there are 27 
sextactic points. 


3.6 The pencil of lines through a point on a nonsingular cubic curve C contains four 
tangent lines. Show that the twelve contact points of three pencils with collinear base 
points on C lie on 16 lines forming a configuration (124, 163) (the Hesse-Salmon con- 
figuration). 

3.7 Show that the cross ratio of the four tangent lines of a nonsingular plane cubic curve 
which pass through a point on the curve does not depend on the point. 


3.8 Prove that the second polar of a nonsingular cubic C with respect to the point a on 
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the Hessian He(C) is equal to the tangent line T (He(C)), where b is the singular point 
of the polar conic P,(C). 


3.9 Let a, b be two points on the Hessian curve He(C’) forming an orbit with the respect 
to the Steinerian involution. Show that the line ab is tangent to Cay(C) at some point 
d. Let c be the third intersection point of He(C') with the line ab. Show that the pairs 
(a, b) and (c, d) are harmonically conjugate. 

3.10 Show that from each point a on the He(C) one can pass three tangent lines to the 
dual curve of Cay(C). Let b be the singular point of P,(C). Show that the set of the 
three tangent lines consists of the line ab and the components of the reducible polar 
conic P;(C). 

3.11 Let C = V (X o<i<j<k<2 Uijktitjtx). Show that the Cayleyan curve Cay(C’) can 
be given by the equation 


aooo aooi mr éo 0 0 
au au am 0 & 0 
a220 G221 @22 0 0 & 
2a120 2ai21 2ai22 0 & & 
2a200 2a201 2a202 & 0 & 
2ao10 2ao11 2a012 & & 0 


det 


[113], p. 245. 


3.12 Show that any general net of conics is equal to the net of polars of some cu- 
bic curve. Show that the curve parameterizing the irreducible components of singular 
members of the net coincides with the Cayleyan curve of the cubic (it is called the 
Hermite curve of the net). 


3.13 Show that the group of projective transformations leaving a nonsingular plane 
cubic invariant is a finite group of order 18, 36 or 54. Determine these groups. 


3.14 Find all ternary cubics C such that VSP(C, 4)° = 0. 


3.15 Show that a plane cubic curve belongs to the closure of the Fermat locus if and 
only if it admits a first polar equal to a double line or the whole space. 


3.16 Show that any plane cubic curve can be projectively generated by three pencils of 
lines. 


3.17 Given a nonsingular conic K and a nonsingular cubic C, show that the set of points 
x such that P, (C') is inscribed in a self-polar triangle of K is a conic. 


3.18 A complete quadrilateral is inscribed in a nonsingular plane cubic. Show that the 
tangent lines at the two opposite vertices intersect at a point on the curve. Also, show 
that the three points obtained in this way from the three pairs of opposite vertices are 
collinear. 


3.19 Let o be a point in the plane outside of a nonsingular plane cubic C’. Consider 
the six tangents to C from the point o. Show that there exists a conic passing through 
the six points on C which lie on the tangents but not equal to the tangency points. It is 
called the satellite conic of C [141]. Show that this conic is tangent to the polar conic 
P,(C) at the points where it intersects the polar line P,2(C). 


3.20 Show that two general plane cubic curves C1 and C2 admit a common polar pen- 
tagon if and only if the planes of apolar conics |AP2(C1)| and |AP2(C2)| intersect. 


3.21 Let C be a nonsingular cubic and K be its apolar cubic in the dual plane. Prove 
that, for any point on C’, there exists a conic passing through this point such that the 
remaining five intersection points with C form a polar pentagon of K [499]. 
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3.22 Let p, q be two distinct points on a nonsingular plane cubic curve. Starting from an 
arbitrary point pı find the third intersection point qı of the line pp; with C', then define 
p2 as the third intersection point of the line qqr with C, and continue in this way to 
define a sequence of points pi, qi, P2, q2,- -, qk, Pr+ı on C. Show that pr +ı = pi if 
and only if p — q is a k-torsion point in the group law on C defined by a choice of some 
inflection point as the zero point. The obtained polygon (p1, q1,---, qk, pı) is called 
the Steiner polygon inscribed in C. 


3.23 Show that the polar conic P,(C) of a point x on a nonsingular plane cubic curve 
C cuts out on C the divisor 2x + a +b + c+ d such that the intersection points abM cd, 
TCN bd and ad N bc lie on C. 


3.24 Show that any intersection point of a nonsingular cubic C and its Hessian curve is 
a sextactic point on the latter. 


3.25 Fix three pairs (p:, qi) of points in the plane in general position. Show that the 
closure of the locus of points x such that the three pairs of lines TP;, Tg; are members 
of a g} in the pencil of lines through x is a plane cubic. 


3.26 Fix three points pı, p2, ps in the plane and three lines £1, £2, £3 in general position. 
Show that the set of points x such that the intersection points of zp; with £; are collinear 
is a plane cubic curve [261]. 


Historical Notes 


The theory of plane cubic curves originates from the works of I. Newton [413] 
and his student C. MacLaurin [375]. Newton was the first to classify real cubic 
curves, and he also introduced the Weierstrass equation. Much later, K. Weier- 
strass showed that the equation can be parameterized by elliptic functions, the 
Weierstrass functions p(z) and p(z)’. The parameterization of a cubic curve 
by elliptic functions was widely used for defining a group law on the cubic. 
We refer to [495] for the history of the group law on a cubic curve. Many geo- 
metric results on cubic curves follow simply from the group law and were first 
discovered without using it. For example, the fact that the line joining two in- 
flection points contains the third inflection point was discovered by MacLaurin 
much earlier before the group law was discovered. The book of Clebsch and 
Lindemann [113] contains many applications of the group law to the geometry 
of cubic curves. 

The Hesse pencil was introduced and studied by O. Hesse [288],[289]. The 
pencil was also known as the syzygetic pencil (see [113]). It was widely used 
as a canonical form for a nonsingular cubic curve. More facts about the Hesse 
pencil and its connection to other constructions in modern algebraic geometry 
can be found in [14]. 

The Cayleyan curve first appeared in Cayley’s paper [72]. The Schlafli equa- 
tion of the dual curve from the Exercises was given by L. Schläfli in [496]. Its 
modern proof can be found in [239]. 
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The polar polygons of plane cubics were first studied by F. London [366]. 
London proves that the set of polar 4-gons of a general cubic curve are base 
points of apolar pencils of conics in the dual plane. A modern treatment of 
some of these results is given in [177] (see also [460] for related results). A 
beautiful paper by G. Halphen [275] discusses the geometry of torsion points 
on plane cubic curves. 

Poloconics of a cubic curve are studied extensively in Durége’s book [194]. 
The term belongs to L. Cremona [141] (conic polar in Salmon’s terminology). 
O. Schlessinger proved in [499] that any polar pentagon of a nonsingular cubic 
curve can be inscribed in an apolar cubic curve. 

The projective generation of a cubic curve by a pencil and a pencil of conics 
was first given by M. Chasles. Other geometric ways to generate a plane cubic 
are discussed in Durége’s book [194]. Steiner polygons inscribed in a plane 
cubic were introduced by J. Steiner in [541]. His claim that their existence is 
an example of a porism was given without proof. The proof was later supplied 
by A. Clebsch [106]. 

The invariants S and T of a cubic ternary form were first introduced by 
Aronhold [11]. G. Salmon gave the explicit formulas for them in [492]. The 
basic covariants and contravariants of plane cubics were given by A. Cayley 
[77]. He also introduced 34 basic concomitants [90]. They were later studied 
in detail by A. Clebsch and P. Gordan [110]. The fact that they generate the 
algebra of concomitants was first proved by P. Gordan and M. Noether [253], 
and by S. Gundelfinger [272]. A simple proof for the completeness of the set 
of basic covariants was given by L. Dickson [167]. One can find an exposition 
on the theory of invariants of ternary cubics in classical books on the invariant 
theory [258], [212]. 

Cremona’s paper [141] is a fundamental source of the rich geometry of plane 
curves, and in particular, cubic curves. Other good sources for the classical 
geometry of cubic curves are books by Clebsch and Lindemann [113], t. 2, by 
H. Durége [194], by G. Salmon [492], by H. White [601] and by H. Schroter 
[503]. 


4 


Determinantal equations 


4.1 Plane curves 


4.1.1 The problem 


Let us consider the following problem. Let f(to,...,tn) be a homogeneous 
polynomial of degree d, find ad x d matrix A = (l;;(t)) with linear forms as 
its entries such that 


We say that two determinantal representations defined by matrices A and A’ 
are equivalent if there exists two invertible matrices X,Y with constant entries 
such that A’ = X AY. One may ask to describe the set of equivalence classes 
of determinantal representations. 

First, let us reinterpret this problem geometrically and coordinate-free. Let 
E be a vector space of dimension n + 1 and let U,V be vector spaces of 
dimension d. A square matrix of size dx d corresponds to a linear map UY > 
V, or an element of U ® V. A matrix with linear forms corresponds to an 
element of EY & U @ V, or a linear map ¢’: E —> U Q V. 

We shall assume that the map ¢’ is injective (otherwise the hypersurface 
V(f) is a cone, so we can solve our problem by induction on the number of 
variables). Let 


$:|E| > |U 8V] (4.2) 


be the regular map of the associated projective spaces. Let Da C |U & V| 
be the determinantal hypersurface parameterizing non-invertible linear maps 
UY — V. If we choose bases in U, V, then Dg is given by the determinant of 
a square matrix (whose entries will be coordinates in U ® V). The preimage 
of Dg in |E| is a hypersurface of degree d. Our problem is to construct such a 
map ¢ in order that a given hypersurface is obtained in this way. 
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Note that the singular locus D}"” of Dg corresponds to matrices of corank 


> 2. It is easy to see that its codimension in |U @ V| is equal to 4. If the 
image of |E| intersects DY"*, then 6~!(Dz) will be a singular hypersurface. 
So, a nonsingular hypersurface V(f) of dimension > 3 cannot be given by 
a determinantal equation. However, it still could be true for the hypersurface 


V(f*). 


4.1.2 Plane curves 


Let us first consider the case of nonsingular plane curves C = V (f) c P?. As- 
sume that C has a determinantal equation. As we explained earlier, the image 
of the map & does not intersect pe Thus, for any x € C, the corank of the 
matrix (x) is equal to 1 (here we consider a matrix up to proportionality since 
we are in the projective space). The null-space of this matrix is a 1-dimensional 
subspace of UV, i.e., a point in P(U). This defines a regular map 


(:C + P(U), 2+ |Ker(ö(z))l. 


Now let ®ö(z) : VY — U be the transpose map. In coordinates, it corresponds 
to the transpose matrix. Its null-space is isomorphic to Im(¢(x))+ and is also 
one-dimensional. So we have another regular map 


t:C>P(V), x |Ker(*¢(z))]. 
Let 
L=POpy)(1), M=tOpy)(1). 
These are invertible sheaves on the curve C. We can identify U with H°(C, £) 


and V with H°(C,M) (see Lemma 4.1.3 below). Consider the composition 
of regular maps 


y : C ËB PU) x P(V) 23 P(U @V), (4.3) 


where sz is the Segre map. It follows from the definition of the Segre map, 
that the tensor (x) is equal to I(x) & r(x). It can be viewed as a linear map 
U — VY. In coordinates, the matrix of this map is the product of the column 
vector defined by r(x) and the row vector defined by I(x). It is a rank 1 matrix 
equal to the adjugate matrix of the matrix A = ¢(z) (up to proportionality). 
Consider the rational map 


Adj : |U @ V|- > P(U 9 V) (4.4) 


defined by taking the adjugate matrix. Recall that the adjugate matrix should 
be considered as a linear map om. UY > N V and we can identify 
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|UY @ VY| with | AŻ U @ A” V]. Although Adj is not well-defined on 
vector spaces, it is well-defined, as a rational map, on the projective spaces 
(see Example 1.1.4). Let Y = Adj o @, then w is equal to the restriction of Y to 
C. Since Adj is defined by polynomials of degree d — 1 (after we choose bases 
in U, V), we have 


VU" Opwav)(1) = Ojx\(d — 1). 
This gives 
&* Opvev)(1) = On (d — 1) 8 Oc = Oc (d— 1). 
On the other hand, we get 
* Opvev)(1) = (s20 (L,t))*Opwev)(1) 
= (I,t)*(s3Opevy(1)) = (L t) (Oro) (1) 8 p3Orrv)(1)) 


= "Opu (1) ® t*Opcv) (1) =L8 M. 


Here pı : P(U) x P(V) > |U|, po : P(U) x P(V) — P(V) are the projection 
maps. Comparing the two isomorphisms, we obtain 


Lemma 4.1.1 
LE M = Oc(d—1). (4.5) 


Remark 4.1.2 It follows from Example 1.1.4 that the rational map (4.4) is 
given by the polars of the determinantal hypersurface. In fact, if A = (t;;) isa 
matrix with independent variables as entries, then 2 det(A) = M;;, where M;; 
is the 77-th cofactor of the matrix A. The map Adj is a birational map since 
Adj(A) = A”! det(A) and the map A — A! is obviously invertible. So, the 
determinantal equation is an example of a homogeneous polynomial such that 
the corresponding polar map is a birational map. Such a polynomial is called a 
homaloidal polynomial (see [180)). 


Lemma 4.1.3 Let g = $(d— 1)(d — 2) be the genus of the curve C. Then 
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Proof Let us first prove (iii). A nonzero section of H? (C, £(—1)) is a section 
of £ that defines a hyperplane in P(U) which intersects ((C’) along a divisor 
I(D), where D is a divisor on C cut out by a line. Since all such divisors D 
are linearly equivalent, we see that for any line £ the divisor I(£ N C) is cut out 
by a hyperplane in P(U). Choose £ such that it intersects C at d distinct points 
X1,...,%q. Choose bases in U and V. The image of ¢(£) in| U@V| = P(Mat,) 
is a pencil of matrices AA + uB. We know that there are d distinct values 
of (X, u) such that the corresponding matrix is of corank 1. Without loss of 
generality, we may assume that A and B are invertible matrices. So we have d 
distinct À; such that the matrix A+ A;B is singular. Let u’ span Ker(A+ A;B). 
The corresponding points in P(U) are equal to the points [(t;). We claim that 
the vectors u!,..., u“ are linearly independent vectors in P(U). The proof is 
by induction on d. Assume aiu! + --- + aqu? = 0. Then Au’ + \; Bu’ = 0 
for each ¿i = 1,...,d, gives 


d d 
= A), aju’) = 5 a; Aut = — 5 a;à; Bui. 
i=1 i i=l 
We also have 
d d 
0 = BO aju‘) = 5 a, Bu’. 
i i=1 


Multiplying the second equality by Aq and adding it to the first one, we obtain 


d—1 


d—1 
ai(Aa — Ài B(X ai(Aa - Au‘) = 0. 
i=1 


Since B is invertible, this gives 


d—1 
Yard — Agu’ = 0. 
i=1 


By induction, the vectors u!,..., u“! are linearly independent. Since A; Æ 
Aq, we obtain aı =... = ag_1 = 0. Since u? # 0, we also get ag = 0. 
Since ut, ...,u“ are linearly independent, the points I(x;) span P(U). Hence 


no hyperplane contains these points. This proves that H°(C,£(—1)) = 0. 
Similarly, we prove that H° (C, M(-1)) = 0. Applying Lemma 4.1.1, we get 


L(-1) ® M(-1) = Oc(d — 3) = wo, (4.6) 
where wc is the canonical sheaf on C’. By duality, 


H'(C, M(-1)) = H'*(C, £(-1)), i = 0,1. 
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This proves (iii). Let us prove (i) and (ii). Let h be a section of Oc(1) with 
subscheme of zeros equal to H. The multiplication by h defines an exact se- 
quence 


0> L(-1) 9 LO LOOY 0. 





After passing to cohomology and applying (iii), we obtain H'(C,L) = 0. 
Replacing £ with M and repeating the argument, we obtain that H!(C,.M) = 
0. This checks (iv). 

We know that dim H°(C,£) > dimU = d. Applying Riemann-Roch, we 
obtain 


deg(L) = dim H°(C,£L)+g-1>d+g-1. 
Similarly, we get 
deg(M) >d+g-1. 
Adding up, and applying Lemma 4.1.1, we obtain 
d(d — 1) = deg Oc(d — 1) = deg(L) + deg(M) > 2d + 2g — 2 = d(d — 1). 


Thus all the inequalities above are the equalities, and we get assertions (i) and 


(ii). 














Now we would like to prove the converse. Let £ and M be invertible sheaves 
on C satisfying (4.5) and the properties from the previous Lemma hold. It 
follows from property (iv) and the Riemann-Roch Theorem that 


dim U = dimV = d. 


Let 1: C — P(U),t : C > P(V) be the maps given by the complete linear 
systems |£| and |M|. We define y : C — P(U & V) to be the composition of 
(L t) and the Segre map s2. It follows from property (4.5) that the map w is the 
restriction of the map 


Y :|E| > PU @V) 


given by a linear system of plane curves of degree d — 1. We can view this 
map as a tensor in S¢~1(EY) @ UY & VY. In coordinates, it is a d x d matrix 
A(t) with entries from the space of homogeneous polynomials of degree d— 1. 
Since Y|o = y, for any point x € C, we have rank A(x) = 1. Let M bea 
2 x 2 submatrix of A(t). Since det M (x) = 0 for x € C, we have f | det M. 
Consider a 3 x 3 submatrix N of A(t). We have detadj(N) = det(N)?. Since 
the entries of adj(N) are determinants of 2 x 2 submatrices, we see that f° | 
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det(N)?. Since C is irreducible, this immediately implies that f? | det(N). 
Continuing in this way, we obtain that f¢~? divides all cofactors of the matrix 
A. Thus B = f?~4adj(A) is a matrix with entries in EV. It defines a linear 
map E — U & V and corresponding regular map of projective spaces 


o:|E| > |U®V]| 


whose composition with the map Adj : |U@V| > P(U®V) coincides with Y. 
Since rank B = rank adj( A), and rank A(x) = 1, we get that rank B(x) = d— 
1 for any x € C. So, if det B is not identically zero, we obtain that V (det(B)) 
is a hypersurface of degree d vanishing on C, hence det(B) = Af for some 
A € C*. This shows that C = V(det(B)). To see that det(B) # 0, we have 
to use property (iii) of Lemma 4.1.3. Reversing the proof of this property, we 
see that, for a general line Z in |E], the images of the points x; € ! N C in 
P(U) x P(V) are the points (ut, v’) such that the u‘’s span P(U) and the v’’s 
span P(V). The images of the x;’s in P(U & V) under the map W span a 
subspace L of dimension d — 1. If we choose coordinates so that the points u’ 
and v’ are defined by the unit vectors (0,...,1,...,0), then L corresponds to 
the space of diagonal matrices. The image of the line Z under Y is a Veronese 
curve of degree d — 1 in L. A general point V(xr),x € £, on this curve does 
not belong to any hyperplane in L spanned by d — 1 points x;’s, thus it can be 
written as a linear combination of the points W(t;) with nonzero coefficients. 
This represents a matrix of rank d. This shows that det A(x) # 0 and hence 
det(B(x)) 4 0. 


To sum up, we have proved the following theorem. 


Theorem 4.14 Let C C P? be a nonsingular plane curve of degree d. Let 
Pic(C)9~! be the Picard variety of isomorphism classes of invertible sheaves 
on C of degree g — 1. Let © C Pic9~'(C) be the subset parameterizing in- 
vertible sheaves F with H°(C,F) # {0}. Let Lo € Pic?"!(C) \ ©, and 
Mo = wo ® Lo’. Then U = H°(C, Lo(1)) and V = H°(C,Mo(1)) have 
dimension d and there is a unique regular map 6: P? — |U QV | such that C is 
equal to the preimage of the determinantal hypersurface Da. The composition 
of the restriction of ¢ to C and the map Adj : |U 8 V| + P(U @V) is equal to 
the composition of the map (1, £) : C + P(U) x P(V) and the Segre map. The 
maps |: C — P(U) and xt : C > P(V) are given by the complete linear sys- 
tems |£o(1)| and |Mo(1)| and coincide with the maps x ++ |Ker(d(x))| and 
x ++ |Ker('¢(2x))|, respectively. Conversely, given a map ¢ : P? — |U 9 V| 
such that C = $~'(Da), there exists a unique Lo € Pic®™™+ (C) such that 
U = H°(C,Lo(1)), V = H°(C,wo(1) @ Ly") and the map ¢ is defined by 
L as above. 
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Remark 4.1.5 Let X be the set of dx d matrices A with entries in EY such 
that f = det A. The group G = GL(d) x GL(d) acts on the set by 


(01,02): A=o, Avge 
It follows from the Theorem that the orbit space X /G is equal to Pic? + (C) \ 
©. 
We map Lo + Mo = wc ® L is an involution on Pic?! \ ©. It corre- 
sponds to the involution on X defined by taking the transpose of the matrix. 


4.1.3 The symmetric case 


Let us assume that the determinant representation of a plane irreducible curve 
C of degree d is given by a pair of equal invertible sheaves £ = M. It follows 
from Lemmas 4.1.1 and 4.1.3 that 


e £22 S Oc(d-— 1); 
e deg(L) = $d(d— 1); 


e H°(C,L(-1)) = {0}. 
Recall that the canonical sheaf wc is isomorphic to Oc (d — 3). Thus 
L(-1)®? & we. (4.7) 


Definition 4.1.6 Let X be a curve with a canonical invertible sheaf wx (e.g. 
a nonsingular curve, or a curve on a nonsingular surface). An invertible sheaf 
0 whose tensor square is isomorphic to wx is called a theta characteristic. A 
theta characteristic is called even (resp. odd) if dim H°(X,N) is even (resp. 
odd). 


Using this definition, we can express (4.7) by saying that 
£~6(1), 


where 6 is an even theta characteristic (because H°(C,0) = {0}). Of course, 
the latter condition is stronger. An even theta characteristic with no nonzero 
global sections (resp. with nonzero global sections) is called a non-effective 
theta characteristic (resp. effective theta characteristic). 

Rewriting the previous Subsection under the assumption that £ = M, we 
obtain that U = V. The maps [ = t are given by the linear systems |£| and 
define a map (I, 1) : C — P(U) x P(U). Its composition with the Segre map 
P(U) x P(U) — P(U 8 U) and the projection to P(S? (UY )) defines a map 


y : C > P(S (UY)) = |SU]. 
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In coordinates, the map is given by 


p(x) = (2) - U(x), 

where I(x) is the column of projective coordinates of the point I(x). It is clear 
that the image of the map w is contained in the variety of rank 1 quadrics in 
|U|. It follows from the proof of Theorem 4.1.4 that there exists a linear map 
6: P? — |S?(UY)| such that its composition with the rational map defined 
by taking the adjugate matrix is equal, after restriction to C, to the map w. 
The image of ¢ is a net N of quadrics in |U|. The image ¢(C) is the locus of 
singular quadrics in N. For each point x € C, we denote the corresponding 
quadric by Qz. The regular map [ is defined by assigning to a point x € C the 
singular point of the quadric Q+. The image X of C in |U] is a curve of degree 
equal to deg £ = $d(d— 1). 


Proposition 4.1.7 The restriction map 
r: H°(|U|, Ov) (2)) + H°(X, Ox(2)) 
is bijective. Under the isomorphism 
H? (X, Ox(2)) S H? (C, £9?) S OC. Oc(d — 1)), 


the space of quadrics in |U| is identified with the space of plane curves of 
degree d — 1. The net of quadrics N is identified with the linear system of first 
polars of the curve C. 


Proof Reversing the proof of property (iii) from Lemma 4.1.3 shows that 
the image of C under the map d : C — P(U & V) spans the space. In our 
case, this implies that the image of C under the map C — |S? (UY )| spans the 
space of quadrics in the dual space. If the image of C in P(U) were contained 
in a quadric Q, then Q would be apolar to all quadrics in the dual space, a 
contradiction. Thus the restriction map r is injective. Since the spaces have the 
same dimension, it must be surjective. 

The composition of the map i : P? + |Ojy)(2)|,2 > Qz, and the isomor- 
phism |Qjy|(2)| = |Op2(d — 1)| is a map s : P? + |Op2(d — 1)|. A similar 
map s’ is given by the first polars x œ> P,(C). We have to show that the two 
maps coincide. Recall that P,(C) NC = {ce C : x € T.(C)}. In the next 
Lemma we will show that the quadrics Q,,x € T.(C), form the line in N 
of quadrics passing through the singular point of Qe equal to t(c). This shows 
that the quadric Q(z) cuts out in [(C) the divisor t(P,(C’) N C). Thus the 
curves s(x) and s’(a) of degree d — 1 cut out the same divisor on C, hence 
they coincide. 
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Lemma 4.1.8 Let W C S“(UV) be a linear subspace, and |W] be the 
locus of singular hypersurfaces. Assume x € |W]; is a nonsingular point of 
|W’. Then the corresponding hypersurface has a unique ordinary double point 
y and the embedded tangent space T..(|W|’) is equal to the hyperplane of 
hypersurfaces containing y. 


Proof Assume W = S“(VY). Then |W]5 coincides with the discriminant 
hypersurface Dg(|U|) of singular degree d hypersurfaces in |U]. If |W] is a 
proper subspace, then |W|’ = |W|NDa(|U]). Since x € |W| is a nonsingular 
point and the intersection is transversal, Ts (|W |°) = Tz(Da(|U|)) |W]. This 
proves the assertion. 














We see that a pair (C,@), where C is a plane irreducible curve and 0 is 
a non-effective even theta characteristic on C defines a net N of quadrics in 
|H°(C,0(1))Y| such that C = NS. Conversely, let N be a net of quadrics in 
P@=1 = |V]. It is known that the singular locus of the discriminant hypersur- 
face D2(d — 1) of quadrics in P¢~! is of codimension 2. Thus a general net 
N intersects Də (d — 1) transversally along a nonsingular curve C of degree d. 
This gives a representation of C as a symmetric determinant and hence defines 
an invertible sheaf £ and a non-effective even theta characteristic 0. This gives 
a dominant rational map of varieties of dimension (d? + 3d — 16) /2 


G(3, S2(UY))/PGL(U)— — |Op2(d)|/PGL(3). (4.8) 


The degree of this map is equal to the number of non-effective even theta char- 
acteristics on a general curve of degree d. We will see in the next chapter 
that the number of even theta characteristics is equal to 29”1(29 + 1), where 
g = (d - 1)(d — 2)/2 is the genus of the curve. A curve C of odd degree 
d = 2k+3 has a unique vanishing even theta characteristic equal to 0 = Oc(k) 
with h°(0) = (k +1)(k + 2)/2. A general curve of even degree does not have 
vanishing even theta characteristics. 


4.1.4 Contact curves 
Let 
(L£) : C > P(U) x P(V) c P(U @V) 


be the embedding of C given by the determinant representation. By restriction, 
it defines a linear map 


r: £| x|MI = |U] x |V| > |L@M| S |Oc(d=1)], (Di, D2) > (Di, Da), 
(4.9) 
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where (D1, D2) is the unique curve of degree d — 1 that cuts out the divisor 
Dı + Da on C. Consider the variety 


F = {(x, Dı, D2) € P? x |U| x |V] : x € (Dy, Do)}. 


It is a hypersurface in P? x |U| x |V| of type (d — 1,1,1). Choose a basis 
(uo,---,Uq—1) in U and a basis (vo, ...,va—1) in V. They will serve as pro- 
jective coordinates in P(U) and P(V). Let A = (l;;) define the determinantal 
representation of C. 


Proposition 4.1.9 The incidence variety F is given by the equation 


li ha uo 
loi loa ul 
dt|: : : : | =0. (4.10) 
la lad WUa-ı 
uo ... Ud—-1 0 


Proof The bordered determinant(4.10) is equal to — X A;;u;v;, where Aij 
is the (ij )-entry of the adjugate matrix adj( A). For any x € C, the rank of the 
adjugate matrix adj(A(x)) is equal to 1. Thus the above equation defines a bi- 
linear form of rank 1 in the space UY @ VY of bilinear forms on U x V. We can 
write it in the form (3° a;v;)(>_ bj uz), where I(x) = [ao,...,aa-ıl,t(x) = 
[bo,..-, ba-1]. The hyperplane V (I a;v;) (resp. V (D> b;u;)) in |U] (resp.|V]) 
defines a divisor Dı € |L| (resp. |M|) such that x € (D1, Da). This checks 
the assertion. 














Next we use the following determinant identity which is due to O. Hesse 
[291]. 


Lemma 4.1.10 Let A = (a;;) be a square matrix of size k. Let 


a11 a12 pyi AIk U1 

a21 a22 ER; a2k U2 
D(A; u,v) := 

Gk1 Gk2 --- Gkk Uk 

Ul v2 ... Uk 0 


Then 
D(A; u, u) D(A; v, v) — D(A; u,v) D(A, v, u) = P det(A), (4.11) 


where P = P(ai1,..-,@kkj}U1,---+;Uk}U1,--+, Uk) is a polynomial of degree 
k in variables a;; and of degree 2 in variables u; and vj. 
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Proof Consider D(A; u, v) as a bilinear function in u, v satisfying D(A; u, v) 
= D('A;v,u). We have D(A; u,v) = — >> A;ju;vj, where A;; is the (ij)- 
entry of adj(A). This gives 


D(A; u, u) D(A; v, v) — D(A; u, v) D(A; v, u) 
= (D5 Ayu) (X | Ayviv;) — (I Aijuavs) (D> Ajuno) 


= 5 UaUpVeva(Aap Ade — AacAdb)- 


Observe that Any Age — AacAap is equal to a 2 x 2-minor of adj(A). Thus, 
if det A = 0, all these minors are equal to zero, and the left-hand side in 
(4.11) is equal to zero. This shows that det A, considered as a polynomial 
in variables a;;, divides the left-hand side of (4.11). Comparing the degrees 
of the expression in the variables a;;,u;,v;, we get the assertion about the 
polynomial P. 














Let us see a geometric meaning of the previous Lemma. The curve Ty = 
V(D(A; u, u)) intersects the curve C = V (det A) at d(d — 1) points which 
can be written as a sum of two divisors D, € |£| and D/, € |M| cut out by 
the curve V (D(A; u, v)) and V(D(A; v, u)), where [v] € P(V). Similarly, the 
curve T, = V(D(A;v,v)) intersects the curve C = V(det A) at d(d — 1) 
points which can be written as a sum of two divisors D, € |£| and D! € |M| 
cut out by the curve V (D(A; u, v)) and V (D(A; v, u)), where [u] € P(U). 

Now let us specialize, assuming that we are in the case when the matrix A 
is symmetric. Then U = V, and (4.11) becomes 


D(A; u, v)? — D(A; u, u)D(A; v, v) = P det A. (4.12) 


This time the curve T, = V(D(A; u, u)) cuts out in C the divisor 2D,, where 
Dy € |£], ie. it touches C at d(d — 1)/2 points. The curve V(D(A; u,v) 
cuts out in C the divisor Dy + Du, where 2D, is cut out by the curve Ty = 
V(D(A;v,v)). We obtain that a choice of a symmetric determinantal rep- 
resentation C = V(det A) defines an algebraic system of contact curves 
Tu, [u] € P(U). By definition, a contact curve of an irreducible plane curve 
C is a curve T such that 


Oc(T) S L”? 


for some invertible sheaf £ on C with h°(L) > 0. Up to a projective trans- 
formation of U, the number of such families of contact curves is equal to the 
number of non-effective even theta characteristics on the curve C. 

Note that not every contact curve T of C belongs to one of the these d — 1- 
dimensional algebraic systems. In fact, T cuts out a divisor D such that 2D € 
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|Oc(d — 1)|. Then 0 = Oc(D)(-1) is a theta characteristic, not necessarily 
non-effective. Assume that # is non-effective theta characteristic. Next, we find 
a symmetric determinantal representation of C' corresponding to 0 and a curve 
V(D(A;u,u)) which cuts out the same divisor D in C. Since the degrees 
of the curves T and V(D(A;u,u)) are less than the degree of C, they must 
coincide. 

The algebraic systems of contact curves V(D(A; u, u)) are not linear sys- 
tems of curves, they depend quadratically on the parameters [u] € P(U). This 
implies that a general point in the plane is contained in a subfamily of the sys- 
tem isomorphic to a quadric in P(U), not a hyperplane as it would be in the 
case of linear systems. The universal family of an algebraic system of contact 
curves is a hypersurface 7 in |E| x P(U) of type (d — 1, 2). It is given by the 
equation 


5 Aij(to, t1, t2)uiuj = 0, 


where (A;,) is the adjugate matrix of A. Its projection to P(E) is a quadric 
bundle with discriminant curve given by equation det adj( A) = |A|?~+. The 
reduced curve is equal to C. The projection of T to P(U) is a fibration in 
curves of degree d — 1. 

One can also see the contact curves as follows. Let [£] = [&o,- - - ‚&a-ı] be 
a point in |UY| and let He = V (J. £;t,) be the corresponding hyperplane in 
|U]. The restriction of the net of quadrics defined by J to H¢ defines a net of 
quadrics N (£) in H¢ parameterized by the plane Æ. The discriminant curve of 
this net of quadrics is a contact curve of C'. In fact, a quadric Q,,|H¢ in N (£) is 
singular if and only if the hyperplane is tangent to Q,.. Or, by duality, the point 
[£] belongs to the dual quadric QY = V(D(A(a);€,€)). This is the equation 
of the contact curve corresponding to the parameter €. 

Consider the bordered determinant identity (4.12). It is clear that P is sym- 
metric in u,v and vanishes for u = v. This implies that P can be expressed 
as a polynomial of degree 2 in Plücker coordinates of lines in P?~! = |9(1)|. 
Thus P = 0 represents a family of quadratic line complexes of lines in P¢~+ 
parameterized by points in the plane. 


Proposition 4.1.11 Let ¢ : |E| — |S?(U)V| be the net of quadrics in |U] 
defined by the theta characteristic 0. For any x € |E| the quadratic line com- 
plex V(U (u,v; x)) consists of lines in |UY| such that the dual subspace of 
codimension 2 in |U] is tangent to the quadric Q, = (x). 


Proof Note that the dual assertion is that the line is tangent to the dual quadric 
QY. The equation of the dual quadric is given by D(A(z);u,u) = 0. A line 
spanned by the points [E] = [£,... , a—1] and [n] = [n9, - : - , 7a-ı] is tangent 
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to this quadric if and only if the restriction of this quadric to the line is given 
by a singular binary form in coordinates on the line. The discriminant of this 
quadratic form is D(A(x); €, €)D(A(x);n, 7) — D(A(a); €,7)?. We assume 
that the point x is a general point in the plane, in particular, it does not belong 
to C. Thus this expression vanishes if and only if P(€,7) = 0. 














4.1.5 First examples 


Take d = 2. Then there is only one isomorphism class of £ with deg £ = 1. 
Since deg£(-1) = -1, h°(C,L(-1)) = 0, so £ & M, and C admits a 
unique equivalence class of determinantal representations which can be chosen 
to be symmetric. For example, if C = V (tot, — t3), we can choose 


A= & ar 
to ty 


We have P(U) & Pt, and t = I maps C isomorphically to P!. There is only 
one family of contact curves of degree 1. It is the system of tangents to C’. It is 
parameterized by the conic in the dual plane, the dual conic of C. Thus, there 
is a natural identification of the dual plane with P(S?U). 

Take d = 3. Then Pic?"!(C) = Pic? (C) and © = Pic? (C) \ {Oc}. Thus 
the equivalence classes of determinantal representations are parameterized by 
the curve itself minus one point. There are three systems of contact conics. 
Let T be a contact conic cutting out a divisor 2(pı + pa + p3). If we fix a 
group law on C defined by an inflection point o, then the points p; add up to 
a nonzero 2-torsion point e. We have pı + p2 + p3 ~ 20 + e. This implies 
that L S Oc(20 + €). The contact conic that cuts out the divisor 2(20 + €) is 
equal to the union of the inflection tangent line at o and the tangent line at € 
(which passes through o). We know that each nonsingular curve can be written 
as the Hessian curve in three essentially different ways. This gives the three 
ways to write C as a symmetric determinant and also write explicitly the three 
algebraic systems of contact conics. 

Let (£, M) define a determinantal representation of ©. Let 1: C > P(U) 
be the reembedding of C in P(U) given by the linear system |£|. For any 
Do € |M], there exists D € |£] such that Do + D is cut out by a conic. 
Thus we can identify the linear system |£] with the linear system of conics 
through Do. This linear system defines a birational map o : P? --+ P(U) 
with indeterminacy points in Do. The map I: C — P(U) coincides with the 
restriction of o to ©. 
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Consider the map 
(Lr): C —> P(U) x P(V) = P? x P?. 


Proposition 4.1.12 The image of (1, x) is a complete intersection of three 
hyperplane sections in the Segre embedding of the product. 


Proof Consider the restriction map (4.9) 
U x V = H°(P(U) x P(V), Orw)(1) R Opi (1)) > H°(X, 0x(1)), 


where X is the image of C in P(U & V) under the composition of the map 
(l, t) and the Segre map. Here we identify the spaces H°(C, £ & M) and 
H°(X,Ox(1)). Since the map (4.9) is surjective, and its target space is of 
dimension 6, the kernel is of dimension 3. So the image X of C in P(U) x P(V) 
is contained in the complete intersection of three hypersurfaces of type (1, 1). 
By the adjunction formula, the intersection is a curve X’ of arithmetic genus 
1. Choose coordinates (ug, u1, U2) in UY and coordinates (vo, v1, V2) in V to 
be able to write the three hypersurfaces by equations 


5 auv; =0, k= 1,2,3. 
0<i,j<2 


The projection of X to the first factor is equal to the locus of points [uo, u1, u2] 
such that the system 


2 
ya, uv; = Lau =0, k=1,2,3, 


2 2 
D alp ui > alu; bal at) uj 
ae 


i=0 

2 2 

D ao u Daru | Epu =0. (4.13) 
2 2 

Lou D apu > uj 


This checks that the projection of X’ to the factor P(U) is a cubic curve, the 
same as the projection of X. Repeating the argument, replacing the first factor 
with the second one, we obtain that the projections of X’ and X to each factor 
coincide. This implies that X = X”. 














Recall that a determinantal representation of C is defined by a linear map 
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do: E + U®V. Let us show that its image is the kernel of the restric- 
tion map. We identify its target space H°(X,Ox(1)) with H°(C,Oc(d — 
1)) = H°(P?,Op2(d — 1)). In coordinates, the map ¢ is defined by [x] — 
X aij (x)u; Q vi, where C = V (det(a;;)). The restriction map is defined by 
the map u; ® vj > Aij, where A;; is a (ij)-cofactor of the adjugate matrix of 
(aij) and the bar means the restriction to C. The composition is given by 


LH 5 ajiAij = det(a;;) restricted to C. 


Since the restriction of the determinant to C is zero, we see that E can be iden- 
tified with the linear system of hyperplane sections of P(U) x P(V) defining 
the curve (l, r)(C)). 

Note that the determinant (4.13) gives a determinantal representation of the 
plane cubic C reembedded in the plane by the linear system |£]. It is given by 
a linear map UY — EY & V obtained from the tensor r € EY & U & V which 
defines the linear map ¢: E > U 8 V. 


4.1.6 The moduli space 


Let us consider the moduli space of pairs (C, A), where C is a nonsingular 
plane curve of degree d and A is a matrix of linear forms such that C = 
V (det A). To make everything coordinate-free and match our previous no- 
tations, we let P? = |E| and consider A asalinearmapd: E > U@V = 
Hom(UY,V). Our equivalence relation on such pairs is defined by the nat- 
ural action of the group GL(U) x GL(V) on U ® V. The composition of ¢ 
with the determinant map UQV — Hom(/\“ UY, A“ V) & Cis an element of 
S4(EY). It corresponds to the determinant of the matrix A. Under the action of 
(g,h) € GL(U) x GL(V), it is multiplied by det g det h, and hence represents 
a projective invariant of the action. Consider ¢ as an element of EY @U @V, 
and let 


det : EY @U @V/GL(U) x GL(V) — |STEY| 


be the map of the set of orbits defined by taking the determinant. We consider 
this map as a map of sets since there is a serious issue here as to whether the 
orbit space exists as an algebraic variety. However, we are interested only in 
the restriction of the determinant map on the open subset (EY @ U @ V)? 
defining nonsingular determinantal curves. One can show that the quotient of 
this subset is an algebraic variety. 

We know that the fiber of the map det over a nonsingular curve C is bijective 
to Pic? '(C) \ ©. Let be the universal family of nonsingular plane curves of 
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degree d (and genus g). It defines a family 
#: Pic" > |S(EV)| 


whose fiber over a curve C is isomorphic to Pic? '(C). It is the relative Picard 
scheme of r. It comes with a divisor 7 such that its intersection with 7~1(C) 
is equal to the divisor ©. It follows from the previous sections that there is an 
isomorphism of algebraic varieties 


(EY @U @V)?/GL(U) x GL(V) & Pic"! \ T. 


This shows that the relative Picard scheme Pics" is a unirational variety. An 
easy computation shows that its dimension is equal to d? + 1. 

It is a very difficult question to decide whether the variety Pic”! is rational. 
It is obviously rational if d = 2. It is known that it is rational for d = 3 and 
d = 4 [223]. Let us sketch a beautiful proof of the rationality in the case d = 3 
due toM. Van den Bersh [584]. 


Theorem 4.1.13 Assume d = 3. Then Pic is a rational variety. 


Proof A point of Pic® is a pair (C, £), where C is a nonsingular plane cubic 
and £ is the isomorphism class of an invertible sheaf of degree 0. Let D be 
a divisor of degree 0 such that Oc(D) = £L. Choose a line £ and let H = 
LANC = pı + p2 + p3. Let pi + D ~ qi, i = 1, 2,3, where q; is a point. Since 
Pi — qi ~ pj — qj, We have p; +q; ~ pj + qi. This shows that the lines (p;, q;) 
and (pj, qi) intersect at the same point r;; on ©. Since, p; + q; + rij ~ H, it 
is immediately checked that 


Pı + p2 + p3 + qı + q2 + q3 +1712 + r23 +713 ~ 3H. 


This easily implies that there is a cubic curve which intersects C at the nine 
points. Together with C they generate a pencil of cubics with the nine points 
as the set of its base points. Let X = (3 x (P?)3/G 3, where G3 acts by 


o : ((p1, P2, Ps), (q1; 92, 93)) = ((Po(1); Po(2)s Po(3)); (Go(1) 1 102); 96(3)))- 


The variety X is easily seen to be rational. The projection to (3/63 = P’ 
defines a birational isomorphism between the product of P? and (P?)®. For 
each x = (P,Q) € X, let c(x) be the pencil of cubics through the points 
P1, P2, P3, q1, q2, q3 and the points r;; = (pi, qj}, where (ij) = (12), (23), (13). 
Consider the set U’ of pairs (x, C), C € c(x). The projection (u, C) > u has 
fibres isomorphic to P!. Thus the field of rational functions on X’ is isomor- 
phic to the field of rational functions on a conic over the field C(X). But this 
conic has a rational point. It is defined by fixing a point in P? and choosing 
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a member of the pencil passing through this point. Thus the conic is isomor- 
phic to P! and C(X’) is a purely trancendental extension of C(X). Now we 
define a birational map from Pic? to X’. Each (C, £) defines a point of U’ by 
ordering the set EN C, then defining q1, q2,q3 as above. The member of the 
corresponding pencil through p,’s, q;’s and r;;’s is the curve C. Conversely, 
a point (x,C) € X’ defines a point (C, £) in Pic}. We define £ to be the 
invertible sheaf corresponding to the divisor qı + q2 + q3. It is easy that these 
map are inverse to each other. 














Remark 4.1.14 If we choose a basis in each space E, U, V, then a map ¢ : 
E — Hom(U,V) is determined by three matrices A; = ¢(e;). Our moduli 
space becomes the space of triples (A1, A2, A3) of d x d matrices up to the 
action of the group G = GL(d) x GL(d) simultaneously by left and right 
multiplication 


(01,02) - (A1, A2, A3) = (014103 ', 01 Agog ',01Asoz '). 


Consider an open subset of maps ¢ such that A, is an invertible matrix. Tak- 
ing (01,02) = (1, A] '), we may assume that A, = J, is the identity matrix. 
The stabilizer subgroup of (Ig, A2, A3) is the subgroup of (01, 02) such that 
0,02 = 1. Thus our orbit space is equal to the orbit space of pairs of matri- 
ces (A, B) up to simultaneous conjugation. The rationality of this space is a 
notoriously very difficult problem. 


4.2 Determinantal equations for hypersurfaces 


4.2.1 Determinantal varieties 


Let Matm k = C™** be the space of complex m x k matrices with natural 
basis e;; and coordinates t;;. The coordinate ring C[C™*"] is isomorphic to 
the polynomial ring C|(t;;)] in mk variables. For any vector spaces U, V of 
dimensions k, m, respectively, a choice of a basis (u;) in U and a basis (v;) 
in V identifies U ® V with Matm x by sending u; ® vj to eij. An element 
o € U®V can be viewed as a linear map UY — V, or as a bilinear form 
on UY & VY. Under the natural isomorphism U @ V — V & U, the map o 
changes to the transpose map ‘co. 

We denote by 'N(c) (resp. "N(c)) the left (resp. the right) kernel of o 
considered as a bilinear map. These are subspaces of UY and VY, respectively. 
Equivalently, 'N(o) = Ker(c) (resp. "N(o) = Ker(!o) = o(U)+) if ø is 
considered as a linear map. For any r in the range 0 < r < min{m, k}, we set 


(U@V),:={o €U@V:ranko <r} 


4.2 Determinantal equations for hypersurfaces 177 


and denote by |U & V |r its image in the projective space |U @ V|. The varieties 
|U ® V|» are closed subvarieties of the projective space |U @ V|, called the 
determinant varieties. Under isomorphism |U @ V| = |C™**| = pmk-1, 
the variety |U & V|» becomes isomorphic to the closed subvariety of 
defined by (r + 1) x (r + 1) minors of am x k matrix with entries ¢;;. 

Let G(r, V) be the Grassmann variety of r-dimensional linear subspaces of 
V and let 


prk-1 


IU SV], = {(6,1) € |U @V| x G(r,V):(UY) c L}. 


The projection to G(r, V) exhibits |U & V|, as a projective vector bundle of 


relative dimension kr and implies that |U @ V]|,. is a smooth variety of di- 
mension mk — (m — k)(k — r). The projection to |U & V|» is a proper map 
which is an isomorphism over |U ® V|» \ |U ® V|-—1. It defines a resolution 
of singularities 


°:VBVL, > |U Vh. 


It identifies the tangent space Tjo} (|U @ V|») at a point [o] € |U ® V|, with 
the projective space of maps T : UY — V such that r(Ker(o)) C o(UY). If 
we view o as a bilinear form on UY & VY, then the tangent space consists of 
bilinear forms r € U & V such that r(u* @ v*) = 0 for all u* € N (0), v* € 
"N(o). 

Here are some known properties of the determinantal varieties (see [10], 
Chapter II, 85). 


Theorem 4.2.1 Let Mat, »(r) C C”*® m < n, be the subvariety of matri- 
ces ofrank <r < m. Then 


e Matm (r) is an irreducible Cohen-Macaulay variety of codimension (m — 
r)\(k—r); 

Sing(Mat„n,»(r)) = Matm,(r — 1); 

the multiplicity of Matm (r) at a point A of rank s < r is equal to 


mult 4Mat,, (r -T =e 


(rst nr DN 





in particular, 
e the degree of Matm (r) is equal to 


m—r—-1 


deg Matm (r) = multoMatm (r) = (n+ j)!j! 


(r +j)(n = r + j)! 





j=0 
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Let 6: E—U®V be an injective linear map and |d| : |E| > |U @ V| be 
the corresponding closed embedding morphism. Let 


D,(¢) = el (lU ® Vir) S elle) N U ® Vip. 
We say that 6: E > U ® V is proper, if 
codimD,(¢) = codim|U 8 V|, = (m — r)(k = r). 


In particular, this implies that D, (¢) is a Cohen-Macaulay variety of dimen- 
sion n — (m — r)(k — r) in |E|. We also say that ¢ is transversal if 


Sing(|U 8 Vl) = |U 8 V|r-1, r< min{m, k}. 


Using the description of the tangent space of |U & V |, at its nonsingular point, 
we obtain the following. 


Proposition 4.2.2 Assume ¢ is proper. A point |x] € D,(@) \ Dr-1(¢) is 
nonsingular if and only if 


dim{y € E : ö(y)(Ker(ö(x)) ® Ker(*#(x))) = 0} =n+1-(m-r)(k-r). 


For example, suppose k = m = dand r = d — 1. Let [xz] € Da_i(¢) \ 
Da-2(¢). Then Ker(¢(x)) and Ker('ö(x)) are 1-dimensional subspaces. Let 
u*,v* be their respective bases. Then [z] is a nonsingular point on Da_i(¢) 
if and only if the tensor u* ® v* is not contained in the kernel of the map 
Id: UY @VY OEY. 

For any vector space F we denote by F the trivial vector bundles F ® Op» 
on P” with a fixed isomorphism from F to its space of global sections. Since 


Hom(U" (-1),V) = H°(P",U(1),V) = EY 8U 8V, 


a linear map ¢ : E —> U & V defines a homomorphism of vector bundles 
U“ (-1) — V. For any point [x] € P”, the fiber (UY (-1))(x) is canonically 
identified with UY @ Cz and the map of fibres UY (—1)(x) — V (x) is the map 

Assume that k > m and (x) is of maximal rank for a general point 
[x] € P”. Since a locally free sheaf has no nontrivial torsion subsheaves, 
the homomorphism UY (—1) — V(1) is injective, and we obtain an exact 
sequence 


0> 4 F>0. (4.14) 





Recall that the fibre F(x) of a sheaf F over a point x is the vector space 
Fz /Mxr Fz over the residue field O,/m. of x. A sheaf over a reduced scheme 
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is locally free of rank r if and only if all its fibres are vector spaces of dimension 
r. Passing to the fibres of the sheaves in the exact sequence, we obtain 


dim F(x) = m — rank d(x). (4.15) 


In particular, if k > m, then F is locally free of rank m — k outside D,,-1(¢) 
of rank m — k. It has singularities on Dn_2(6). 

Assume m = k. Let X denote the set-theoretical support Supp( F) of F and 
let X, denote the scheme-theoretical support of F defined by the determinant 
of &. It is known that the annihilator ideal Ann( F) of the sheaf F is equal to 
(Fittı (F) : Fitto(F)), where Fitt; (7) denote the Fitting ideals of F generated 
by k —i x k — i minors of the matrix defining ¢ (see [208], p. 511). We will 
often consider F as a coherent sheaf on Xs. Note that X = (X5)rea, and, in 
general, X 4 X,. 

Let r = max{s : D,(¢) # Dx(o)}. Assume X = X, It follows from 
(4.15) that Freq is locally free on X outside Ds. For example, when the matrix 
of ¢ is skew-symmetric, we expect that Fea is of rank 2 outside Dy_2(¢). 


Remark 4.2.3 The homomorphism ¢ : UY — V of vector bundles is a special 
case of a homomorphism of vector bundles on a variety X. The rank degener- 
acy loci of such homomorphisms are studied in detail in Fulton’s book [231]. 


Remark 4.2.4 In view of classical geometry, determinantal varieties repre- 
sent a special class of varieties. Let us elaborate. Let A = (a;;) be am x k 
matrix, where a;; are linear forms in variables tg,...,¢,. Consider each en- 
try as a hyperplane in P”. Assume that the linear forms a@1;,...,@mj in each 
j-th column are linearly independent. Let B; be their common zeros. These 
are projective subspaces in P” of codimension m. A linear form Dr Uli; 
defines a hyperplane H;(u) containing B,. Varying u1, ..., Um, we obtain a 
(n — m)-dimensional subspace of hyperplanes containing B;. In classical lan- 
guage this is the star |B;| of hyperplanes (a pencil if m = 2, a net if m = 3, 
a web if m = 4 of hyperplanes). It can be considered as a projective subspace 
of dimension m — 1 in the dual space (P")Y. Now, the matrix defines k stars 
[B,| with uniform coordinates (u1, ..., Um). In classical language, k collinear 
m — 1-dimensional subspaces of the dual space. 
Consider the subvariety of P” 


X = {xz e€ P” : xe M(u)n...N A; (u), for some u € C” }. 
It is clear that 
X = {x € P” :rankA(x) < m}. 


If k < m, we have X = P”, so we assume that m < k. If not, we replace A 
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with its transpose matrix. In this way we obtain a proper subvariety X of P”, a 
hypersurface, if m = k, with linear determinantal representation X = det A. 
For any x € X let 


'N(a) := {u € C” : x € Hı(u)N...NHrlu)}. 
Then the subvariety X, of X 
X, = {ze X :dim'N(z)>m-r}, r<m-1, 


is the determinantal subvariety of P” given by the condition rankA(x) < r. 
We have a regular map 


[:X\Xm-27P™1, gi N(x). 
The image is the subvariety of P”! given by 
rank L(u1,..., Um) <n, 


where L is the k x (n + 1) matrix with js-th entry equal to I; , au. If 
k < n, the map [is dominant, and if k = n, it is birational. 


4.2.2 Arithmetically Cohen-Macaulay sheaves 


Let F be a coherent sheaf on P” and 
(F) = wR", FR). 
k=0 
It is a graded module over the graded ring 


S =T, (Opr) = GD H°(P”, Opn (k)) = Clto, -.-, tn]. 
k=0 

We say that F is an arithmetically Cohen-Macaulay sheaf (aCM sheaf for 
brevity) if M = T,.(F) is a graded Cohen-Macaulay module over S. Recall 
that this means that every localization of M is a Cohen-Macaulay module, 
i.e. its depth is equal to its dimension. Let us identify M with the coherent 
sheaf on Spec A. The associated sheaf M on Proj S is isomorphic to F. Let 
U = Spec S \ mo, where mp = (to,...,¢n) is the irrelevant maximal ideal 
of the graded ring S. Since the projection U — Proj S = P” is a smooth 
morphism, the localizations of M at every maximal ideal different from m are 
Cohen-Macaulay modules if and only if 


e F, isa Cohen-Macaulay module over Op» „ for all x € P”. 
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The condition that the localization of M = T',(F) at mo is Cohen-Macaulay 
is satisfied if and only if the local cohomology Hi, „(M) vanish for all ¿ with 


0 < i < dim M. We have H*(U,M) = ®rezH‘(P", M(k)). The exact 
sequence of local cohomology gives an exact sequence 
0 H? (M) > M > H°(U, M) > H} (M) > 0, 
and isomorphisms 
HH (M) = H'(U,M), i>0. 


In the case M = T, (F), the map M > H? (U, M) = T,(M) is an isomor- 
phism, hence H9 (M) = H} (M) = 0. Since the canonical homomorphism 





T,.(F) — F is bijective, the conditions Hi (M) = 0,i > 1, become equiva- 
lent to the conditions 


e H'(Pr,F(k))=0, 1<i<dimSupp(F), ke Z. 


Finally, let us recall that for any finitely generated module M over a regular 
Noetherian local ring R of dimension n, we have 


depth M = n — pd M, 


where pd denotes the projective dimension of M, the minimal length of a pro- 
jective resolution of M. 

We apply this to the sheaf F from the exact sequence (4.14), where we 
assume that k = m. 

Exact sequence (4.14) gives us that pd Fy = 1 for all x € X = Supp(F). 
This implies that depth 7, = n — 1 for all x € X. In particular, X is hypersur- 
face in P” and the stalks of F, are Cohen-Macaulay modules over Opn „. The 
scheme-theoretical support X, of F is a hypersurface of degree d = k = m. 

A Cohen-Macaulay sheaf of rank 1 is defined by a Weil divisor on X, not 
necessarily a Cartier divisor. Recall the definitions. Let X be a Noetherian 
integral scheme of dimension > 1 and X!) be its set of points of codimen- 
sion 1 (i.e. points x € X with dim Ox,, = 1). We assume that X is regular 
in codimension 1, i.e. all local rings of points from X!) are regular. In this 
case we can define Weil divisors on X as elements of the free abelian group 
WDiv(X) = Z* ®© and also define linear equivalence of Weil divisors and the 
group C1 (X) of linear equivalence classes of Weil divisors (see [282], Chapter 
2, 86). 

We identify a point x € X!) with its closure E in X. We call it an irre- 
ducible divisor. Any irreducible reduced closed subscheme E of codimension 
1 is an irreducible divisor, the closure of its generic point. 

For any Weil divisor D let Ox (D) be the sheaf whose section on an open 
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affine subset U consists of functions from the quotient field Q(O(U)) such 
that div(®) + D > 0. 

It follows from the definition that Ox (D) is torsion-free and, for any open 
subset 7 : U > X which contains all points of codimension 1, the canonical 
homomorphism of sheaves 


Ox(D) > jxj*Ox(D) (4.16) 


is an isomorphism. These two conditions characterize reflexive sheaves on any 
normal integral scheme X. It follows from the theory of local cohomology that 
the latter condition is equivalent to the condition that for any point x € X with 
dim Ox, > 2 the depth of the Ox „-module Fy is greater than or equal to 
2. By equivalent definition, a reflexive sheaf F is a coherent sheaf such that 
the canonical homomorphism F — (FV)Y is an isomorphism. The sheaves 
Ox (D) are reflexive sheaves of rank 1. Conversely, a reflexive sheaf F of rank 
1 on a normal integral scheme is isomorphic to Ox (D) for some Weil divisor 
D. In fact, we restrict F to some open subset j : U —> X with complement of 
codimension > 2 such that 7*F is locally free of rank 1. Thus it corresponds 
to a Cartier divisor on U. Taking the closure of the corresponding Weil divisor 
in X, we get a Weil divisor D on X and it is clear that F = „j*F = Ox(D). 
In particular, we see that any reflexive sheaf of rank 1 on a regular scheme is 
invertible. It is not true for reflexive sheaves of rank > 1. They are locally free 
outside of a closed subset of codimension > 3 (see [283]). 
Reflexive sheaves of rank 1 form a group with respect to the operation 


EsGa(CaG LE =L, 
For any reflexive sheaf £ and an integer n we set 
ciel = (cY. 
One checks that 
Ox(D+D') = Ox(D) : Ox(D') 


and the map D ++ Ox (D) defines an isomorphism from the group Cl(X) to 
the group of isomorphism classes of reflexive sheaves of rank 1. 

Next, we look at the exact sequence of cohomology for (4.14). Using that 
H’ (P”, Opn(j)) = 0 for i # 0, n and all j € Z, 


H’ (P, F(k))=0, 1<i<n-1=dimSupp(F), ke Z. 


Thus F satisfies the two conditions from the above to be an aCM sheaf. For 
future use, observe also that 


V = H’(P",V)= H°(P",F). (4.17) 
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Applying the functor Homo, (—, Opr (-1)) to (4.14), we obtain an exact 
sequence 





D->-V’>U>2Gg-0, 
where 
G = Exto,. (F, Opn (-1)). (4.18) 


The sheaf G plays the role of when we interchange the roles of U and V. In 
the following we use some standard facts from the Grothendieck-Serre Duality 
(see [269]). We have 


Ernie (F, Opn (-1)) = Homox, (F, Exton (Ox, , Opn (-1))) 


> Homos, (F, Etto, (Ox, , Wpr ))(n) > Homox, (F, WX, )(n) 





= Homo, (F,Ox,(d—n—1))(n) = FY (d — 1), 
where FY = Homo, (F,Ox,). Thus (4.18) becomes 
G S Homo x, (F,wx,)(n) = FY (d— 1). (4.19) 


This agrees with the theory from the previous Subsection. 
Suppose F is of rank 1 and X is a normal variety. Then F S Ox (D) for 
some Weil divisor D, and 


G © Ox(—D)(d- 1). 


We have seen how a determinantal representation of a hypersurface in P” 
leads to an aCM sheaf on P”. Now let us see the reverse construction. Let F 
be an aCM sheaf on P” supported on a hypersurface X. Since M=T',(F) is 
a Cohen-Macaulay module over S = T,(Opr) of depth n — 1, its projective 
dimension is equal to 1. Since any graded projective module over the polyno- 
mial ring is isomorphic to the direct sum of free modules of rank 1, we obtain 
a resolution 


0 Ds bi] »&5l ail >T,.(F) > 0, 


i=1 





for some sequences of integers (a; ) and (b;). Passing to the associated sheaves 
on the projective space, it gives a projective resolution of F: 


0 > BD Om (—b:) $ CB Opn (ai) > F + 0. (4.20) 
i=1 


i=1 


The homomorphism of sheaves ¢ is given by a square matrix A of size m. Its 
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ij-th entry is a polynomial of degree bj — a;. The support X of F is equal to 
V (det A)rea. The degree of Y = V (det A) is equal to 


d= (bı +:::+bm)- (a1 +- + am). (4.21) 


We assume that the resolution is minimal, i.e. bj < a; for all 7,7. This can 
be always achieved by dropping the isomorphic summands in the first and the 
second module. The case we considered before is a special case when F is an 
aCM sheaf for which 


a, =... =4ü0m =0, b=...=bn>-l1. (4.22) 
In this case A is a matrix of linear forms and d = m. 


Proposition 4.2.5 Let F be an aCM sheaf on P” supported on a reduced 
hypersurface X and let (4.20) be its projective resolution. Then (4.22) holds if 
and only if 


H°(P",F(-1))=0, H™-*(P", F(1—n)) = H°(P",G(—1)) = 0. 
(4.23) 


Proof By duality, 
H™-l(P*, Fii-n))= HHX, F(1 — n)) 


= H"(X, Homo; (F(l — n),wx)) S H’(X,G(-1)) = 0. 


Taking global sections in the exact sequence (4.20), we immediately get that 
all a; are non-positive. Taking higher cohomology, we obtain 


H”! (P”, F(1—n)) = a H"(P", Opn(—b; +1- n)) 


i=l 


= BD P", Op (b; -2))=0. 


i=1 














Since b; < a; < 0, this implies that all b; = —1. 


Let F be an aCM sheaf defining a linear determinantal representation of a 
normal hypersurface X. We assume that rank F = 1. We have a rational map 


t: X --»P(U), «+ |Ker(ġ(x))|. 


The map is defined on the complement of the open set X’ where F is locally 
free. We know that F = Ox (D) for some effective Weil divisor D. The sheaf 
FY = Ox(—D) is an ideal sheaf on X. Let b : X — X be the blow-up of 
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the ideal sheaf Jz. It resolves the map t in the sense that there exists a regular 
map 


t: X > P(U) 


such that t = to 77! (as rational maps). We will explain this in more detail in 
Chapter 7. 


4.2.3 Symmetric and skew-symmetric aCM sheaves 


Let F be an aCM sheaf on P” whose scheme-theoretical support is a hypersur- 
face X, of degree d. Suppose we have a homomorphism of coherent sheaves 
on X, 


a:F + F(N) (4.24) 


for some integer N. Passing to duals, we get ahomomorphism (FY )Y(—N) > 
FY. After twisting by r, we get a homomorphism (FY)Y — F(N). Compos- 
ing it with the natural homomorphism F — (FY)Y, we get a homomorphism 


ta: F 4 F(N), 


which we call the transpose of a. 

We call the pair (F, a) as in the above a e-symmetric sheaf if a is an iso- 
morphism and ta = ea, where e = +1. We say it is symmetric if e = 1 and 
skew-symmetric otherwise. 

We refer for the proof of the following result to [66] or to [37], Theorem B. 





Theorem 4.2.6 Let (F, a) be an e-symmetric aCM sheaf. Assume that X, = 
X. Then it admits a resolution of the form (4.20), where 


(a1,---,@m) = (b1 +N —d,...,bm +N -d), 


and the map ¢ is defined by a symmetric matrix if € = 1 and a skew-symmetric 
matrix if € = —1. 


Corollary 4.2.7 Suppose (F, a) is a symmetric sheaf with N = d—1 satisfy- 
ing the vanishing conditions from (4.23). Then F admits a projective resolution 


En $U > F>0, 





where U = H°(P",F) and ¢ is defined by a symmetric matrix with linear 
entries. 
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Note that the isomorphism a defines an isomorphism a : F — G and 
an isomorphism V = H°(P",F) — U = H°(P",G). Suppose n is even. 
Twisting the isomorphism F — G = Homox,(F,wx,)(n) by —$n, we 
obtain an isomorphism 


F(—4n) > Homo x, (F(—n),wx,). 


Definition 4.2.8 A rank 1 torsion-free coherent sheaf 0 on a reduced variety 
Y with canonical sheaf wy is called a theta characteristic if there exists an 
isomorphism 


a: 0 —> Homo, (0, wy). 


Note that in the case when a theta characteristic @ is an invertible sheaf, we 

obtain 

02? S wy, 
which agrees with our previous definition of a theta characteristic on a nonsin- 
gular curve. If X is a normal variety, and @ is a reflexive sheaf (e.g. a Cohen- 
Macaulay sheaf), we know that 9 = Ox (D) for some Weil divisor D. Then 0 
must satisfy Ox (2D) = wx. In particular, if wx is an invertible sheaf, D is a 
Q-Cartier divisor. 

Since a and "a differ by an automorphism of 0, and any automorphism of a 
rank 1 torsion-free sheaf is defined by a nonzero scalar multiplication, we can 
always choose an isomorphism a defining a structure of a symmetric sheaf on 
0. 

Let X be a reduced hypersurface of degree d in P” and let 0 be a theta 
characteristic on X. Assume n = 2k is even. Then F = 6(k) satisfies F(k) = 
F(k)“(d— 1) and hence has a structure of a symmetric sheaf with N = d—1. 
Assume also that 6, considered as a coherent sheaf on P”, is an aCM sheaf. 
Applying Corollary 4.2.7 , we obtain that F admits a resolution 


d d 
0-> AD Opn (=a; u 1) B Opn (—a;) FD. 
i=1 


i=1 
From (4.19), we obtain that G S FY(d-1) S F. The vanishing conditions 
from Proposition 4.2.5 translate into one condition: 


H°(X,0(k —1)) =0. (4.25) 


If n = 2, this matches the condition that @ is a non-effective theta charac- 
teristic. If this condition is satisfied, we obtain a representation of X as a 
determinant with linear entries. The number of isomorphism classes of such 
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representations is equal to the number of theta characteristics on X satisfying 
condition (4.25) 


4.2.4 Singular plane curves 


Assume n = 2, and let C be a reduced irreducible curve of degree d. Let F be 
a coherent torsion-free sheaf on C’. Since dim C = 1, F is a Cohen-Macaulay 
sheaf. Also, the cohomological condition for an aCM sheaf are vacuous, hence 
F is an aCM sheaf. In general, a Cohen-Macaulay module M over a local 
Noetherian ring R admits a dualizing R-module D, and 


depth M + max{q : Exth(M, D) #0} = dim R 
(see [208]). In our case, the global dualizing sheaf is 
wc = wp2(C) 2 Oo(d - 3), 
the previous equality implies that Ext%,.(F,wc) =0, q > 0, and 
F > D(F) := Homo, (F, we) = FY 8 wc 


is the duality, i.e. F — D(D(F)) is an isomorphism. 
If F satisfies the conditions from Proposition 4.2.5 


H? (C, F(—1)) = H! (C, D(F)(-1)) = 0, (4.26) 


we obtain a determinantal representation C = V (det A) with linear entries 
(4.14). For a general point x on C, the corank of the matrix A(x) is equal to 
the rank of F. We shall assume that 


rank F = 1. 


In this case F is isomorphic to a subsheaf of the constant sheaf of rational 
functions on C. It follows from the resolution of F that 


x(F(-1))=90, x(F) = 
Thus 
deg F(—1) := x(F(-1)) + pa(C) — 1 = pa(C) - 1. 
Also, 
deg F = deg D(F) = d+ pa(C) — 1 = d(d- 1)/2. 
Suppose x is a singular point of C. Then either rankA(x) < d- 1, or the 


image of the map ¢ : P? > |U x V|q_1 is tangent to |U x V|q_y at a point 
(a) Z |U x V |a-2. The sheaf F is not invertible at x only in the former case. 
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It is known that the isomorphism classes of rank 1 torsion-free sheaves of 
fixed degree d on an irreducible reduced algebraic curve C’ admit a moduli 
space which is a projective variety that contains an irreducible component 
which compactifies the generalized Jacobian variety Jac? (C) of C (see [8], 
[456]). In the case of plane curves (and, by [456], only in this case), the mod- 
uli space is irreducible. Its dimension is equal to pa (C). We denote the moduli 
space by Jac’ (C). 

Let us describe in more detail rank 1 torsion-free sheaves F on C. 

Let p : C — C be the normalization morphism. Its main invariant is the 
conductor ideal c, the annihilator ideal of the sheaf p,.O@. Obviously, it can be 
considered as an ideal sheaf in C equal to p~1(c) (the image of p*(c) in Os 
under the multiplication map, or, equivalently, p*(c)/torsion). For any x € C, 
€x is the conductor ideal of the normalization R of the ring R = Oc., equal to 


In ae Oey: Let 
ôs = length R/R. 


Since, in our case, R is a Gorenstein local ring, we have 
dime R/c, = 2dimc R/cy = 26 


(see [528], Chapter 4, n.11). 

Suppose R is isomorphic to the localization of C[[u, v]]/(f(u,v)) at the 
origin. One can compute ôy, using the following Jung-Milnor formula (see 
[325], [390], §10). 


deg cy = dime R/Jf + rs — 1, (4.27) 


where J; is the ideal generated by partial derivatives of f, and rz, is the number 
of analytic branches of C at the point x. 

Let F be the cokernel of the canonical injection of sheaves Oc > px (O@). 
Applying cohomology to the exact sequence 


0 > Oc > p- >F > 0, (4.28) 





we obtain the genus formula 


x(p.(O@)) = x(Oe) = x(Oc) + $` bn. (4.29) 

zEC 
Consider the sheaf of algebras End(F) = Homo, (F, F). Since End(F) 
embeds into End(F,,), where nis a generic point of C, and the latter is isomor- 
phic to the field of rational functions on C, we see that End(F) is a coherent 
Oc-algebra. It is finitely generated as a Oc-module, and hence it is finite and 
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birational over C. We set C” = Spec End(F) and let 
r=1ır:C OC 


be the canonical projection. The normalization map Č — C factors through 
the map 7. For this reason, 7 is called the partial normalization of C. Note 
that C” = C if F is an invertible sheaf. The algebra End(F) acts naturally on 
F equipping it with a structure of an Oc’-module, which we denote by F’. We 
have 


FEmF. 


Recall that for any finite morphism f : X — Y of Noetherian schemes there is 
a functor f' from the category of Oy-modules to the category of Ox-modules 
defined by 


FM ze Homo, (rOx,M), 


considered as a Ox-module. The functor f! is the right adjoint of the functor 
f+» (recall that f* is the left adjoint functor of fs), ie. 


frHomo, (N, F'M) = Homo, (fN, M), (4.30) 
as bi-functors in M, N. If X and Y admit dualizing sheaves, we also have 
f'wy S wx 


(see [282], Chapter II, Exercises 6.10 and 7.2). 
Applying this to our map 7 : C’ — C, and taking N = Oc, we obtain 


F = mT F. 


It is known that, for any torsion-free sheaves A and B on C’, a morphism 
TA — TB is n.Ocr-linear (see, for example, [36], Lemma 3.1). This im- 
plies that the natural homomorphism 


Home: (A, B) = Home: (TA, TB) (4.31) 


is bijective. This gives 


For any F’ € Tac“ (C”, 
x(F") =d + x(C") 
(in fact, this equality is the definition of the degree d’ of F’, see [404]) 
d = deg nF" =x(m.F') — x(Oc) 


= x(F’) - x(Oc) = d' +x(00) — x(Ocr). 
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Definition 4.2.9 The collection of Oc,,-modules Fy, x£ € Sing(C), is called 
the local type of F ([442]). The global invariant is the isomorphism class of 
Endog (F). 


It follows from Lemma 1.7 in [442] that the global type of F determines 
the isomorphism class of F, up to tensoring with an invertible sheaf. Also it is 
proven in the same Lemma that the global type depends only on the collection 
of local types. 


Lemma 4.2.10 The global types of F and D(F) are isomorphic, and 
T'D(F) S D(r'F). 


Proof The first assertion follows from the fact that the dualizing functor is 
an equivalence of the categories. Taking M = wc in (4.30), we obtain that 
n.(D(r'F)) S D(F). The second assertion follows from (4.31). 














In fact, by Lemma 3.1 from [36], the map 
mt : Jac’ (C’) > Jac” (C) 


is aclosed embedding of projective varieties. 
It follows from the duality that x(F) = —x(D(F)). Thus the functor F > 


D(F) defines an involution Do’ on Tac” C Var and an involution Dc 
on Te), By Lemma 4.2.10, the morphism 7, commutes with the 
involutions. 


Let us describe the isomorphism classes of the local types of F. Let F= 
p—!(F) = p*(F)/torsion. This is an invertible sheaf on C. The canonical map 
F —> p.(p*F) defines the exact sequence 





0>FopF OT 0, (4.32) 


where T is a torsion sheaf whose support is contained in the set of singular 
points of ©. 
The immediate corollary of this is the following. 


Lemma 4.2.11 Forany x €C, 
dime F(x) = mult,C, 


where F(x) denotes the fiber of the sheaf F and mult,C denotes the multi- 
plicity of the point x on C. 


Proof Since the cokernel of F — pF is a torsion sheaf, we have 


dime F(x) = dime F(x) = dime p, (Oe) (x). (4.33) 
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It is clear that the dimension of the fiber of a coherent sheaf is equal to the 
dimension of the fiber over the closed point of the formal completion of Fy. Let 
R (resp. R) denote the formal completion of Oc, ,, (resp. its normalization). We 
know that R = Llyr Ry, where Ry = C/[t]]. Let (u, v) be local parameters in 
R generating the maximal ideal m of R. One can choose the latter isomorphism 


in such a way that the composition of the map R — R with the projection map 
R > R; is given by 


oo 


(u,v) (E, D7 at), 


Jam; 


where m; is the multiplicity of the analytic branch of the curve C correspond- 
ing to the point y over zx. It follows that 


dimc R/m = dime II Ciel) = 5 m; = mult, C. 


i=1 


Thus the last dimension in (4.33) is equal to the multiplicity, and we are done. 














Corollary 4.2.12 Suppose F satisfies (4.26), and hence defines a linear de- 
terminantal representation C = V (det A). Then 


d — rank A(x) = mult,C. 


We denote by ô+ (F) the length of Ts. The length 6,(F) of Tz is the local 
invariant of the Oo „-module Fy (see [264]). Let M be a rank 1 torsion-free 
module over R = Oc, and M = M & Rltorsion. Let Q be the fraction 
field of R. Since M r Q = Q, one can find a fractional ideal isomorphic 
to M. It is known that the isomorphism class of M can be represented by a 
fractional ideal J with local invariant ö(M) = dim M/M contained in R and 
containing the ideal c( R), where e( M) is the conductor ideal of R. This implies 
that local types of F at x with 6,(7) = 6 are parameterized by the fixed locus 
of the group R* acting on the Grassmann variety G(5, R/c.) = G(6, 26) (see 
[264], Remark 1.4, [456], Theorem 2.3 (d)). The dimension of the fixed locus 
is equal to ö,. Thus local types with fixed local invariant ô are parameterized 
by a projective variety of dimension 6. 


Example 4.2.13 Let C” be the proper transform of C under the blow-up of 
the plane at a singular point x € C of multiplicity Mmg. Since it lies on a 
nonsingular surface, C” is a Gorenstein curve. The projection 7 : C” + C is a 
partial normalization. Let F = mOc. Then me", contains the conductor cy 
and c( Fz) = mon, hence 6,(F) = m, — 1 (see [456], p. 219). 
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Let F define a linear determinantal representation C = V (det A). We know 
that D(F) defines the linear representation corresponding to the transpose ma- 
trix "A. The case when F = D(F) corresponds to the symmetric matrix A. 
We assume that rank F = 1, i.e. F is a theta characteristic 6 on C. 

By duality, the degree of a theta characteritic @ is equal to p,(C) — 1 and 
x(0) = 0. We know that each theta characteristic 0 is isomorphic to 7,6’, 
where 6’ is a theta characteristic on the partial normalization of C defined by 
6. Since, locally, End(@’) = Oc, we obtain that 6’ is an invertible sheaf on 
ce. 

Let Jac(X )[2] denote the 2-torsion subgroup of the group Jac(X ) of isomor- 
phism classes of invertible sheaves on a curve X. Via tensor product it acts on 
the set TChar(C) of theta characteristics on C. The pull-back map p* defines 
an exact sequence 


0 => G > Jac(C) > Jac(C) > 0. (4.34) 
The group Jac(C) is the group of points on the Jacobian variety of C, an 
abelian variety of dimension equal to the genus g of C. The group G ~ 
OG /O@ has a structure of a commutative group, isomorphic to the product of 
additive and multiplicative groups of C. Its dimension is equal to ô =), dz. 
It follows from the exact sequence that 


Jac(C)[2] = (Z/2Z)?9°, (4.35) 


where b is equal to the dimension of the multiplicative part of G. It is easy to 
see that 

b = #p_'(Sing(C)) — #Sing(C) = X` (rs — 1). (4.36) 
Proposition 4.2.14 The group Jac(C)|2] acts transitively on the set of theta 
characteristics with fixed global type. The order of the stabilizer subgroup of 


a theta characteristic 0 is equal to the order of the 2-torsion subgroup of the 
kernel of n* : Jac(C) — Jac(C’). 


Proof Let 6,6’ e TChar(C) with the isomorphic global type. Since two 
sheaves with isomorphic global type differ by an invertible sheaf, we have 
6’ = 0 Q L for some invertible sheaf £. This implies 


"BLZ Iw EN OL ' Que EHBL!TEH8L. 


By Lemma 2.1 from [36], 7*F = n*F & £ for some £ € Jac(C) if and only 
if m*L = Oc. This gives n*L? ~ Oc: and hence n*(£L) € Jac(C’)[2]. It 
follows from exact sequence (4.34) (where C is replaced with C”) that Jac(C”) 
is a divisible group, hence the homomorphism p* : Jac(C)[2] — Jac(C’)[2] 
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is surjective. This implies that there exists M € Jac(C)[2] such that 7*(L @ 
M) = Oc. Thus, we obtain 


!BSMEHIRL®BSMEO. 


This proves the first assertion. The second assertion follows from the loc. cit. 
Lemma. 














Corollary 4.2.15 The number of theta characteristics of global type defined 
by a partial normalization 7 : C’ — C is equal to 229+b—b' where b = 


#n—1(Sing(C)) — #Sing(C). 


Recall that a theta characteristic 0 defines a symmetric determinantal repre- 
sentation of C if and only if it satisfies h? (0) = 0. So, we would like to know 
how many such theta characteritics exist. A weaker condition is that h? (0) is 
even. In this case the theta characteristic is called even, the remaining ones are 
called odd. The complete answer on the number of even theta characteristics 
on a plane curve C is not known. In the case when 0 € Jac(C), the answer, 
in terms of some local invariants of singularities, can be found in [277] (see 
also [361] for a topological description of the local invariants). The complete 
answer is known in the case when C has simple (or ADE) singularities. 


Definition 4.2.16 A singular point x € C is called a simple singularity if 
its local ring is formally isomorphic to the local ring of the singularity at the 
origin of one of the following plane affine curves 


ak: £? t+y*1=0, k>1, 
d,:z’yt+y*1=0, k>4 
es : t” +y =), 


e7 : £? + xy? = 0, 





eg : £’ + y5 = 0. 


According to [263], a simple singularity is characterized by the property that 
there are only finitely many isomorphism classes of indecomposable torsion- 
free modules over its local ring. This implies that the set TChar(C) is finite if 
C is a plane curve with only simple singularities. 

The number of even theta characteristics on an irreducible reduced plane 
curve C with only simple singularities is given in the following Theorem from 
[442]. 
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Theorem 4.2.17 The number of invertible even theta characteristics on C is 


aan if C has an Ags41, Das+2, or E7 singularity, 
29+b71(99 4.1) if C has no singularities as above, and has an even number 
of types Ags+2, Ags+3, Ass+4, Das+3, Das+4, Das+5, Ee, 


gatb—l(o9 +1) otherwise. 








The number of non-invertible even theta characteristics on a curve with sim- 

ple singularities depends on their known local types. An algorithm to compute 
them is given in [442]. 
Example 4.2.18 Let C be a plane irreducible cubic curve. Suppose it has an 
ordinary node. This is a simple singularity of type Aı. We have Jac(C) = C* 
and Jac(C)[2] = Z/2Z. The only partial normalization is the normalization 
map. There is one invertible theta characteristic 0; with h°(0,) = 0 and one 
non-invertible theta characteristic 02 ~ p.O@(—1) with h? (82) = 0. It is iso- 
morphic to the conductor ideal sheaf on C. Thus there are two isomorphism 
classes of symmetric determinant representations for C. Without loss of gen- 
erality we may assume that C = V(tot3 + t? + tot7). The theta characteristic 
01 defines the symmetric determinantal representation 


0 tə ty 
tot? +42 + tot? = det |t2 —to—-tı 0 
ty 0 —to 


Observe that rank A(x) = 2 for all points x € C. The theta characteristic 02 
defines the symmetric determinantal representation 


-to 0 -t 
tot? +E + tot? =det | 0 =t —tə 
-t -t h 


The rank of A(x) is equal to 1 for the singular point x = [1, 0, 0] and equals 2 
for other points on C. 

Assume now that C is a cuspidal cubic with equation V (tot3 + t3). There 
are no invertible theta characteristics and there is only one non-invertible. It is 
isomorphic to the conductor ideal sheaf on C. It defines the symmetric linear 
determinantal representation 


0 =t -ti 
tot? +t} = det | -t2 -tı 0 
- 0 to 


Remark 4.2.19 We restricted ourselves with irreducible curves. The case of 
reducible nodal curves was studied in [71]. 
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4.2.5 Linear determinantal representations of surfaces 


Let S be a normal surface of degree d in P?. We are looking for an an aCM 
sheaf F on P? with scheme-theoretical support equal to S. We also require that 
F is of rank 1 and satisfies the additional assumption (4.23) 


H°(P?, F(-1)) = H?(P?, F(—2)) = 0. (4.37) 


Every such F will define a linear determinantal representation f = det A 
defined by the resolution (4.14) of F such that rank A(x) = d— 1 for a general 
point on S. 

Since the exact sequence (4.14) implies that F is generated by its global 
sections, we see that F = Os(C) for some effective Weil divisor C. By taking 
a general section of F and applying Bertini’s Theorem, we may assume that C' 
is an integral curve, nonsingular outside Sing(S). 

Recall that, as an aCM sheaf, F satisfies the cohomological condition 


H'(P?,F(j)) =0, j €Z. (4.38) 


Let s be a nonzero section of F whose zero subscheme is an integral curve such 
that F = Og(C). The dual of the map Os È £ defines an exact sequence 


0 + FY(j) + Os(Z) > Ocli) > 0. (4.39) 
By Serre’s Duality, 
H? (S, FY (j)) S H"(S,F(-j) 8 ws) = H'(S,F(d—4- j)) =0. 
Applying cohomology, we obtain that the restriction map 
H? (S, Os(j)) > H° (C, Oo(3)) (4.40) 


is surjective for all 7 € Z. Recall that, by definition, this means that C' is 
projectively normal in P?. Conversely, if C is projectively normal, we obtain 
(4.38). 

Before we state the next Theorem we have to remind ourselves some facts 
about the intersection theory on a normal singular surface (see [403]). 

Let o : S’ — S bea resolution of singularities that we always assume to be 
minimal. Let € = %_,. E; be its reduced exceptional locus. For any curve C 
on S we denote by o~+(C) the proper transform of C and define 


ao* (C) =a (C) + 5 ni Ei, 
icl 


where n; are rational numbers uniquely determined by the system of linear 
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equations 


0=0*C)- Ei = n7t (C) - Ej +) nE: -E;=0,jel. 
iel 


Now we define the intersection number C - C” of two curves $ by 
C- C := o* (C) - o* (C"). 


This can be extended by linearity to all Weil divisors on S. It coincides with 
the usual intersection on the subgroup of Cartier divisors. Also it depends only 
on the equivalence classes of the divisors. 

Recall that S admits a dualizing sheaf wg. It is a reflexive sheaf of rank 1, 
hence determines the linear equivalence class of a Weil divisors denoted by 
Ks (the canonical class of S). It is a Cartier divisor class if and only if S is 
Gorenstein (as it will be in our case when S is a hypersurface). We have 


Kg = o* (Ks) +A, 


where A = IE q a4; is the discrepancy divisor. The rational numbers a; are 
uniquely determined from linear equations 


Kg + Ry =) Bi: Ej, jEr 
ter 


For any reduced irreducible curve C on S' define 
As(C) := -1(0*(C) - o-1(0))? + 4o-1(0) A 6, 


where ô = h°(p*O@/Oc) is our familiar invariant of the normalization of C. 
The following results can be found in [44]. 


Proposition 4.2.20 For any reduced curve C on S and a Weil divisor D let 
Oc(D) be the cokernel of the natural injective map Os(D — C) > O(D) 
extending the similar map on S \ Sing( S). Then 


(i) C ++ Ag(C) extends to a homomorphism WDiv(S)/Div(S) — Q 
which is independent of a resolution; 
(ii) x(Oc(D)) = x(Oc) +C- D — 2Ag(C); 
(iii) —2x(Oc) = C? +C - Ks — 2As(C). 
Example 4.2.21 Assume that S has only ordinary double points. Then a 


minimal resolution ø : S’ — S has the properties that A = 0 and E = 
Eı +.---+ Ex, where k is the number of singular points and each Æ; is a 
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smooth rational curves with Æ; - Ks, = 0 (see more about this in Chapter 8). 
Let o=!(C) - Ei = m;. Then easy computations show that 


a*(C) 


o\(C) + >» m;Ei, 
i=1 


=o (CP +4) m, 
C- Ks 


1 
As(O)=7 Som? 6. 


II 

qa 
is 
S 
N 

B 


Now we are ready to state and to prove the following theorem. 


Theorem 4.2.22 Let F be an aCM sheaf of rank 1. Then F defines a lin- 
ear determinantal representation of S if and only if F > Og(C) for some 
projectively normal integral curve C with 





ea ee a 2)(d — 3)(2d + 1). 


Proof Suppose F defines a linear determinantal representation of S. Then it 
is an aCM sheaf isomorphic to Os(C) for some integral projectively normal 
curve C, and satisfies conditions (4.37) and (4.38). 
We have 
x(F(-1)) = P(F(-1)) - AF (-1)) + R? (F(-1)). 
By (4.37) and (4.38), the right-hand side is equal to h?(#(—1)). Let H be a 


general plane section of S and 


0 > Os( H) >» Os > Oy 7 0 (4.41) 





be the tautological exact sequence defining the ideal sheaf of H. Tensoring it 
by F(-1), we obtain an exact sequence 


0>F-2) > F(-1) > F(-1) ® Og > 0. 


It shows that the condition h?(F(-2)) = 0 from (4.37) implies h?(F(—1)) = 
0, hence 





x(F(-1)) = 0. (4.42) 
Similar computation shows that 


x(F(-2)) = 0. (4.43) 
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Tensoring the exact sequence (4.41) by Os(C — H), we obtain an exact 
sequence 


0 > F(-2) > F(-1) > Oy(C — H) > 0. 





Applying the Riemann-Roch Theorem to the sheaf O y (C — H) on H, we get 
deg Ou(C — H) = degC — d = x(On(C — H)) — x(On) 


= x(F(-1)) — x(F(-2)) - x(0n) = —x(Ox). 





This gives 
degC = d — (Oy) =d-1+3(d-1)(d-2) = $d(d- 1), 





as asserted. 
Applying Proposition 4.2.20 (ii), we get, 


x(Oc)=-C-C +C- H +x(Oc(C -— H))+2As(C) 

= deg C — C? + x(Oc(C — H)) + 2As(C). 
By Proposition 4.2.20 (iii), 
C? = -C-Ks-2x(Oc)+2As(C) = —(d—4) deg C—2y(Oc)+2As(C), 
hence 

—x(Oc) = (d — 3) deg C + x(Oc(C - H)). 
The exact sequence 

0 > Os(—H) > Os(C — H) > Oc(C —- H) > 0 
gives 
x(Oc(C — H)) = x(F(-1)) = x(Os(-1)) = -x(@s(-1)). 


Easy computations of the cohomology of projective space gives 


x(Os(-0) = (5). 


Combining all together, we obtain 








pa(C) = 1- x(00) = 1+ }ald- 1)d-3) - Fad 1)(4-2) 


1 
6 
as asserted. We leave it to the reader to reverse the arguments and prove the 
converse. 


(d — 2)(d- 3)(2d + 1), 
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Example 4.2.23 We will study the case of cubic surfaces in more detail in 
Chapter 9. Let us consider the case of quartic surfaces. Assume first that 5 
is nonsingular. Then F = Og(C), where C is a projectively normal smooth 
curve of degree 6 and genus 3. The projective normality is equivalent to the 
condition that C is not hyperelliptic (Exercise 4.10). We also have h? (Ox (C)) 
= 4. According to Noether’s Theorem, the Picard group of a general surface of 
degree > 4 is generated by a plane section. Since a plane section of a quartic 
surface is of degree 4, we see that a general quartic surface does not admit 
a determinantal equation. The condition that X contains a curve C as in the 
above imposes one algebraic condition on the coefficients of a quartic surface 
(one condition on the moduli of quartic surfaces). 

Suppose now that S contains such a curve. By (4.18), the transpose deter- 
minantal representation C = det ‘A is defined by the sheaf G S FY(3) = 
Os(3H — C), where H is a plane section of S. We have two maps [: S — 
P?,r : S — P? defined by the complete linear systems |C| and |3H — C]. 
Since C? = —C - Ks — 2x(Oc) = 4, the images are quartic surfaces. We will 
see later, in Chapter 7, that the two images are related by a Cremona transfor- 
mation from |UY| = |C|Y to |VY| = |3H — C|“. 

We will find examples with singular surface S in the next Subsection. 


4.2.6 Symmetroid surfaces 


These are surfaces in P? which admit a linear determinantal representation 
S = V(det A) with symmetric matrix A. The name was coined by A. Cayley. 

According to our theory the determinantal representation is given by an aCM 
sheaf F satisfying 


F&F’ (d-1). (4.44) 


For example, if S is a smooth surface of degree d, we have F = Og(C) and we 
must have C ~ (d—1)H — C, where H is a plane section. Thus, numerically, 
C = $(d—1)H, and we obtain C? = ¢d(d—1)?,C- Ks = $d(d—1)(d—4), 
and pa(C) = 1+ 2d(d — 1)(d — 3). It is easy to see that it disagrees with 
the formula for pa(C) for any d > 1. A more obvious reason why a smooth 
surface cannot be a symmetroid is the following. The codimension of the locus 
of quadrics in P? of corank > 2 is equal to 3. Thus each three-dimensional 
linear system of quadrics intersects this locus, and hence at some point x € S 
we must have rank A(x) < d— 2. Since our sheaf F is an invertible sheaf, this 
is impossible. 

So we have to look for singular surfaces. Let us state the known analog of 
Theorem 4.2.1 in the symmetric case. 
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Theorem 4.2.24 Let Sym,, be the space of symmetric matrices of size m and 
Sym, (r) be the subvariety of matrices of rank 1 < r < m. 


e Sym,,, (1) is an irreducible Cohen-Macaulay subvariety of codimension 
$(m—r)(m—r +1); 
Sing(Sym,,(r)) = Sym,,,(r = 1); 


ord 


deg Sing(Sym,,,(r)) = I lo<i<m-r-ı “CaN 


t 


For example, we find that 


deg Q2(2) = 4, degQa-ı(2) = (‘ ) (4.45) 
Thus, we expect that a general cubic symmetroid has four singular points, a 
general quartic symmetroid has 10 singular points, and a general quintic sym- 
metroid has 20 singular points. 

Note that a symmetroid surface of degree d is the Jacobian hypersurface of 
the web of quadrics equal to the image of the map ¢ : P? + Qu defined by 
the determinantal representation. We identify || with a web W of quadrics 
in P(U). The surface S is the discriminant hypersurface D(|E|) of W. The 
left kernel map I: S --+ Pd”! given by |Os(C)| maps $ onto the Jacobian 
surface Jac(| E|) in P(U). |E] is a regular web of quadrics if | Æ| intersects the 
discriminant hypersurface of quadrics in P(U) transversally. In this case we 
have the expected number of singular points on S, and all of them are ordinary 
nodes. The surface S admits a minimal resolution o : $ := D(|E|) > S. The 
map I = fo ø`}, where I: $ — Jac(|E|). The map is given by the linear 
system |o~!(C)|. The Jacobian surface is a smooth surface of degree equal to 
a (Gy. 


Proposition 4.2.25 Let S’ be the Jacobian surface of |E 
under the right kernel map x. Assume that |E| is a regular web of quadrics. 


Then Pic(S") contains two divisor classes n,h such that h? = d,n? = (3). 





, the image of S 


and 
k 


2n = (d — 1)h - X` E;, 


i=1 
where E; are exceptional curves of the resolution o : $S — S. 


Proof We identify S’ with the resolution Š by means of the map t. We take 
h = o*(O\g)(1)) and n to be t* (Os (1)). We follow the proof of Proposition 
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4.1.7 to show that, under the restriction |Op«wy(2)| > |Os’(2)]|, the web of 
quadrics || in |Op(oy(2)| is identified with the linear system of polars of S. 
This is a sublinear system in |Os(d — 1)]. Its preimage in S is contained in 
the linear system |(d — 1)h — sun E;|. It is clear that h? = d. It follows 
from Proposition 4.2.24, that 47? = (d — 1)?d — 27). This easily gives the 
asserted value of 77. 














Corollary 4.2.26 
deg S’ = n? = (9). 
Using the adjunction formula, we find 


2pa(n)—2 = ng +n: Ks = 1° + 5d(d—1)(d—4) = (§) +3d(d-1)(d-4) 


= „did -1)(2d- 7). 


This agrees with the formula for p.(C') in Theorem 4.2.22. 

It follows from the Proposition that the theta characteristic 0 defining the 
symmetric determinantal representation of S is isomorphic to Os(C), where 
C = 0,(D) for D € |n|. We have Og(C)®? = Os(d — 1) outside Sing(S). 
This gives 017] S Og(d— 1). 


Remark 4.2.27 Suppose dis odd. Let 
€:= $(d—-1)h—7. 
Then un E; ~ 2€. If dis even, we let 


€:= ldh-n. 


2 


Theh+ or E; ~ 2£. So, the set of nodes is even in the former case and 
weakly even in the latter case (see [69]). The standard construction gives a 
double cover of S’ ramified only over nodes if the set is even and over the 
union of nodes and a member of |A] if the set is weakly even. 


The bordered determinant formula (4.10) for the family of contact curves 
extends to the case of surfaces. It defines a (d — 1)-dimensional family of 
contact surfaces of degree d — 1. The proper transform of a contact curve in S” 
belongs to the linear system |n]. 


Example 4.2.28 We will consider the case d = 3 later. Assume d = 4 and 
the determinantal representation is transversal, i.e. S' has the expected number 
10 of nodes. Let $’ be its minimal resolution. The linear system 7 consists 
of curves of genus 3 and degree 6. It maps S’ isomorphically onto a quartic 
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surface in P’, the Jacobian surface of the web of quadrics defined by the de- 
terminantal representation. The family of contact surfaces is a 3-dimensional 
family of cubic surfaces passing through the nodes of S and touching the sur- 
face along some curve of genus 3 and degree 6 passing through the nodes. The 
double cover corresponding to the divisor class € is a regular surface of general 
type with py = 1 and cœ? = 2. 

Consider the linear system |2h — Eı| on S”. Since (h — E1)? = 2, it de- 
fines a degree 2 map onto P?. Since (2h — E;) - E; = 0,i > 10, the curves 
E;,i 4 1, are blown down to points. The curve R; is mapped to a conic K on 
the plane. One can show that the branch curve of the cover is the union of two 
cubic curves and the conic K is tangent to both of the curves at each intersec- 
tion point. Conversely, the double cover of the plane branched along the union 
of two cubics, which both everywhere are tangent to a nonsingular conic, is 
isomorphic to a quartic symmetroid (see [132]). We refer to Chapter 1 where 
we discussed the Reye varieties associated to n-dimensional linear systems of 
quadrics in P”. In the case of the quartic symmetroid parameterizing singular 
quadrics in a web of quadrics in P, the Reye variety is an Enriques surface. 

Assume d = 5 and S has expected number 20 of nodes. The linear system 
7 consists of curves of genus 11 and degree 10. It maps S’ isomorphically 
onto a surface of degree 10 in P+, the Jacobian surface of the web of quadrics 
defined by the determinantal representation. The family of contact surfaces 
is a 4-dimensional family of quartic surfaces passing through the nodes of S 
and touching the surface along some curve of genus 11 and degree 10 passing 
through the nodes. The double cover X of S branched over the nodes is a 
regular surface of general type with pg = 4 and c? = 10. It is easy to see 
that the canonical linear system on X is the preimage of the canonical linear 
system on S. This gives an example of a surface of general type such that the 
canonical linear system maps the surface onto a canonically embedded normal 
surface, a counter-example to Babbage’s conjecture (see [69]). 


Exercises 


4.1 Find explicitly all equivalence classes of linear determinantal representations of a 
nodal or a cuspidal cubic. 


4.2 Show that a general binary form admits a unique equivalence class of symmetric 
determinantal representations. 


4.3 The following problems lead to a symmetric determinantal expression of a plane 
rational curve [347]. 


(i) Show that, for any two degree d binary forms p(uo, u1) and q(uo, u1), there 
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exists a unique dx d symmetric matrix B (p, q) = (bij) whose entries are bilinear 

functions of the coefficients of p and q such that 

pluo, un)g(vo, 01) —q(uo, uı)p(vo, v1) = (uovı -uvo) I | bijuou‘ viot. 

(ii) Show that the determinant of B (p, q) (the bezoutiant of p, q) vanishes if and only 
if the two binary forms have a common zero. 

(iii) Let po, pı, p2 be three binary forms of degree d without common zeros and C be 
the image of the map P+ — P?, [uo, u1] œ> [po(uo, u1), pı (uo, u1), p2(uo, u1)]. 
Show that C is given by the equation f(to,tı,t2) = |B(topı — tipo, tope — 
tepo)| = 0. 

(iv) Prove that f = |to B(p1, p2) — t1 B(to, t2) — taB(to,tı)| and any symmetric 
determinantal equation of C is equivalent to this. 


4.4 Let C = V(f) be a nonsingular plane cubic, pı, p2,p3 be three non-collinear 
points. Let (Ao, Ai, A2) define a quadratic Cremona transformation with fundamental 
points p1, p2, p3. Let qi, g2,q3 be another set of three points such that the six points 
P1, P2, P3, V1; 92, q3 are cut out by a conic. Let (Bo, Bi, B2) define a quadratic Cre- 
mona transformation with fundamental points q1, q2, q3. Show that 


AoBo AoBı AoBa 
FS det adj AıBo AiBi Ai Be 
A2Bo AaBı AsBa 


is a determinantal equation of C. 

4.5 Find determinantal equations for a nonsingular quadric surface in P°. 

4.6 Let E C Mata be a linear subspace of dimension 3 of the space of d x d matrices. 
Show that the locus of points x € P?" such that there exists A € E such that Ax = 0 
is defined by (3) equations of degree 3. In particular, for any determinantal equation of 
a curve C, the images of C under the maps t : P? — P@"! and I: P? — P@”! are 
defined by such a system of equations. 

4.7 Show that the variety of nets of quadrics in P” whose discriminant curve is singular 
is reducible. 

4.8 Let C = V(det A) be a linear determinantal representation of a plane curve C 
of degree d defiined by a rank 1 torsion-free sheaf F of global type 7 : C’ > C. 
Show that the rational map |: C > P@"!,2 ++ |N(A(z))| extends to a regular map 
CS pet. 

4.9 Let C be a non-hyperelliptic curve of genus 3 and degree 6 in P’. 


(i) Show that the homogeneous ideal of C in P? is generated by four cubic polyno- 
mials fo; fi, fe; fs. 

(ii) Show that the equation of any quartic surface containing C can be written in the 
form >> l; fi = 0, where l; are linear forms. 

(iii) Show that (fo, fı, fe, fs) define a birational map f from P? to P*. The image 
of any quartic containing C is another quartic surface. 


4.10 Show that a curve of degree 6 and genus 3 in P? is projectively normal if and only 
if it is not hyperelliptic. 


4.11 Let C be a nonsingular plane curve of degree d and Lo € Pic9~*(C) with 
h? (Lo) # 0. Show that the image of C under the map given by the complete linear 
system £o(1) is a singular curve. 
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4.12 Let 0 be a theta characteristic on a nonsingular plane curve of degree d with 
h°(@) = 1. Show that the corresponding aCM sheaf on P? defines an equation of C 
expressed as the determinant of a symmetric (d — 1) x (d — 1) matrix (a;;(t)), where 
aij (t) are of degree 1 for 1 < i,j < d — 3, aı,(t) are of degree 2, and aa-ıa-ı(t) is 
of degree 3 [37]. 


4.13 Let S = V (det A) be a linear determinantal representation of a nonsingular quar- 
tic surface in P*. Show that the four 3 x 3 minors of the matrix B obtained from A by 
deleting one row define the equations of a projectively normal curve of degree 6 and 
genus 3 lying on S. 


4.14 Show that any quartic surfaces containing a line and a rational normal cubic not 
intersecting the line admits a determinantal representation. 


4.15 Show that the Hessian hypersurface of a general cubic hypersurface in P* is hyper- 
surface of degree 5 whose singular locus is a curve of degree 20. Show that its general 
hyperplane section is a quintic symmetroid surface. 


4.16 Let C be a curve of degree N(d) = d(d — 1)/2 and arithmetic genus G(d) = 
2 (d — 2)(d — 3)(2d + 1) on a smooth surface of degree d in P®. Show that the linear 
system |Os(—C)(d)| consists of curves of degree N(d + 1) and arithmetic genus 
G( : 


d+1) 


4.17 Let S be a general symmetroid quintic surface in P? and |L| be the linear system 
of projectively normal curves of degree 10 and genus 11 that defines a symmetric linear 
determinantal representation of S and let S’ be the image of $ under the rational map 
& : P? — P@ = |Oc|Y. Let W be the web of quadrics defining the linear determinantal 
representation of S. Consider the rational map T : P! --+ P^ defined by sending 
a point x € P* to the intersection of polar hyperplanes P,(Q),Q € W. Prove the 
following assertions (see [571]. 


(i) The fundamental locus of T (where T is not defined) is equal to S”. 

(ii) The image of a general hyperplane H is a quartic hypersurface X p. 

(iii) The intersection of two such quartics Xy and X p is equal to the union of the 
surface $’ and a surface F of degree 6. 

(iv) Each 4-secant line of C contained in H (there are 20 of them) is blown down 
under T to 20 nodes of Xz. 


4.18 Let pi,..., ps be five points in P? in general linear position. Prove the following 
assertions (see [572]). 


(i) Show that one can choose a point qi; on the line pipz such that the lines 91934, 
D245, P3925; Paqi2, P5q23 form a closed space pentagon. 

(ii) Show that the union of five lines p;p; and five lines defined in (i) is a curve of 
arithmetic genus 11. 

(ii) Show that the linear system of quartic surfaces containing the 10 lines maps P? 
to a quartic hypersurface in P* with 45 nodes (the Burhardt quartic threefold). 





4.19 Show that the equivalence classes of determinantal representations of plane curve 
C of degree 2k with quadratic forms as entries correspond to aCM sheaves on C satis- 
fying h°(F(—1)) = 0 and F(— ¿d — 2)” = F(-3(d-2)). 





4.20 Show that the union of d different hyperplanes in P” always admits a unique 


equivalence class of symmetric linear determinant representations. 
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Historical Notes 


Apparently, O. Hesse was the first to state clearly the problem of representation 
of the equation of a hypersurface as a symmetric determinant of linear forms 
[291]. He was able to do it for plane curves of order 4 [292]. He also showed 
that it can be done in 36 different ways corresponding to 36 families of contact 
cubics. For cubic curves the representation follows from the fact that any cubic 
curve can be written in three ways as the Hessian curve. This fact was also 
proven by Hesse [288], p. 89. The fact that a general plane curve of degree d 
can be defined by the determinant of a symmetric d x d matrix with entries 
as homogeneous linear forms was first proved by A. Dixon [169]. Dixon’s 
result was reproved later by J. Grace and A. Young[258]. Modern expositions 
of Dixon’s theory were given by A. Beauville [33] and A. Tyurin [566], [567]. 

The first definition of non-invertible theta characteristics on a singular curve 
was given by W. Barth. It was studied for nodal planes curves by A. Beauville 
[33] and F. Catanese [71], and for arbitrary singular curves of degree < 4, by 
C.T.C. Wall [594]. 

It was proved by L. Dickson [166] that any plane curve can be written as 
the determinant of not necessarily symmetric matrix with linear homogeneous 
forms as its entries. The relationship between linear determinantal represen- 
tations of an irreducible plane curve of degree d and line bundles of degree 
d(d — 1)/2 was first established in [126]. This was later elaborated by V. Vin- 
nikov [592]. A deep connection between linear determinantal representations 
of real curves and the theory of colligations for pairs of commuting operators 
in a Hilbert space was discovered by M. Lifšic [364] and his school (see [365]). 


The theory of linear determinantal representation for cubic surfaces was de- 
veloped by L. Cremona [144]. Dickson proves in [166] that a general homo- 
geneous form of degree d > 2 in r variables cannot be represented as a linear 
determinant unless r = 3 or r = 4,d < 3. The fact that a determinantal repre- 
sentations of quartic surfaces is possible only if the surface contains a projec- 
tively normal curve of genus 3 and degree 6 goes back to F. Schur [506]. How- 
ever, it was A. Coble who was the first to understand the reason: by Noether’s 
theorem, the Picard group of a general surface of degree > 4 is generated by 
a plane section [121], p. 39. The case of quartic surfaces was studied in de- 
tail in a series of papers of T. Room [475]. Quartic symmetroid surfaces were 
first studied by A. Cayley [89]. They appear frequently in algebraic geome- 
try. Coble’s paper [119] studies (in a disguised form) the group of birational 
automorphisms of such surfaces. There is a close relationship between quartic 
symmetroids and Enriques surfaces (see [132]. M. Artin and D. Mumford [17] 
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used quartic symmetroids in their celebrated constru ction of counter-examples 
to the Lüroth Problem. A modern theory of symmetroid surfaces can be found 
in papers of A. Beauville [37] and F. Catanese [69]. 

We refer to [37] for a comprehensive survey of modern theory of determi- 
nantal representations of hypersurfaces based on the theory of aCM sheaves. 
One can find numerous special examples of determinantal representations in 
this paper. We followed this exposition in many places. 

In classical algebraic geometry, a determinantal representation was consid- 
ered as a special case of a projective generation of subvarieties in a projective 
space. It seems that the geometric theory of determinantal varieties started from 
the work of H. Grassmann in 1856 [262], where he considers the projective 
generation of a cubic surface by three collinear nets of planes. Grassmann’s 
construction was greatly generalized in a series of papers of T. Reye [467]. In 
the last paper of the series he studies curves of degree 10 and genus 11 which 
lead to linear determinantal representation of quintic surfaces. 

Algebraic theory of determinantal varieties started from the work of F. S. 
Macaulay [373], where the fact that the loci of rank < r square matrices are 
Cohen-Macaulay varieties can be found. The classical account of the theory 
of determinantal varieties is T. Room’s monograph [476]. A modern treatment 
of determinantal varieties can be found in several books [10], [231], [267]. 
The book by W. Bruns and U. Vetter [58] gives a rather complete account of 
the recent development of the algebraic theory of determinantal ideals. The 
formula for the dimensions and the degrees of determinantal varieties in the 
general case of m x n matrices and also symmetric matrices goes back to C. 
Segre [522] and G. Giambelli [244], [245]. 


5 


Theta characteristics 


5.1 Odd and even theta characteristics 


5.1.1 First definitions and examples 


We have already dealt with theta characteristics on a plane curves in the previ- 
ous Chapter. Here we will study theta characteristics on any nonsingular pro- 
jective curve in more detail. 

It follows from the definition that two theta characteristics, considered as 
divisor classes of degree g — 1, differ by a 2-torsion divisor class. Since the 
2-torsion subgroup Jac(C)[2] is isomorphic to (Z/2Z)?9, there are 2?9 theta 
characteristics. However, in general, there is no canonical identification be- 
tween the set TChar(C’) of theta characteristics on C and the set Jac(C) [2]. 
One can say only that TChar(C) is an affine space over the vector space of 
Jac(C) [2] = F3. 

There is one more structure on TChar(C’) besides being an affine space over 
Jac(C)[2]. Recall that the subgroup of 2-torsion points Jac(C’)[2] is equipped 
with a natural symmetric bilinear form over Fa, called the Weil pairing. It is 
defined as follows (see [10], Appendix B). Let e,e’ be two 2-torsion divi- 
sor classes. Choose their representatives D, D’ with disjoint supports. Write 
div(¢) = 2D,div(¢’) = 2D’ for some rational functions & and ¢’. Then 
a = +1. Here, for any rational function ¢ defined at points x;, (2; vi) = 
;®(z:). Now we set 








0 otherwise. 


le.) = t if $(D’)/¢'(D) =-1, 


Note that the Weil pairing is a symplectic form, i.e. satisfies (e,e) = 0. One 
can show that it is a nondegenerate symplectic form (see [406]). 
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For any 9 € TChar(C), define the function 
qo : Jac(C)[2] — Fa, € > h°(9 + €) + R? (8). 
The proof of the following Theorem can be found in [10], p. 290). 


Theorem 5.1.1 (Riemann-Mumford Relation) The function qo is a quadratic 
form on Jac(C)[2] whose associated symmetric bilinear form is equal to the 
Weil pairing. 


Later we shall see that there are two types of quadratic forms associated to 
a fixed nondegenerate symplectic form: even and odd. They agree with our 
definition of an even and odd theta characteristic. The number of even (odd) 
theta characteristics is equal to 29~1(29 + 1) (2971 (29 — 1)). 

An odd theta characteristic 0 is obviously effective, i.e. h? (9) > 0. If C is a 
canonical curve, then divisor D € || satisfies the property that 2D is cut out 
by a hyperplane H in the space |Kc|“, where C is embedded. Such a hyper- 
plane is called a contact hyperplane. It follows from the above that a canonical 
curve either has 29~!(29—1) contact hyperplanes or infinitely many. The latter 
case happens if and only if there exists a theta characteristic 9 with A? (9) > 1. 
Such a theta characteristic is called a vanishing theta characteristic. An exam- 
ple of a vanishing odd theta characteristic is the divisor class of a line section 
of a plane quintic curve. An example of a vanishing even theta characteristic is 
the unique g} on a canonical curve of genus 4 lying on a singular quadric. 

The geometric interpretation of an even theta characteristic is more subtle. 
In the previous Chapter we related theta characteristics, both even and odd, 
to determinantal representations of plane curves. The only known geometrical 
construction related to space curves that I know is the Scorza construction of a 
quartic hypersurface associated to a canonical curve and a non-effective theta 
characteristic. We will discuss this construction in Section 5.5. 





5.1.2 Quadratic forms over a field of characteristic 2 


Recall that a quadratic form on a vector space V over a field K is a map q : 
V > K such that g(av) = a?q(v) for any a € K and any v € V, and the map 


bh: V xV >K, (v,w)+ g(v+w)- g(v) - dw) 


is bilinear (it is called the polar bilinear form). We have b,(v,v) = 2q(v) for 
any v € V. In particular, q can be reconstructed from b, if char(K) 2. In 
the case when char(K) = 2, we get b,(v,v) = 0, hence b, is a symplectic 
bilinear form. Two quadratic forms q, q’ have the same polar bilinear form if 
and only if q — q’ = l, where I(v + w) = I(v) + I(w), [(av) = a?l(v) for any 
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v,w € V,a € K. If K is a finite field of characteristic 2, V is a linear form on 
V, and we obtain 


bg = by q= HE (5.1) 


for a unique linear form £ : V > K. 

Let eı,...,e„ be a basis in V and A = (a;,;) = (b,(ei,e;)) be the matrix 
of the bilinear form b,. It is a symmetric matrix with zeros on the diagonal if 
char(K) = 2. It follows from the definition that 


n n 
ud, Tiei) = Y > xzq(ei) + 5 LiZjaij. 
i=1 i=l 


1<i<j<n 


The rank of a quadratic form is the rank of the matrix A of the polar bilinear 
form. A quadratic form is called nondegenerate if the rank is equal to dim V. 
In coordinate-free way this is the rank of the linear map V — VY defined by 
bg. The kernel of this map is called the radical of b4. The restriction of q to the 
radical is identically zero. The quadratic form q arises from a nondegenerate 
quadratic form on the quotient space. In the following we assume that q is 
nondegenerate. 

A subspace L of V is called singular if q|L = 0. Each singular subspace is 
an isotropic subspace with respect to bg, i.e. bg(v,w) = 0 for any v,w € E. 
The converse is true only if char(K) 4 2. 

Assume char(K) = 2. Since b, is a nondegenerate symplectic form, n = 2k, 


and there exists a basis €1,..., €n in V such that the matrix of bq is equal to 
On Ir 
Jk = 5 5.2 
k f a (5.2) 


We call such a basis a standard symplectic basis. In this basis 


n n k 
ud, Tiei) = >, x}q(ei) + 5 Tili+k- 
i=1 i=1 i=1 


Assume, additionally, that K* = K*?, i.e., each element in K is a square (e.g. 
K is a finite or algebraically closed field). Then, we can further reduce q to the 
form 


2k n k 
ad, Tiei) = DD aizi)? + 5 XiTi (5.3) 
i=1 i=1 i=l 


where q(e;) = aĉ, i = 1,...,n. This makes (5.1) more explicit. Fix a non- 


degenerate symplectic form (,) : V x V — K. Each linear function on V is 
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given by £(v) = (v, n) for a unique n € V. By (5.1), two quadratic forms q, q’ 
with the polar bilinear form equal to (,) satisfy 


glv) = q'(v) + (v, n)? 


for a unique n € V. Choose a standard symplectic basis. The quadratic form 
defined by 


2k k 
MO Tiei) = > UiLitk 
I=1 i=1 


has the polar bilinear form equal to the standard symplectic form. Any other 
form with the same polar bilinear form is defined by 


q(v) = golv) + (vq), 


where 


2k 
Ng = > vgle)eı- 


From now on, K = Fs, the field of two elements. In this case a? = a for any 


a € Fa. Formula (5.1) shows that the set Q(V ) of quadratic forms associated to 
the standard symplectic form is an affine space over V with addition g+7,q € 
Q(V),ne V, defined by 


(a +n)w) =q) + (v,) =a +n) + a(n). (5.4) 


The number 


Arf(q) = X` glei)g(ei+k) (5.5) 
i=1 

is called the Arf invariant of q. One can show that it is independent of the 
choice of a standard symplectic basis (see [268], Proposition 1.11). A quadratic 

form q € Q(V) is called even (resp. odd) if Arf(q) = 0 (resp. Arf(q) = 1). 
If we choose a standard symplectic basis for b, and write q in the form 

qo + Mq, then we obtain 
k 

Arf(q) =) aici+n = qola) = (mM): (5.6) 


i=1 


In particular, if q! = q +v = qo + Ma + v, 


Arf(q’) + Arf(q) = g0(ng + v) + qola) = golv) + w, n) =q). (5.7) 
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It follows from (5.6) that the number of even (resp. odd) quadratic forms is 
equal to the cardinality of the set gp '(0) (resp. qg ‘(1)). We have 


lao (0)| = 25728 +1), Io *(1)| = 2-74 (2* — 1). (5.8) 


This is easy to prove by using induction on k. 
Let Sp(V) be the group of linear automorphisms of the symplectic space V. 
If we choose a standard symplectic basis then 


Sp(V) S Sp(2k, Fo) = {X € GL(2k) (Fo) : X - Ip X = Jp}. 
It is easy to see by induction on k that 
|Sp(2k, F2)| = 2° (2°* — 1)(2?4-2 — 1)... (2? — 1). (5.9) 


The group Sp(V) has two orbits in Q(V), the set of even and the set of odd 
quadratic forms. An even quadratic form is equivalent to the form go and an 
odd quadratic form is equivalent to the form 


qı = Go + €k + €2k, 


where (€1,..., €2%) is the standard symplectic basis. Explicitly, 
2k k 
qı (>, Tiei) = Xo Zifi+k + r? + Taps 
i=1 i=1 


The stabilizer subgroup Sp(V)* (resp. Sp(V)~) of an even quadratic form 
(resp. an odd quadratic form) is a subgroup of Sp(V) of index 2*—-1(2* + 
1) (resp. 2-1(2* — 1)). If V = F3* with the symplectic form defined by 
the matrix Jg, then Sp(V)* (resp. Sp(V)~) is denoted by O(2k, F2)* (resp. 
O(2k, F2)~). 


5.2 Hyperelliptic curves 


5.2.1 Equations of hyperelliptic curves 


Let us first describe explicitly theta characteristics on hyperelliptic curves. Re- 
call that a hyperelliptic curve of genus g is a nonsingular projective curve X 
of genus g > 1 admitting a degree 2 map y : C > Pt. By Hurwitz formula, 
there are 2g + 2 branch points pı, .. . , P2g+2 in P!. Let fog+2(to, ti) be a bi- 
nary form of degree 2g + 2 whose zeros are the branch points. The equation of 
C in the weighted projective plane P(1, 1, g + 1) is 


t + fog+2(to, t1) = 0. (5.10) 
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Recall that a weighted projective space P(q) = P(qo, . . - , qn ) is defined as the 
quotient C”+! \ {0}/C*, where C* acts by 


t: [z0,---,2n] > [E20,...,t zn]. 
A more general definition of P(q) which works over Z is 
P(q) zZ Proj Z[To, un Th], 


where the grading is defined by setting deg T; = qi. Here q = (qo, . : - , qn ) are 
integers > 1. We refer to [175] or [311] for the theory of weighted projective 
spaces and their subvarieties. Note that a hypersurface in P(q) is defined by 
a homogeneous polynomial where the unknowns are homogeneous of degree 
qi. Thus Equation (5.10) defines a hypersurface of degree 2g + 2. Although, in 
general, P(q) is a singular variety, it admits a canonical sheaf 


we(q) = Oea) (lal), 


where |q| = g0+: : :+9n Here the Serre sheaves are understood in the sense of 
theory of projective spectrums of graded algebras. There is also the adjunction 
formula for a hypersurface X C P(q) of degree d 


wx = Ox(d-|q])). (5.11) 


In the case of a hyperelliptic curve, we have 
wo = Oc(g- 1). 


The morphism y : C — Pt corresponds to the projection [to, t1, t2] > [to, t1] 
and we obtain that 


wo = y*Opi(g — 1). 


The weighted projective space P(1,1,g + 1) is isomorphic to the projective 
cone in P9*? over the Veronese curve vg+i(P!) C P9+!. The hyperelliptic 
curve is isomorphic to the intersection of this cone and a quadric hypersurface 
in P9+! not passing through the vertex of the cone. The projection from the 
vertex to the Veronese curve is the double cover y : C — Pt. The canonical 
linear system |c| maps C to P9 with the image equal to the Veronese curve 
pl 
vg-1(P). 


5.2.2 2-torsion points on a hyperelliptic curve 


Let cı,...,c2g+2 be the ramification points of the map y. We assume that 
(ci) = pi. Obviously, 2c; — 2c; ~ 0, hence the divisor class of c; — cj is of 
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order 2 in Pic(C’). Also, for any subset I of the set B, = {1,...,29 + 2}, 


Q = 5 G= #lcag+2 = > (ei = C2942) = Pic(C) [2]. 


tel ier 


Now observe that 


QB, = 5 ci — (2g + 2)c2g+2 = div(¢) ~ 0, (5.12) 
i€ By 
where ¢ = t2/(bto — atı)9*! and pag+2 = [a,b] (we consider the fraction 


modulo Equation (5.10) defining C’). Thus 
Ci — cj ~ 264+ >; Ck — (29 + 2)cag+2 ~ OB Nia 7) 
kEBg\{j} 


Adding to ar the zero divisor c2g42 — C2g+2, we can always assume that #5 
is even. Also adding the principal divisor ag,, we obtain that a7 = a7, where 
I denotes B, \ I. 

Let Fs? = re be the F2-vector space of functions B — F2, or, equiva- 
lently, subsets of B4. The sum is defined by the symmetric sum of subsets 


I+J=IUJI\ (IN J). 


The subsets of even cardinality form a hyperplane. It contains the subsets Ø and 
B, as a subspace of dimension 1. Let E, denote the quotient space. Elements 
of E, are represented by subsets of even cardinality up to the complementary 
set (bifid maps in terminology of A. Cayley). We have 


E, = EY, 
hence the correspondence I ++ ar defines an isomorphism 
E, = Pic(C)[2]. (5.13) 
Note that E, carries a natural symmetric bilinear form 
e:E,x Eg >F, e(l,J)=#INJ mod 2. (5.14) 


This form is symplectic (ie. e(1, I) = 0 for any J) and nondegenerate. The 
subsets 


A; = {2i — 1,21}, B; = {21,20+1}, i=1,...,g, (5.15) 


form a standard symplectic basis. 
Under isomorphism (5.13), this bilinear form corresponds to the Weil pair- 
ing on 2-torsion points of the Jacobian variety of ©. 
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Remark 5.2.1 The symmetric group Ga,+2 acts on Eg via its action on Bg 
and preserves the symplectic form e. This defines a homomorphism 


Sg : Gog42 — Sp(2g, F2). 


If g = 1, Sp(2, F2) = S;, and the homomorphism sı has the kernel isomor- 
phic to the group (Z/2Z)?. If g = 2, the homomorphism s2 is an isomorphism. 
If g > 2, the homomorphism s, is injective but not surjective. 


5.2.3 Theta characteristics on a hyperelliptic curve 


For any subset T of B, set 


Vr = 5 ci + (g — 1 — #Tcag+2) = ar + (g — 1)c2942- 
iET 


We have 
207 N 2ar + (29 = 2) C2942 m (29 = 2)C2g+2- 


It follows from the proof of the Hurwitz formula that 


Kc = p*(Kpi) + 5 Ci. 
ieB, 


Choose a representative of Kpı equal to —2p2g+2 and use (5.12) to obtain 
Ke N (2g — 2)c2g+2- 


This shows that dr is a theta characteristic. Again adding and subtracting 
Cog+2 We may assume that #T = g +1 mod 2. Since T and T define the 
same theta characteristic, we will consider the subsets up to taking the com- 
plementary set. We obtain a set Q, which has a natural structure of an affine 
space over F,, the addition is defined by 


Op +ar = Üryr. 


Thus all theta characteristics are uniquely represented by the divisor classes 
dr, where T € Qg. 

An example of an affine space over V = F29 is the space of quadratic forms 
q : F29 — Fa whose associated symmetric bilinear form bg coincides with the 
standard symplectic form defined by (5.2). We identify V with its dual VY by 
means of bp and set q +1 = q+ l? for any l € VY. 

For any T € Qg, we define the quadratic form qr on E, by 


qr (1) = 4(#(T +1) - #7) =#TNI+4#1=4#I+e(l,T) mod 2. 
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We have (all equalities are modulo 2) 
gr(I+J)+qr(l)+gr(J) 
= (#1 +J) + #1 + #J)+ ell +J,T)+ell,T)+e(J,T) = #INJ. 


Thus each theta characteristic can be identified with an element of the space 
Qg = Q(E,) of quadratic forms on E, with polar form e. 
Also notice that 


(qr +ar)(J) = ar(J) + ell, J) = 4# + e(T, J) + ell, J) 


= 3#J+e(T+1,J) = qr41(J). 


Lemma 5.2.2 Let Ùr be a theta characteristic on a hyperelliptic curve C of 
genus g identified with a quadratic form on E,. Then the following properties 
are equivalent: 


(i) #T =g+1 mod 4; 
(ii) h°(0r) =0 mod 2; 


(iii) qr is even. 


Proof Without loss of generality, we may assume that pog+2 is the point 
(0, 1) at infinity in P+. Then the field of rational functions on C is generated 
by the functions y = ta/to and x = tı/to. We have 


VP = 5 Gee (g —1- #T)cag+2 ~ (g —1+ #T )cag+2 _ 5 Ci: 
ieT ieT 
Any function ¢ from the space L(V) = {¢ : div(¢) + Vr > 0} has a unique 
pole at cog+2 of order < 2g + 1. Since the function y has a pole of order 
2g + 1 at cag+2, we see that 6 = y*(p(x)), where p(x) is a polynomial of 
degree < $(g — 1 + #T) in x. Thus L(V) is isomorphic to the linear space 
of polynomials p(x) of degree < $(g — 1+ #T) with zeros at p;,i € T. The 
dimension of this space is equal to 4( g+1-—#T). This proves the equivalence 
of (i) and (ii). 
Let 


U = {1,3,...,29 +1} C B, (5.16) 


be the subset of odd numbers in Bg. If we take the standard symplectic basis 
in E, defined in (5.15), then we obtain that quy = qo is the standard quadratic 
form associated to the standard symplectic basis. It follows from (5.6) that gr 
is an even quadratic form if and only if T = U + I, where qu(T) = 0. Let 
I consists of k even numbers and s odd numbers. Then qu (I) = #UN I+ 
3#I=m+3%(k+m)=0 mod 2. Thus #T = #(U + 5) = #U + #1 - 
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2#UNS = (g+1)+(k+m)-2m= g+1+k- m. Then m+ 4(k +m) 
is even, hence 3m +k = 0 mod 4. This implies that k — m = 0 mod 4 and 
#T =g+1 mod 4. Conversely, if #T = g+1 mod 4, then k- m = 0 
mod 4 and qu (I) = 0. This proves the assertion. 














5.2.4 Families of curves with odd or even theta characteristic 


Let X — S be a smooth projective morphism whose fiber X, over a point s € 
S is a curve of genus g > 0 over the residue field «(s) of s. Let Pic’ ,s 45 
be the relative Picard scheme of X /S. It represents the sheaf in étale topol- 
ogy on S associated to the functor on the category of S-schemes defined by 
assigning to a S-scheme T the group Pic! (X xg T) of isomorphism classes 
of invertible sheaves on X xg T of relative degree n over T modulo tensor 
product with invertible sheaves coming from T. The S-scheme Pic’, js 7s 
is a smooth projective scheme over S. Its fiber over a point s € S is isomor- 
phic to the Picard variety Pic’, /x(s) Over the field x(s). The relative Picard 
scheme comes with a universal invertible sheaf U on X x s Pic% /S (locally in 
étale topology). For any point y € Pic% jg Over a point s € S, the restriction 
of U to the fiber of the second projection over y is an invertible sheaf U, on 
Xs @x(s) K(y) representing a point in Pic” (A, ® «(y)) defined by y. 

For any integer m, raising a relative invertible sheaf into m-th power defines 
a morphism 


[m] : Pich > Picts. 


Taking n = 2g — 2 and m = 2, the preimage of the section defined by the 
relative canonical class wg/g is a closed subscheme of Piel g It defines a 
finite cover 


TCxys >S 


of degree 279. The pull-back of U to TCx js defines an invertible sheaf 7 
over P = X xg TCxys satisfying T®? S WP/TCx,s: By a theorem of 
Mumford [406], the parity of a theta characteristic is preserved in an algebraic 
family, thus the function TCx/s > Z/2Z defined by y + dim H° (U4, Ty) 
mod 2 is constant on each connected component of TC ys. Let TCY js (resp. 
TERI g) be the closed subset of 7C x /s, where this function takes the value 0 
(resp. 1). The projection 7° Z/s — S (resp. TCH 5 — S)is a finite cover of 
degree 29=1(29 + 1) (resp. 29-1(29 — 1)). 

It follows from the above that TC v/s has at least two connected compo- 
nents. 

Now take S = |Opz2(d)|” to be the space of nonsingular plane curves C 
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of degree d and X — |Op2 (d)|” be the universal family of curves defined by 
{(x,C) : x € C}. We set 


ev/odd ev/odd 
Teis Tins T maT 
The proof of the following Proposition can be found in [34]. 


Proposition 5.2.3 Ifd is even or d = 3, TCa consists of two irreducible 
components TC? and TCS. fd = 1 mod 4, then TC# is irreducible 
but Te has two irreducible components, one of which is the section of 
TCa —> |Op2(d)| defined by Op2((d — 3)/2). Ifd = 3 mod 4, then TC“ 
is irreducible but TC has two irreducible components, one of which is the 
section of TCa— |Op2(d)| defined by Op ((d — 3) /2). 


Let TC) be the open subset of TCY corresponding to the pairs (C, 9) with 
h°(d) = 0. It follows from the theory of symmetric determinantal represen- 
tations of plane curves that TC!) /PGL(3) is an irreducible variety covered by 
an open subset of a Grassmannian. Since the algebraic group PGL(3) is con- 
nected and acts freely on a Zariski open subset of TC), we obtain that TC) is 
irreducible. It follows from the previous Proposition that 


TC =TCY ifd#3 mod4. (5.17) 


Note that there exist coarse moduli spaces Mọ” and Modd of curves of genus 
g together with an even (odd) theta characteristic. We refer to [130] for the 
proof of irreducibility of these varieties and for construction of a certain com- 
pactifications of these spaces. 
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5.3.1 Jacobian variety 


Recall the definition of the Jacobian variety of a nonsingular projective curve 
C of genus g over C. We consider C as a compact oriented 2-dimensional 
manifold of genus g. We view the linear space H°(C, Kc) as the space of 
holomorphic 1-forms on C. By integration over 1-dimensional cycles, we get 
a homomorphism of Z-modules 


t: Hi(C,Z) + H°(C, Kc)’, tw = f w. 


The image of this map is a lattice A of rank 2g in H? (C, Kc)’. The quotient 
by this lattice 


Jac(C) = H°(C, Kc)’ /A 
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is a complex g-dimensional torus. It is called the Jacobian variety of ©. 
Recall that the cap product 


N: H,(C,Z) x H,(C,Z) = H(C, Z) xZ 


defines a nondegenerate symplectic form on the group Hı (C, Z) S 229. Let 


Q1,- - -, Œg, B1, - - - , 8g be a standard symplectic basis. We choose a basis wı,... 


of holomorphic 1-differentials on C such that 


Let 
The complex matrix T = (7;;) is called the period matrix. The basis w1, . . . , Wg 


identifies H°(C, Kc)“ with C9 and the period matrix identifies the lattice A 
with the lattice A, = [r I,]Z?9, where [r I,] denotes the block-matrix of size 
g x 2g. The period matrix T = R(T) + Y-1S$(r) satisfies 


Fern Sr) > 0. 


As is well-known (see [267]) this implies that Jac(C’) is a projective algebraic 
group, i.e. an abelian variety. It is isomorphic to the Picard scheme Pich JC- 

We consider any divisor D = X` n,x on C as a 0-cycle on C. The divisors of 
degree 0 are boundaries, i.e. D = 0% for some 1-chain 8. By integrating over 8 
we get a linear function on H°(C, Kc) whose coset modulo A = ı(H1(C, Z)) 
does not depend on the choice of 3. This defines a homomorphism of groups 
p : Div?(C) — Jac(C). The Abel-Jacobi Theorem asserts that p is zero on 
principal divisors (Abel’s part), and surjective (Jacobi’s part). This defines an 
isomorphism of abelian groups 


a : Pic? (C) — Jac(C) (5.19) 
which is called the Abel-Jacobi map. For any positive integer d let Pic? (C) 


denote the set of divisor classes of degree d. The group Pic? (C ) acts simply 
transitively on Pic?(C ) via addition of divisors. There is a canonical map 


ug: C® — Pict(C), Dr [D], 


where we identify the symmetric product with the set of effective divisors of 
degree d. One can show that Pic®(C) can be equipped with a structure of a 
projective algebraic variety (isomorphic to the Picard scheme Pick, yc) such 
that the map uq is a morphism of algebraic varieties. Its fibres are projective 


Ww 


g 


5.3 Theta functions 219 


spaces, the complete linear systems corresponding to the divisor classes of 
degree d. The action of Pic?(C’) = Jac(C) on Pic“(C) is an algebraic action 
equipping Pict (C ) with a structure of a torsor over the Jacobian variety. 

Let 


Wi_ = {[D] € Pict (C) : h°(D) > r +1}. 


In particular, Ww? , was denoted by © in Theorem 4.1.4, where we showed that 


the invertible sheaves Lo € Pic? '(C) defining a determinantal equation of a 
plane curve of genus g belong to the set Pic!~*(C) \ Wẹ. The fundamental 


r 


property of the loci W, 


1 is given by the following Riemann-Kempf Theorem. 


Theorem 5.3.1 


W;-ı= {r€ We i mult W9; >r+1}. 
Here mult, denotes the multiplicity of a hypersurface at the point x. 


In particular, we get 


W,-1 = Sing(W}_}). 


From now on we will identify Pic? (C) with the set of points on the Jacobian 
variety Jac(C’) by means of the Abel-Jacobi map. For any theta characteristic 
Ù the subset 


© =W}, — V C Jac(C) 
is a hypersurface in Jac(C’). It has the property that 
h?(©)=1, [-1]*(0) = ©, (5.20) 


where [m] is the multiplication by an integer m in the group variety Jac(C). 
Conversely, any divisor on Jac(C) satisfying these properties is equal to Wei 
translated by a theta characteristic. This follows from the fact that a divisor D 
on an abelian variety A satisfying h°(D) = 1 defines a bijective map A > 
Pic®(A) by sending a point x € A to the divisor t* D — D, where t, is the 
translation map a +> a+ zx in the group variety, and Pic?(A) is the group of 
divisor classes algebraically equivalent to zero. This fact implies that any two 
divisors satisfying properties (5.20) differ by translation by a 2-torsion point. 

We call a divisor satisfying (5.20) a symmetric theta divisor. An abelian 
variety that contains such a divisor is called a principally polarized abelian 
variety. 

Let © = W — 0 be asymmetric theta divisor on Jac(C'). Applying The- 
orem 5.3.1 we obtain that, for any 2-torsion point € € Jac(C'), we have 


mult.O = h’ (9 + €). (5.21) 
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In particular, € € © if and only if 0 + e is an effective theta characteristic. 
According to J, the symmetric theta divisors are divided into two groups: even 
and odd theta divisors. 


5.3.2 Theta functions 


The preimage of © under the quotient map Jac(C) = H°(C, Ko)’ /A is a 
hypersurface in the complex linear space V = H? (C, Kc)* equal to the zero 
set of some holomorphic function ¢ : V — C. This function ¢ is not invariant 
with respect to translations by A. However, it has the property that, for any 
v € V and any y € A, 


pw +7) = ey(v) G(r), (5.22) 


where e, is an invertible holomorphic function on V. A holomorphic function 
¢ satisfying (5.22) is called a theta function with theta factor {e}. The set of 
zeros of & does not change if we replace & with da, where a is an invertible 
holomorphic function on V. The function e.,(v) will change into the function 
ey (v) = e,(v)d(v + 7)¢(v)~!. One can show that, after choosing an appro- 
priate a, one may assume that 


e,(v) = exp(27i(a,(v) + b,)), 


where a., is a linear function and b, is a constant (see [405], Chapter 1, 81). 
We will assume that such a choice has been made. 

It turns out that the theta function corresponding to a symmetric theta divisor 
© from (5.20) can be given in coordinates defined by a choice of a normalized 
basis (5.18) by the following expression 


O[ 4] (2:7) = I, expril(r+de).r-(r+4e)+2(2+4m)-(r+4e)]|, (5.23) 
re29 





where e,n € {0,1} considered as column or raw vectors from F3. The func- 
tion defined by this expression is called a theta function with characteristic. 
The theta factor e) (21, . . . , Zg) for such a function is given by the expression 





e,(z) =exp-ri(im-r-m-2z-m-e-:n+tn:m), 
where we write y = 7-m-+n for some m,n € Z9.One can check that 
9[n] (—2 7) = exp(wie : n)0 [7] (257). (5.24) 


This shows that 6[,](—z;7) is an odd (resp. even) function if and only if 
e€- n = 1 (resp. 0). In particular, 9 [7] (0;r) = 0 if the function is odd. It 
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follows from (5.21) that 0 [| (0; 7) = 0 if 0 is an odd theta characteristic or 
an effective even theta characteristic. 
Taking €, 7 = 0, we obtain the Riemann theta function 


0(z;T7) = 5 expri(r-T:r+2z:r). 
reZs 
All other theta functions with characteristic are obtained from 0(z;7) by a 
translate 


e[»1(z;r) =expmi(e-qt+e-7-6)0(zt+37-n+ 567). 


In this way points on C9 of the form r "E+ in are identified with elements 


of the 2-torsion group 3A/A of Jac(C). The theta divisor corresponding to the 
Riemann theta function is equal to w | translated by a certain theta char- 
acteristic « called the Riemann constant. Of course, there is no distinguished 
theta characteristic; the definition of x depends on the choice of a symplectic 
basis in H; (C, Z). 

The multiplicity m of a point on a theta divisor © = We: — dis equal 
to the multiplicity of the corresponding theta function defined by vanishing 
partial derivatives up to order m — 1. Thus the quadratic form defined by 0 can 
be redefined in terms of the corresponding theta function as 


qo lT -Ee + sm) = multo Be (z, 7) + multoð [5] (z, 7). 





It follows from (5.24) that this number is equal to 

en +n n +n. (5.25) 
A choice of a symplectic basis in Hı (C, Z) defines a standard symplectic basis 
in Hı(C,F2) & $A/A = Jac(C)[2]. Thus we can identify 2-torsion points 
iT- € + $n with vectors (e’, n’) € F29. The quadratic form corresponding 
to the Riemann theta function is the standard one 


i / 


go((e’,9’)) = €' m. 


The quadratic form corresponding to 6[,,| (z;7) is given by (5.25). The Arf 
invariant of this quadratic form is equal to 


Arf(qo) =€- 7. 


5.3.3 Hyperelliptic curves again 


In this case we can compute the Riemann constant explicitly. Recall that we 
identify 2-torsion points with subsets of even cardinality of the set B, = 
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{1,...,2g + 2} which we can identify with the set of ramification or branch 
points. Let us define a standard symplectic basis in C by choosing the 1-cycle 
a; to be the path which goes from ca;_ 1 to Ca; along one sheet of the Riemann 
surface C and returns to ca; along the other sheet. Similarly, we define the 
1-cycle 8; by choosing the points ca; and c2;41. Choose g holomorphic forms 
wj normalized by the condition (5.18). Let r be the corresponding period ma- 
trix. Notice that each holomorphic 1-form changes sign when we switch the 
sheets. This gives 


c2i C29+2 C2g+2 
Ls l n n= a : 
u = f Wi / Wj 
Qi C2i—1 C2i—1 C2i 


a 


C2g+2 C2g+2 C2g+2 
= Wj + Wj = 2 Wj. 
C2i—1 C2i C2i 


i i 


C2g+2 C2g+2 
(f TR wg) = a(2c2; — 2C2g+2) = 0, 


C2i C2i 


Since 


we obtain 
1 
L(C2i—1 + C2i — 2C2g4+2) = zei mod Ar, 


where, as usual, e; denotes the i-th unit vector. Let A;, B; be defined as in 
(5.15). We obtain that 


a(aa,) = ze; mod Ar. 
Similarly, we find that 
a(ap,) = ir -e; mod A,. 


Now we can match the set Qg with the set of theta functions with characteris- 
tics. Recall that the set U = {1,3,...,2g + 1} plays the role of the standard 
quadratic form. We have 


qu(A;) = qu(Bi) =0, i=1,...,g. 


Comparing it with (5.25), we see that the theta function 0[,,](z;7) corre- 
sponding to Jy must coincide with the function 4(z; T). This shows that 


en (Ou) = tezg42 (VU — Keag42) = 0. 


Thus the Riemann constant « corresponds to the theta characteristic Jy. This 
allows one to match theta characteristics with theta functions with theta char- 
acteristics. 
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Write any subset J of E, in the form 


g g 
T= aA +) nB, 
i=1 i=1 
where € = (€1,...,€), N = (M1, - - - , Ng) are binary vectors. Then 
VULI <> 6 5] (z; 7). 
In particular, 
®urr € TChar(O)” —e:n=0 mod 2. 


Example 5.3.2 We give the list of theta characteristics for small genus. We 
also list 2-torsion points at which the corresponding theta function vanishes. 


g=1 
3 even “thetas”: 


92 = 9[9] (a12), 
Vı3 =0 [89] (a3), 


Dia =0[f] (au). 
1 odd theta: 


g=2 
10 even thetas: 


V123 = 0 [94] (a12, 023, A13, &45, A146, O56), 
9124 OO] (a2, @24, @14, 35, 36, 56), 
dı25 =0[99] (a12, @25,@15, 34, Q36, Q46), 
Vi26 =0 [1] (a12, 016, @26, 434, 35, Q45), 
V234 = 0 [49] (a23, 34, Q24, Q15, Q56, Q16), 
V235 = 0 [49] (@23, Q25, 35,14, 16, @46), 


_ 9701 
V236 =O[95] (23, @26, 036, 014, 045,215), 











gu 
V245 =0 [55] (Q24, Q25, Q13, &45, 16, O36), 
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V246 = 0 [00] (a26, @24, 013, 035, 046, Q15), 


dose = 0 [299] (a26, Q25, Q13, Q14, Q34, Q56). 




















6 odd thetas: 
v =90 er Qg, Q 2,13, Q14, Q15; 16), 
v = 0 bt Qg, Q 2; 023, A24, Q25, Q26), 
03 =0 u @g, 013, Q23, Q34, Q35, Q36), 
Den Qg, X14, Q24, 034, 45, Q46), 
%=6[1 Qp, 115, 35, 045, 25, Q56), 
Seel Ag, 16, 226, 36, 46, Q56 )- 

g=3 


36 even thetas vg, Dijk, 
28 odd thetas ¥;;. 


g=4 
136 even thetas 94, Vijkim, 
120 odd thetas 3; 5x. 


5.4 Odd theta characteristics 


5.4.1 Syzygetic triads 


We have already remarked that effective theta characteristics on a canonical 
curve C C P9~! correspond to contact hyperplanes, i.e. hyperplanes every- 
where tangent to C. They are also called bitangent hyperplanes (not to be 
confused with hyperplanes tangent at > 2 points). 

An odd theta characteristic is effective and determines a contact hyperplane, 
a unique one if it is nonvanishing. In this Section we will study the configura- 
tion of contact hyperplanes to a canonical curve. Let us note here that a general 
canonical curve is determined uniquely by the configuration of its contact hy- 
perplanes [63]. 

From now on we fix a nondegenerate symplectic space (V, w) of dimension 
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2g over Fa. Let Q(V) be the affine space of quadratic forms with associated 
symmetric bilinear form equal to w. The Arf invariant divides Q(V) into the 
union of two sets Q(V)+ and Q(V)_, of even or odd quadratic forms. Recall 
that Q(V)_ is interpreted as the set of odd theta characteristics when V = 
Pic(C) and w is the Weil pairing. For any q € Q(V) and v € V, we have 


q(v) = Arf(q + v) + Arf(q). 


Thus the function Arf is a symplectic analog of the function h°(7) mod 2 for 
theta characteristics. 

The set V = V]]Q(V) is equipped with a structure of a Z/2Z-graded 
vector space over Fa. It combines the addition on V (the 0-th graded piece) 
and the structure of an affine space on Q(V) (the 1-th graded piece) by setting 
q +q := v, where q’ = q+ v. One can also extend the symplectic form on V 
toV by setting 


wlq, d) =qlq +g), w(qv) =w(v,g) = q(v). 


Definition 5.4.1 A set of three elements qı, q2, q3 in Q(V) is called a syzygetic 
triad (resp. azygetic triad) if 


Arf(qi) + Arf(q2) + Arf(q3) + Arf(qi + q2 + q3) = 0 (resp. = 1). 


A subset of k > 3 elements in Q(V) is called an azygetic set if any subset of 
three elements is azygetic. 


Note that a syzygetic triad defines a set of four quadrics in Q(V) that add up 
to zero. Such a set is called a syzygetic tetrad. Obviously, any subset of three 
elements in a syzygetic tetrad is a syzygetic triad. 

Another observation is that three elements in Q(V)_ form an azygetic triad 
if their sum is an element in Q(V) +. 

For any odd theta characteristic J, any divisor D, € |Ù] is of degree g — 1. 
The condition that four odd theta characteristics v; form a syzygetic tetrad 
means that the sum of divisors Dy, are cut out by a quadric in P9~!. The 
converse is true if C does not have a vanishing even theta characteristic. 


Let us now compute the number of syzygetic tetrads. 


Lemma 5.4.2 Let qı, q2, g3 be a set of three elemenst in Q(V). The following 
properties are equivalent: 


(i) q1, 92, 93 is a syzygetic triad; 
(ii) q1(q2 + 93) = Arf(q2) + Arf(qs); 
(iii) w(qi + q2, qı + q3) = 0. 
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Proof The equivalence of (i) and (ii) follows immediately from the identity 


qi(q2 + 93) = Arf(qi) + Arf(qi + q2 + q3). 
We have 





w(gı + 92,91 + q3) = qı (qı + 93) + q2(q1 + 93) 


= Arf(qi) + Arf(q3) + Arf(q2) + Arf(qi + G2 + q3). 











This shows the equivalence of (ii) and (iii). 





Proposition 5.4.3 Let q1,92 € Q(V)_. The number of ways in which the 
pair can be extended to a syzygetic triad of odd theta characteristics is equal 
to 2(29-+ + 1)(29-2 — 1). 


Proof Assume that q1, 92, q3 is a syzygetic triad in Q(V)_. By the previous 
lemma, qi (92 + q3) = 0. Also, we have g2(q2 + q3) = Arf(q3) + Arf(q2) = 0. 
Thus qı and ga vanish at vp = q2 + q3. Conversely, assume v € V satisfies 
qı(v) = q(v) = Oand v Æ qi + q2 so that q3 = q2 +v # q1,g. We 
have Arf(q3) = Arf(q2) + q2(v) = 1, hence q3 € Q(V)_. Since qı(v) = 
qı(q2 + q3) = 0, by the previous Lemma q1, q2, q3 is a syzygetic triad. 

Thus the number of the ways in which we can extend qj, g2 to a syzygetic 
triad q1, q2, q3 is equal to the cardinality of the set 


Z = 4, (0) N q3 (0) \ {0, vo}, 


where vo = qi + q2. It follows from (5.6) that v € Z satisfies w(v, vo) = 
go(v) + qi(v) = 0. Thus any v € Z is a representative of a nonzero element 
inW = ve /vo = Fao? on which qı and qə vanish. It is clear that qı and q2 
induce the same quadratic form q on W. It is an odd quadratic form. Indeed, 





we can choose a symplectic basis in V by taking as a first vector the vector 
vo. Then computing the Arf invariant of qı we see that it is equal to the Arf 
invariant of the quadratic form q. Thus we get 


#Z = A#Q(W)- — 1) = 21-1) 1) = 2291 +1)? — 1), 














Corollary 5.4.4 Let t, be the the number of syzygetic tetrads of odd theta 
characteristics on a nonsingular curve of genus g. Then 
1 
= ze” — 1)(2?9-? — 1)(29-? — 1). 


Proof Let I be the set of triples (q1, q2, T), where q1,92 € Q(V)-_ and T is 
a syzygetic tetrad containing g1,g2. We count #/ in two ways by projecting 
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I to the set P of unordered pairs of distinct elements Q(V)_ and to the set of 
syzygetic tetrads. Since each tetrad contains 6 pairs from the set P, and each 
pair can be extended in (2971 + 1)(29~? — 1) ways to a syzygetic tetrad, we 
get 


#1 = (29-1 + 1)(29-7 - 1,2 ED) = Gt. 


This gives 


1 
i= 32) (2 — 1)(279-? — 1)(29-? - 1). 














Let V bea vector space with a symplectic or symmetric bilinear form. Recall 
that a linear subspace L is called isotropic if the restriction of the bilinear form 
to L is identically zero. 


Corollary 5.4.5 Let {q1, 42,493, q4} be a syzygetic tetrad in Q(V)_. Then 
P = {q1 +4i,.:.,94 + qi} is an isotropic 2-dimensional subspace in (V,w) 
that does not depend on the choice of qi. 


Proof It follows from Lemma 5.4.2 (iii) that P is an isotropic subspace. The 
equality qı + +- + qa = 0 gives 
dk + qı = qi + qj, (5.26) 


where {i, j, k,l} = {1,2,3,4}. This shows that the subspace P of V formed 
by the vectors q; + qi, j = 1,...,4, is independent on the choice of 7. One of 
its bases is the set (q1 + q4, q2 + qa). 














5.4.2 Steiner complexes 
Let P be the set of unordered pairs of distinct elements in Q(V)_. The addition 
map in Q(V)_ x Q(V)_ — V defines a map 
s:P—V \ {0} 


Definition 5.4.6 The union of pairs from the same fiber s7! (v) of the map s 
is called a Steiner compex. It is denoted by X(v). 


It follows from (5.26) that any two pairs from a syzygetic tetrad belong to 
the same Steiner complex. Conversely, let {q1,q4}, {q2, gh} be two pairs from 
&(v). We have (1 + qi) + (q2 + 492) = v + v = 0, showing that the tetrad 
(q1, 94; 92; qh) is syzygetic. 
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Proposition 5.4.7 There are 2?9 — 1 Steiner complexes. Each Steiner complex 
consists of 2971 (2971 — 1) elements paired by translation q > q + v. An odd 
quadratic form q belongs to a Steiner complex D(v) if and only if q(v) = 0. 


Proof Since 279 — 1 = #(V \ {0}), it suffices to show that the map s : 
P — V \ {0} is surjective. The symplectic group Sp(V, w) acts transitively on 
V \ {0} and on P, and the map s is obviously equivariant. Thus its image is a 
non-empty G-invariant subset of V \ {0}. It must coincide with the whole set. 

By (5.7), we have q(v) = Arf(q + v) + Arf(q). If q € U(v), then q +v € 
Q(V)_, hence Arf(q + v) = Arf(q) = 1 and we get q(v) = 0. Conversely, if 
q(v) = 0 and q € X(v), we get q +v € Q(V)_ and hence q € U(v). This 
proves the last assertion. 

















Lemma 5.4.8 Let X(v), (v’) be two Steiner complexes. Then 


29-1(29-2 — 1) ifw(v,v’) =0, 


#2) NEW) = © -1) ifw(v,v") £0. 


Proof Letq E€ E(v) N E(v'). Then we have q +q’ = v,q¢+q" =v’ for some 
qd € X(v),q” € U(v’). This implies that 


q(v) = g(v’) = 0. (5.27) 


Conversely, if these equalities hold, then q +v, q +v E€ Q(V)-,q, q € H(v), 
and q,q” € X(v'). Thus we have reduced our problem to linear algebra. We 
want to show that the number of elements in Q(V)_ which vanish at two 
nonzero vectors v,v’ € V is equal to 29~1(29-? — 1) or 29-?(29-1 — 1) 
depending on whether w(v, v’) = 0 or 1. Let q be one such quadratic form. 
Suppose we have another q’ with this property. Write q’ = q + vo for some vo. 
We have q(vo) = 0 since q’ is odd and 


w(vo, v) = w(vo, v) = 0. 


Let L be the plane spanned by v, v’. Assume w(v, v’) = 1, then we can include 
v, v’ in a standard symplectic basis. Computing the Arf invariant, we find that 
the restriction of q to L+ is an odd quadratic form. Thus it has 29~?(29-! — 1) 
zeros. Each zero gives us a solution for vo. Assume w(v,v’) = 0. Then L 
is a singular plane for q since g(v) = q(v’) = q(v + v’) = 0. Consider 
W = L+/L & F539". The form q has 29~3(29-? — 1) zeros in W. Any 
representative vo of these zeros defines the quadratic form q + vo vanishing 
at v,v’. Any quadratic form we are looking for is obtained in this way. The 
number of such representatives is equal to 29~!(29~? — 1). 
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Definition 5.4.9 Two Steiner complexes X(v) and X(v’) are called syzygetic 
(resp. azygetic) fw(v,v’) = 0 (resp. w(v, v’) = 1). 
Theorem 5.4.10 The union of three mutually syzygetic Steiner complexes 
X(v), U(v’) and E(v + v’) is equal to Q(V)_. 
Proof Since 

w(u +v',v) =wlv+v',v') =0, 
we obtain that the Steiner complex X(v + v’) is syzygetic to U(v) and X(v’). 
Suppose q E U(v) N U(v’). Then g(v + v’) = q(v) + q(v’) + w(v, v’) = 0. 
This implies that (v) N X(v’) C U(u +v’) and hence U(v), U(v’), (vu +v’) 
share the same set of 29~!(29~? — 1) elements. This gives 


#(v) U E(w) U E(v + vo’) = 6 - 29-7(29-1 — 1) — 2 - 29-1(29-2 — 1) 


= 29-1(29 — 1) = #Q(V)_.. 














Definition 5.4.11 A set of three mutually syzygetic Steiner complexes is called 
a syzygetic triad of Steiner complexes. A set of three Steiner complexes corre- 
sponding to vectors forming a non-isotropic plane is called azygetic triad of 
Steiner complexes. 


Let D(v;),i = 1, 2,3 be a azygetic triad of Steiner complexes. Then 
#=(v1) N E(v2) = 297? (2971 — 1). 


Each set (v1) \ (X(v1) N U(v2)) and U(v2) \ (L(v1) N U(v2)) consists of 
29-2(29-! — 1) elements. The union of these sets forms the Steiner com- 





plex (v3). The number of azygetic triads of Steiner complexes is equal to 
42°9~?(2?9 — 1) (= the number of non-isotropic planes). We leave the proofs 
to the reader. 

Let S4(V) denote the set of syzygetic tetrads. By Corollary 5.4.5, each T € 
S4(V) defines an isotropic plane Pr in V. Let Iso,(V) denote the set of k- 
dimensional isotropic subspaces in V. 


Proposition 5.4.12 Let S4(V) be the set of syzygetic tetrads. For each tetrad 
T let Pr, denote the corresponding isotropic plane. The map 


S4(V) — Iso2(V), Th Pr, 


is surjective. The fiber over a plane T consists of 29~3(29-? — 1) tetrads 
forming a partition of the intersection of the Steiner complexes Xi(v), where 


v E€ P\ {0}. 
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Proof The surjectivity of this map is proved along the same lines as we 
proved Proposition 5.4.7. We use the fact that the symplectic group Sp(V, w) 
acts transitively on the set of isotropic subspaces of the same dimension. Let 
T={u,---,q4} € Sa(V). By definition, Pr \ {0} = {q1 + 92, q1 +43, q1 + 
qa}. Suppose we have another tetrad T” = {q}, .. . , q4} with Pr = Pr.. Sup- 
pose T N T” Æ Ø. Without loss of generality, we may assume that q} = qı. 
Then, after reindexing, we get qı + qi = qı + q}, hence q; = q; and T = T. 
Thus the tetrads T with Pr = P are disjoint. Obviously, any q € T belongs to 
the intersection of the Steiner complexes D(v), v € P \ {0}. It remains for us 
to apply Lemma 5.4.8. 














A closer look at the proof of Lemma 5.4.8 shows that the fiber over P can 
be identified with the set Q(P+/P)_. 

Combining Proposition 5.4.12 with the computation of the number t, of 
syzygetic tetrads, we obtain the number of isotropic planes in V: 


#1s02(V) = T =1)(2= — 1). (5.28) 


Let Iso2 (v) be the set of isotropic planes containing a nonzero vector v € V. 
The set Isoa(v) is naturally identified with nonzero elements in the symplectic 
space (vt /v,w’), where w’ is defined by the restriction of w to v+. We can 
transfer the symplectic form w’ to Isoa(v). We obtain w’(P,Q) = 0 if and 
only if P + Q is an isotropic 3-subspace. 

Let us consider the set S4(V,v) = a~1(Iso2(v)). It consists of syzygetic 
tetrads that are invariant with respect to the translation by v. In particular, each 
tetrad from S4(V,v) is contained in D(v). We can identify the set S4(V, v) 
with the set of cardinality 2 subsets of Ü(v)/(v). 

There is a natural pairing on Sı(V, v) defined by 


(T,T') =4#TNT' mod 2. (5.29) 
Proposition 5.4.13 For any T,T’ € S4(V,v), 
w' (Pr, Pr) = (T, T’). 


Proof Let X = {{T,T'} C S4(V) : ay(T) A as (T')}, Y = {{P,P'} c 
Isoa(v)}. We have a natural map &, : X — Y induced by a,. The pairing w’ 
defines a function & : Y — Fa. The corresponding partition of Y consists of 
two orbits of the stabilizer group G = Sp(V,w), on Y. Suppose {T}, T>} and 
{T;, 73} are mapped to the same subset {P, P’}. Without loss of generality, 
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we may assume that T}, 7] are mapped to P. Thus 


(Ti + Ty, To + Ty) = (Ti, To) + (Ti, Ta) + (Ti, TI) + (T2, T 
= (Tı, Tə) + (Ti, T3). 


This shows that the function X — Fə defined by the pairing (5.29) is constant 
on fibres of &,. Thus it defines a map d&’ : Y — Fo. Both functions are in- 
variant with respect to the group G. This immediately implies that their two 
level sets either coincide or are switched. However, #Isoa(v) = 229”? — 1 
and hence the cardinality of Y is equal to (2?9~? — 1)(2?9-3 — 1). Since this 
number is odd, the two orbits are of different cardinalities. Since the map a, 
is G-equivariant, the level sets must coincide. 














5.4.3 Fundamental sets 


Suppose we have an ordered set S of 2g +1 vectors (u1,... , U2g+1 ) satisfying 
w(ui, uj) = 1 unless i = j. It defines a standard symplectic basis by setting 


t; = Up +++ + Uia + Uai-1, Vitg = U1 +H +H Una HUn, i=1,...,9. 


Conversely, we can solve the u;’s from the v;’s uniquely to reconstruct the set 
S from a standard symplectic basis. 


Definition 5.4.14 A set of 2g +1 vectors (u1, ... ,u2g+1) with w(u; uj) = 1 
unless i = j is called a normal system in (V, w). 


We have established a bijective correspondence between normal systems 
and standard symplectic bases. 

Recall that a symplectic form w defines a nondegenerate null-system in V, 
i.e. a bijective linear map f : V — VY such that f(v) (v) = 0 for all v € V. Fix 
a basis (e1,...,€29) in V and the dual basis (tı,...,ta,) in VY and consider 
vectors u; = €1 +e + ezg — €j,2 = 1,...,2g and u2g+1 =eı ++ Cag. 
Then there exists a unique null-system V — VY that sends u; to t; and U2g+1 
to tag41 = tı ++ tag. The vectors u1, ...,U2g+1 form a normal system in 
the corresponding symplectic space. 

Let (u1,...,uag+1) be a normal system. We will identify nonzero vectors 
in V with points in the projective space |V|. Denote the points corresponding 
to the vectors u; by €i2g+2. For any i, j # 2g + 2, consider the line spanned 
by €j2g+2 and €j29+2. Let e;; be the third nonzero point in this line. Now do 
the same with points e;; and ex; with the disjoint sets of indices. Denote this 
point by e;;xı. Note that the residual point on the line spanned by e;,; and e;x 
is equal to €;,. Continuing in this way, we will be able to index all points 
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in |V| with subsets of even cardinality (up to complementary sets) of the set 
B, = {1,...,2g + 2}. This notation will agree with the notation of 2-torsion 
divisor classes for hyperelliptic curves of genus g. For example, we have 


w(pr,ps) =#INJ mod 2. 


It is easy to compute the number of normal systems. It is equal to the num- 
ber of standard symplectic bases in (V,w). The group Sp(V,w) acts simply 
transitively on such bases, so their number is equal to 


#Sp(2g,F2) = 2% (229 — 1)(229-? — 1)--- (22 — 1). (5.30) 


Now we introduce the analog of a normal system for quadratic forms in 


Q(V). 


Definition 5.4.15 A fundamental set in Q(V) is an ordered azygetic set of 
2g + 2 elements in Q(V). 


The number 2g + 2 is the largest possible cardinality of a set such that any 
three elements are azygetic. This follows from the following immediate corol- 
lary of Lemma 5.4.2. 


Lemma 5.4.16 Let B = (gı,...,qx) be an azygetic set. Then the set (qi + 
q2,- --, qı + gr) is a normal system in the symplectic subspace of dimension 
k — 2 spanned by these vectors. 


The Lemma shows that any fundamental set in Q(V) defines a normal sys- 
tem in V, and hence a standard symplectic basis. Conversely, starting from a 
normal system (w1,..., W241) and any q E€ Q(V) we can define a fundamen- 
tal set (91,... , q2g+2) by 


qı = 9,92 = q + U1,---,Gag+2 = q + U2g+1- 


Since elements in a fundamental system add up to zero, we get that the 
elements of a fundamental set also add up to zero. 


Proposition 5.4.17 There exists a fundamental set with all or all but one 
quadratic forms are even or odd. The number of odd quadratic forms in such 
a set is congruent to g modulo 4. 


Proof Let (u1,...,U2g41) be anormal system and (t),..., t2g+1) be its im- 
age under the map V — V defined by w. Consider the quadratic form 


q= 5 titj. 
1<i<j<2g+1 
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It is immediately checked that 
qluk) = (2) =g(2g—1)=g mod 4. 


Passing to the associated symplectic basis, we can compute the Arf invariant 
of q to get 


Arf(q) = 


1 ifg=1 mod2 
0 otherwise. 


This implies that 


0 ifg=0,3 mod 4, 


Arf(q + t}) = Arf(q) + q(ur) = . 
1 otherwise. 


Consider the fundamental set of quadrics q, q +t}, k = 1,...,2g +1. If g = 0 
mod 4, the set consists of all even quadratic forms. If g = 1 mod 4, the 
quadratic form q is odd, all other quadratic forms are even. If g = 2 mod 4, 
all quadratic forms are odd. Finally, if g = 3 mod 4, then q is even, all other 
quadratic forms are odd. 














Definition 5.4.18 A fundamental set with all or all but one quadratic forms 
are even or odd is called a normal fundamental set. 


One can show (see [116], p. 271) that any normal fundamental set is ob- 
tained as in the proof of the previous proposition. 

Choose a normal fundamental set (q1, . . . , q2g+2) such that the first 2g + 1 
quadrics are of the same type. Any quadratic form q € Q(V) can be written in 


the form 
Bot ti =0+) t 
icI viel 
where I is a subset of [1,29 + 1] := {1,...,2g + 1}. We denote such a 


quadratic form by gs, where S = I U {2g + 2} considered as a subset of 
[1, 2g + 2] modulo the complementary set. We can and will always assume that 


#5=g+1 mod 2. 


The quadratic form qs can be characterized by the property that it vanishes on 
points pij, where i € S and j € {1,...,29 + 2}. 
The following properties can be checked. 


Proposition 5.4.19 e as + qT = ES+T; 


© qs + €r = qs4+r; 
e gs(er) = 0 ifand only if #SNT +4#S =0 mod 2; 
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e qs E Q(V)+ ifand only if #S = g+1 mod 4. 


Again we see that a choice of a fundamental set defines the notation of 
quadratic forms that agrees with the notation of theta characteristics for hy- 
perelliptic curves. 

Since fundamental sets are in a bijective correspondence with normal sys- 
tems their number is given by (5.30). 


5.5 Scorza correspondence 


5.5.1 Correspondences on an algebraic curve 


A correspondence of degree d between nonsingular curves Cı and C is a 
non-constant morphism T from C; to the d-th symmetric product Cc of Ca. 


Tr = {(2,y) € C1 x Co: y E T(a)}. 
We have 
T(x) =TrN({2} x C2), (5.31) 


where the intersection is scheme-theoretical. 

One can extend the map (5.31) to any divisors on C4 by setting T(D) = 
p(D)NTr. It is clear that a principal divisor goes to a principal divisor. Taking 
divisors of degree 0, we obtain a homomorphism of the Jacobian varieties 


or : Jac(C,) — Jac(C2). 


The projection I’r — C; is a finite map of degree d. Since T is not constant, 
the projection to C% is a finite map of degree d’. It defines a correspondence 
Co > co) which is denoted by T+ and is called the inverse correspondence. 
Its graph is equal to the image of T under the switch map C x C2 > C2 x C4. 

We will be dealing mostly with correspondences T : C — C® and will 
identify T with its graph I'r. If d is the degree of T and d’ is the degree of 
T-t we say that T is the correspondence of type (d, d’). A correspondence 
is symmetric if T = T-t. We assume that T does not contain the diagonal 
A of C x C. A united point of a correspondence is a common point with the 
diagonal. It comes with the multiplicity. 

A correspondence T : C — CO has valence v if the divisor class of 
T(x) + vx does not depend on x. 


Proposition 5.5.1 The following properties are equivalent: 


(i) T has valence v; 
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(ii) the cohomology class |T] in H?(C x C,Z) is equal to 
[T] = (d' + v)[{x} x C] + (d+v)[C x {a}] - vf], 


where x is any point on C; 
(iii) the homomorphism &r is equal to homomorphism |-v] : Jac(C) > 
Jac(C) of the multiplication by —v. 


Proof (i) = (ii). We know that there exists a divisor D on C such that the 
restriction T + vA — p3(D) to any fiber of p; is linearly equivalent to zero. 
By the seesaw principle ([405] Chapter 2, Corollary 6), T + vA — pi(D) ~ 
pi (D’) for some divisor D’ on C. This implies that [T] = deg D’[{x} x C] + 
deg D[C x {x}] - v[A]. Taking the intersections with fibres of the projections, 
we find that d’ = deg D’ — v and d = deg D — v. 

Gi) > (i) Let p1, p2 : Cx C — C be the projections. We use the well-known 
fact that the natural homomorphism of the Picard varieties 


pi (Pic? (C)) © ps(Pic®(C)) — Pic? (C x C) 


is an isomorphism (see [282], Chapter 3, Exercise 12.6). Fix a point x, € C 
and consider the divisor T + vA — (X +v)({zo}x C) — (d+v)(C x {zo}). 
By assumption, it is algebraically equivalent to zero. Thus 


T +vA ~ pï (D1) + p3(D2) 


for some divisors D1, Da on C. Thus the divisor class T(x) + vx is equal to 
the divisor class of the restriction of p}(D2) to {x} x C. Obviously, it is equal 
to the divisor class of Da, hence is independent on zx. 

(1) = (iti) This follows from the definition of the homomorphism dr. 














Note that for a general curve C of genus g > 2 
End(Jac(C)) S Z 


(see [342]), so any correspondence has valence. An example of a correspon- 
dence without valence is the graph of an automorphism of order > 2 of C. 

Observe that the proof of the Proposition shows that for a correspondence R 
with valence v 


T ~ pi(D') + p3(D) — vA, (5.32) 


where D is the divisor class of T(x) + vx and D’ is the divisor class of 
T(x) + vz. It follows from the Proposition that the correspondence T7! 
has valence v. 

The next result is known as the Cayley-Brill formula. 
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Corollary 5.5.2 Let T be a correspondence of type (a,b) on a nonsingular 
projective curve C of genus g. Assume that T has valence equal to v. Then the 
number of united points of T is equal to 


d+d +2vg. 
This immediately follows from (5.32) and the formula A-A = 2 — 2g. 


Example 5.5.3 Let C be a nonsingular complete intersection of a nonsingular 
quadric Q and a cubic in P®. In other words, C is a canonical curve of genus 
4 curve without vanishing even theta characteristic. For any point x € C, the 
tangent plane T,,(Q) cuts out the divisor 2x + Dı + Do, where |z + D,| and 
|z + Da| are the two g3’s on C defined by the two rulings of the quadric. 
Consider the correspondence T on C x C defined by T(x) = Dı + Da. This is 
a symmetric correspondence of type (4, 4) with valence 2. Its 24 united points 
correspond to the ramification points of the two g4’s. 


For any two correspondences 7; and Tz on C one defines the composition 
of correspondences by considering C x © x C with the projections pij : C x 
C x C > C x C onto two factors and setting 


Tı © Tə = (p13) (Pi2(T1) N p53 (T2)). 
Set-theoretically 


Toen={(&,y)J)eCxC:3zeC:(z,z) € Tı,(z,y) € To}. 





Also Tı o Ta(x) = Tı (T>(x)). Note that if T} = Tz ' and T> is of type (d, d’) 
we have T)(T2(x)) — dx > 0. Thus the graph of Tı o T> contains dA. We 
modify the definition of the composition by setting 7; 07> = Tı o Ta — sA, 
where s is the largest positive multiple of the diagonal component of T; o Ta. 


Proposition 5.5.4 Let Ti o T> = TyQT> + sA. Suppose that T; is of type 
(di, di) and valence vi. Then Ti QT; is of type (dıd2— 5, dd —s) and valence 


K3 
—V1V + S. 


Proof Applying Proposition 5.5.1, we can write 


[Ti] = (di + rila} x C] + (di + )[C x {a}] — r [A], 











[T2] = (dg + v2)[{z} x C] + (d2 + v2)[C x {x}] — v2[A]. 


Easy computation with intersections gives 





TST] = (did; — nna) {x} x C] +(dıd2 — nn) |C x {z}] + (vıva -s)[A] 


= (did; —s+v)[{x} x C] + (did -s+v)[C x {x}] + v[A], 
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where v = —vıva + s. This proves the assertion. 





Example 5.5.5 In Baker’s book [21], vol. 6, p. 11, the symmetric correspon- 
dence TOT! is called the direct lateral correspondence. If (r, s) is the type 
of T and y is its valence, then it is easy to see that T o T = TOT! + sA, and 
we obtain that the type of TOT! is equal to (s(r — 1), s(r — 1)) and valence 
s — 7°. This agrees with Baker’s formula. 

Here is one application of a direct lateral correspondence. Consider a corre- 
spondence of valence 2 on a plane nonsingular curve C of degree d such that 
T(x) = T-(C)NC—2z. In other words, T(x) is equal to the set of the remain- 
ing d—2 intersection points of the tangent at x with C. For any point y € C the 
inverse correspondence assigns to y the divisor P,(C’) — 2y, where P,(C) is 
the first polar. A united point of TOTT! is one of the two points of the intersec- 
tion of a bitangent with the curve. We have s = d(d-1)-2,r=d-2,v=2. 
Applying the Cayley-Brill formula, we find that the number b of bitangents is 
expressed by the following formula 


2b = 2(d(d—1)—2)(d—3)+(d—1)(d—2)(d(d—1) —6) = d(d—2)(d? — 9). 

(5.33) 
As in the case of bitangents to the plane quartic, there exists a plane curve of 
degree (d — 2)(d? — 9) (a bitangential curve which cuts out on C the set of 
tangency points of bitangents (see [492], pp. 342-357). 





There are many other applications of the Cayley-Brill formula to enumera- 
tive geometry. Many of them go back to Cayley and can be found in Baker’s 
book. Modern proofs of some of these formulas are available in the literature 
and we omit them. 

Recall that a k-secant line of an irreducible space curve C C P? of degree 
dis a line £ such that a general plane contaning £ intersects C at d — k points 
outside £. Equivalently, the projection from £ defines a finite map C — P! of 
degree d — k. 

The proof of the following formula can be found in [267], Chapter 2, §5. 


Proposition 5.5.6 Let C be a general space curve of genus g and degree d. 
Then the number of 4-secant lines of C is given by the following formula: 
il 
12 

There is a precise meaning of generality of a curve. We refer to loc. cit. or 
[358] for the explanation. 

The set of trisecant lines is infinite and parameterized by a curve of degree 
(d- 1)(d — 3) — 3g 

3 ‘ 





(d — 2)(d — 3)?(d — 4) — 49(d® — 7d +13 — g). (5.34) 


q 3 


t=(d-2) 





(5.35) 
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(see [358]). 


5.5.2 Scorza correspondence 


Let C be a nonsingular projective curve of genus g > 0 and V be a non- 
effective theta-characteristic on C. 
Let 


dı : C x C —> Jac(C), (x,y) => [z — y] (5.36) 


be the difference map. Let © = Wei — ¥ be the symmetric theta divisor 
corresponding to 7. Define 


Ry = dī + (©). 
Set-theoretically, 
(Ry)rea = { (x,y) € C x C : h(x +8 — y) > 0}. 


Lemma 5.5.7 Ro is a symmetric correspondence of type (g, g), with valence 
equal to —1 and without united points. 


Proof Since © is a symmetric theta divisor, the divisor dj '(©) is invariant 
with respect to the switch of the factors of X x X. This shows that Ry is 
symmetric. 

Fix a point £o and consider the map i : C — Jac(C) defined by i(z) = 
[x — Xo]. It is known (see [43], Chapter 11, Corollary (2.2)) that 


9:1.(C) = (C x {to}) - di (8) =g. 


This shows that Ry is of type (g, g). Also it shows that Ry(z0) — zo + € 
W,-ı. For any point x € C, we have h? (9+x) = 1 because ù is non-effective. 
Thus Ry(x) is the unique effective divisor linearly equivalent to x + J. By 
definition, the valence of Ry is equal to — 1. Applying the Cayley-Brill formula 
we obtain that Ry has no united points. 














Definition 5.5.8 The correspondence Ry is called the Scorza correspon- 
dence. 


Example 5.5.9 Assume g = 1 and fix a point on C equipping C with a 
structure of an elliptic curve. Then ù is a nontrivial 2-torsion point. The Scorza 
correspondence Fy is the graph of the translation automorphism defined by d. 


In general, Ry could be neither reduced nor irreducible correspondence. 
However, for general curve X of genus g everything is as expected. 
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Proposition 5.5.10 Assume C is general in the sense that End(Jac(C)) S Z. 
Then Ry is reduced and irreducible. 


Proof The assumption that End(Jac(C)) = Z implies that any correspon- 
dence on C x C has valence. This implies that the Scorza correspondence is 
an irreducible curve and is reduced. In fact, it is easy to see that the valence of 
the sum of two correspondences is equal to the sum of valences. Since Ry has 
no united points, it follows from the Cayley-Brill formula that the valence of 
each part must be negative. Since the valence of Ry is equal to —1, we get a 
contradiction. 














It follows from (5.32) that the divisor class of Ry is equal to 
Ry ~ pi (9) + p30) +A. (5.37) 


Since Koxc = pi(Kc) + p5(Kc), applying the adjunction formula and 
using that A N R = @ and the fact that pł (V) = p3 (V), we easily find 


WR, = 3piwo. (5.38) 
In particular, the arithmetic genus of Ry is given by 
Pa(fy) = 3g(g - 1) +1. (5.39) 


Note that the curve Ry is very special, for example, it admits a fixed-point 
free involution defined by the switching the factors of X x X. 


Proposition 5.5.11 Assume that C is not hyperelliptic. Let R be a symmet- 
ric correspondence on C x C of type (g,g), without united points and some 
valence. Then there exists a unique non-effective theta characteristic ® on C 
such that R = Ry. 


Proof It follows from the Cayley-Brill formula that the valence v of R is 
equal to —1. Thus the divisor class of R(x) — x does not depend on x. Since 
R has no united points, the divisor class D = R(x) — x is not effective, i.e. 
hP(R(x) — x) = 0. Consider the difference map dı : C x C — Jac(C). For 
any (x,y) € R, the divisor R(x) — y ~ D+ x — y is effective and of degree 
g — 1. Thus d\(R)+ D C Wẹ. Let o : X x X + X x X be the switch of 
the factors. Then 
$(R) = dı(o(R)) = [1] (a(R) C [-1(W5-1 — D) C Wy + D’, 

where D’ = Ko — D. Since RNA = and C is not hyperelliptic, the equality 
dı(z,y) = dı(x', y’) implies (x, y) = (a’, y’). Thus the difference map dj is 
injective on R. This gives 


R= dy (Wy =D)= dy (W31 = D’). 
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Restricting to {x} x C we see that the divisor classes D and D’ are equal. 
Hence D is a theta characteristic V. By assumption, h? (R(x) — x) = h°(0) = 
0, hence V is non-effective. The uniqueness of V follows from formula (5.37). 














Let x, y € Ry. Then the sum of two positive divisors (Ry (x)—y)+(Ro(y)— 
x) is linearly equivalent to x +9 — y + y + V — x = 29 = Kc. This defines 
a map 


7: Ro > |Kol, (x,y) > (R(x) — y) + (Ra(y) — x). (5.40) 
Recall from [267], p. 360, that the theta divisor © defines the Gauss map 
G: 0° > |Kel, 


where © is the open subset of nonsingular points of ©. It assigns to a point z 
the tangent space T, (©) considered as a hyperplane in 


T,(Jac(C)) 2 H! (C, Oc) 2 H’(C,Oc(Kc)). 


More geometrically, G assigns to D — ù the linear span of the divisor D in the 
canonical space |Kco|*“ (see [10], p. 246). Since the intersection of hyperplane 
y(x, y) with the canonical curve C contains the divisors R(x) — y (and R(y) — 
x), and they do not move, we see that 


y= G O° dy. 
Lemma 5.5.12 
Y"(Ojxe|(1)) = Or, (Ro) = pï (Ko). 


Proof The Gauss map G is given by the normal line bundle Oe (©). Thus the 
map y is given by the line bundle 


di (Oe (0)) = Or, (d (9)) = Or, (Ro). 














It remains for us to apply formula (5.37). 


The Gauss map is a finite map of degree Co It factors through the map 
8° — ©°/(v), where ı is the negation involution on Jac(C'). The map y also 
factors through the involution of X x X. Thus the degree of the map Ro — 
(Ry) is equal to 2d(V), where d(W) is some numerical invariant of the theta 
characteristic J. We call it the Scorza invariant. Let 


T(V) := (Ra). 


We considered it as a curve embedded in |Kc|. Applying Lemma 5.5.12, we 
obtain the following. 
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Corollary 5.5.13 
glg- 1) 

ao) 
Remark 5.5.14 Let C be a canonical curve of genus g and Ry be a Scorza cor- 
respondence on ©. For any x,y € C consider the degree 2g divisor D(x, y) = 
Ro(x)+ Roly) € |Kc+x+y|. Since 2Kc- (Kc +z+y)| = |Kc-z-yl, 
we obtain that the linear system of quadrics through D(x, y) is of dimension 
$9(g + 1) — 2g = dim |Ops-1(2)| — 2g + 1. This shows that the set D(x, y) 
imposes one less condition on quadrics passing through this set. For example, 
when g = 3 we get that D(x, y) is on a conic. If g = 4 it is the base set of 
a net of quadrics. We refer to [176] and [209] for projective geometry of sets 
imposing one less condition on quadrics (called self-associated sets). 


degr (V) = 


5.5.3 Scorza quartic hypersurfaces 


The following construction due to G. Scorza needs some generality assumption 
on C. 


Definition 5.5.15 A pair (C, V) is called Scorza general if the following prop- 
erties are satisfied 


(i) Ry is a connected nonsingular curve; 
(ii) d(0) =1; 


(iii) T() is not contained in a quadric. 


We will see in the next chapter that a general canonical curve of genus 3 is 
Scorza general. For higher genus this was proven in [557]. 

We continue to assume that C is non-hyperelliptic. Consider the canonical 
embedding C > |Kco|Y = P9~! and identify C with its image (the canonical 
model of C). For any x € C, the divisor Ry(x) consists of g points y;. If all 
of them are distinct we have g hyperplanes Y(x,y;) = (Ro(x) — yi), or, g 
points on the curve I'(). More generally, we have a map C — C9) defined 
by the projection pı : Ry — C. The composition of this map with the map 
yO) : C > T(9) is a regular map ¢ : C > TW)@). Let HNC = 
£1 + +++ + 229-2 be a hyperplane section of C. Adding up the images of the 
points x; under the map ¢ we obtain g(2g — 2) points on T (2). 


Proposition 5.5.16 Let D = x, +--+ + 224-2 be a canonical divisor on ©. 
Assume (C, V) is Scorza general. Then the divisors 


2g—2 


aD) = Ha), De |Kel, 
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span a linear system of divisors on T (9) which are cut out by quadrics. 


Proof First note that the degree of the divisor is equal to 2degT (V). Let 
(x,y) € Ry and Dry = (x,y) = (Ro(x) — y) + (Roly) - z) € |Kel. 
For any x; € Rg(x) — y, the divisor y(x, x;) contains y. Similarly, for any 
x; € Rely) — z, the divisor Y(y,x;) contains x. This means that ¢(Dz,,) 
is cut out by the quadric Qg, y equal to the sum of two hyperplanes Hs; IA 
corresponding to the points x,y € C C |Kc|” via the duality. The image of 
|Ko| in T(9)(29=2)) spans a linear system L (since any map of a rational 
variety to Jac(I'(W)) is constant). Since T(V) is not contained in a quadric, it 
generates |K|. This shows that all divisors in Z are cut out by quadrics. The 
quadrics Qz, span the space of quadrics in |Kc| since otherwise there exists 
a quadric in |Kc|” apolar to all quadrics Q,,,. This would imply that for a 
fixed x € C, the divisor R(x) lies in a hyperplane, the polar hyperplane of 
the quadric with respect to the point x. However, because 7 is non-effective, 
(Rg(x)) spans P9=!. Thus dim L > g(g + 1)/2, and, since no quadrics con- 
tains T(V), L coincides with the linear system of divisors on T(V) cut out by 
quadrics. 














Let E = H°(C,wc)Y. We can identify the space of quadrics in |E| with 
P(S?(E)). Using the previous Proposition, we obtain a map |EY| — |S?(E)|. 
The restriction of this map to the curve T(V) is given by the linear system 
|Orcs)(2)|. This shows that the map is given by quadratic polynomials, so 
defines a linear map 


a: P(E“) > SE). 
The proof of the Proposition implies that this map is bijective. 


Theorem 5.5.17 Assume (C, V) is Scorza general. Then there exists a unique 
quartic hypersurface V (f) in |E| = P9”! such that the inverse linear map 
a! is equal to the polarization map Y% + Dy( f). 


Proof Consider a! : S?(E) — S?(EY) as a tensor U € S?(EY) & 
S? (EV) c (EY)®4 viewed as a 4-multilinear map E* — C. It is enough to 
show that U is totally symmetric. Then a~! is defined by the apolarity map as- 
sociated to a quartic hypersurface. Fix a reduced divisor Ry (x) = xı + +2;- 
Let H; be the hyperplane in |E| spanned by Ry(x) — xı. Choose a basis 
(tı,...,t,) in EY such that H; = V(t;). It follows from the proof of Propo- 
sition 5.5.16 that the quadratic map P(EY) + P(S? (E)) assigns to the hyper- 
plane H; the quadric Q.,., equal to the union of two hyperplanes associated 


5.5 Scorza correspondence 243 


to x and x, via the duality. The corresponding linear map a satisfies 
g 
a(t) = & Bey t= dct Gi (5.41) 
i=1 


where (&1,...,&,) is the dual basis to (tı,...,t,), and (b1,...,b,) are the 
coordinates of the point x. This implies that 


J 1 ifj=k= £ 
U (êj, > biêi Ek êm) = ae = = U (êr, > beatae) 


i 0 otherwise pal 


This shows that U is symmetric in the first and the third arguments when 
the second argument belongs to the curve T(V). Since the curve T(V) spans 
P(E“), this is always true. It remains for us to use that U is symmetric in 
the first and the second arguments, as well as in the third and the fourth argu- 











ments. 





Definition 5.5.18 Let (C, 0) be Scorza general pair consisting of a canoni- 
cal curve of genus g and a non-effective theta characteristic 3. Then the quar- 
tic hypersurface V (f) is called the Scorza quartic hypersurface associated to 


(C, 9). 


We will study the Scorza quartic plane curves in the case g = 3. Very little is 
known about Scorza hypersurfaces for general canonical curves of genus > 3. 
We do not even know whether they are nonsingular. However, it follows from 
the construction that the hypersurface is given by a nondegenerate homoge- 
neous form. 

The Scorza correspondence has been recently extended to pairs (C, 0), where 
C is a curve of genus g > 1 and @ is an effective even theta characteristic [317], 
[270]. 


5.5.4 Contact hyperplanes of canonical curves 


Let C be anonsingular curve of genus g > 0. Fixing a point co on C allows one 
to define an isomorphism of algebraic varieties Pic"(C) > Jac(C), [D] => 
[D — dco]. Composing this map with the map ug : C(® — Pic?(C) we obtain 
a map 

ualco) : OC = Jac(C). (5.42) 


If no confusion arises, we drop co from this notation. For d = 1, this map 
defines an embedding 


uy: C > Jac(C). 
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For the simplicity of the notation, we will identify C with its image. For any 
c € C the tangent space of C at a point c is a 1-dimensional subspace of 
the tangent space of Jac(C) at c. Using a translation automorphism, we can 
identify this space with the tangent space TpJac(C) at the zero point. Under 
the Abel-Jacobi map, the space of holomorphic 1-forms on Jac(C) is identified 
with the space of holomorphic forms on C. Thus we can identify ToJac(C) 
with the space H°(C, Kc)”. As a result, we obtain the canonical map of C 


yg: C + P(E? (C, Ke)”) =|KelY = PS. 


If C is not hyperelliptic, the canonical map is an embedding. 

We continue to identify H°(C,Kc)Y with ToJac(C). A symmetric odd 
theta divisor © = W?_, — ù contains the origin of Jac(C). If h°(0) = 1, 
the origin is a nonsingular point on ©, and hence © defines a hyperplane in 
To(Jac(C)), the tangent hyperplane 7 0. Passing to the projectivization we 


have a hyperplane in |Ko|¥. 


Proposition 5.5.19 The hyperplane in |Kc|“ defined by © is a contact hy- 
perplane to the image p(C) under the canonical map. 


Proof Consider the difference map (5.36) dı : C x C — Jac(C). In the case 
when © is an even divisor, we proved in (5.37) that 


di (O) ~ pi (9) + p39) + A. (5.43) 


Since two theta divisors are algebraically equivalent the same is true for an odd 
theta divisor. The only difference is that dj (©) contains the diagonal A as the 
preimage of 0. It follows from the definition of the map u1 (co) that 


u1(co)(C) NO = d7 (O) N p7 (co) = co + Dy, 


where Dy is the unique effective divisor linearly equivalent to v. LetG:O — 
P(ToJac(C’)) be the Gauss map defined by translation of the tangent space at 
a nonsingular point of © to the origin. It follows from the proof of Torelli 
Theorem [10] that the Gauss map ramifies at any point where © meets u1(C). 
So, the image of the Gauss map intersects the canonical image with multiplicity 
> 2 at each point. This proves the assertion. 














More explicitly, the equation of the contact hyperplane corresponding to 
© is given by the linear term of the Taylor expansion of the theta function 
0 [7] corresponding to ©. Note that the linear term is a linear function on 
H? (C, Kc)“, hence can be identified with a holomorphic differential 


he = 5 CACI A 


Oz; 
i=1 2 
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where (z1,...,2,) are coordinates in H°(C, Kc)” defined by a normalized 
basis w1, ...,w, of H°(C, Kc). A nonzero section of Ojac(c) (©) can be 
viewed as a holomorphic differential of order 3. To make this more precise, 
i.e. describe how to get a square root of a holomorphic 1-form, we use the 
following result (see [217], Proposition 2.2). 


Proposition 5.5.20 Let © be a symmetric odd theta divisor defined by the 
theta function 0 |, |. Then, for all x,y € C, 


O(n] (di(w—y))° = he(y(2))ho (ely) E(w, y)’, 
where E(x,y) is a certain section of Ocxc(A) (the prime-form). 


An attentive reader should notice that the equality is not well-defined in 
many ways. First, the vector y(x) is defined only up to proportionality and the 
value of a section of a line bundle is also defined only up to proportionality. To 
make sense of this equality we pass to the universal cover of Jac(C) identified 
with H°(C, Kc) and to the universal cover U of C x C and extend the 
difference map and the map ¢ to the map of universal covers. Then the prime- 
form is defined by a certain holomorphic function on U and everything makes 
sense. As the equality of the corresponding line bundles, the assertion trivially 


follows from (5.43). 
Let 
e O(n] (d(x — y)) 
t x,y) = —— A. 
Since E(x, y) = —E (y, x) and @ |, | is an odd function, we have t [| (x, y) = 
t [7] (y, x) for any z, y € C x C \ A. It satisfies 
t[n] (£y)? = he((a))he(p(y))- (5.44) 


Note that E(x, y) satisfies E(x, y) = —E(y, x), since @ [| is an odd function, 
we have t[y](z,y) =t[n] (y, £) for any z,y € C x C \ A. 

Now let us fix a point y = co, so we can define the root function on C. It is 
a rational function on the universal cover of C defined by t[ 7 | (x, co). 

Thus every contact hyperplane of the canonical curve defines a root function. 


Suppose we have two odd theta functions 8 | „| , 4 | 5, | . Then the ratio of the 


corresponding root functions is equal to 0 [| (d1(a—co))/0 E | (dı(2—-co)) 

and its square is a rational function on C, defined uniquely up to a constant fac- 

tor depending on the choice of co. Its divisor is equal to the difference 29 — 20’. 
1 


Thus we can view the ratio as a section of K 2 with divisor 6 — 0’. This section 
is not defined on C but on the double cover of C corresponding to the 2-torsion 
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point d— 0’. If we have two pairs 31, 0’, V2, V of odd theta characteristics sat- 
isfying 01-0’ = V2— V, = €, i.e. forming a syzygetic tetrad, the product of the 
two ratios is a rational function on C with divisor 94 +05 — V4, — V2. Following 
Riemann [471] and Weber [595], we denote this function by (0104, /204)!/?. 
By Riemann-Roch, h° (vı + 05) = h? (Ko + €) = g — 1, hence any g pairs 
(01, 01), - - (Ug, 94) of odd theta characteristics in a Steiner complex define 
g linearly independent functions (919 /9,0,)/?,...,(dg-10,_1/9g0,)"/?. 
After scaling, and getting rid of squares by using (5.44), we obtain a polyno- 
mial in he, (y(x)),..., he, (y(x)) vanishing on the canonical image of C. 


Example 5.5.21 Let g = 3. We take three pairs of odd theta functions and get 
the equation 





VII, + VVV + 9395 = 0. (5.45) 
After getting rid of square roots, we obtain a quartic equation of C 
(Im + pq — rs)? — 4lmpq = 0, (5.46) 


where 1,m,p,q,rs are the linear functions in 21, 22, z3 defining the linear 
terms of the Taylor expansion at 0 of the odd theta functions corresponding 
to three pairs in a Steiner complex. The number of possible ways to write the 
equation of a plane quartic in this form is equal to 63 - 20 = 1260. 


Remark 5.5.22 For any nonzero 2-torsion point, the linear system |Kc + e| 
maps C to P9~?, the map is called the Prym canonical map. We have seen that 
the root functions (010, /02,)'/? belong to H°(C, Kc + €) and can be used 
to define the Prym canonical map. For g = 3, the map is a degree 4 cover of 
P! and we express the quartic equation of C as a degree 4 cover of P+. 


Exercises 


5.1 Let C be an irreducible plane curve of degree d with a (d — 2)-multiple point. Show 
that its normalization is a hyperelliptic curve of genus g = d — 2. Conversely, show 
that any hyperelliptic curve of genus g admits such a plane model. 

5.2 Show that a nonsingular curve of genus 2 has a vanishing theta characteristic but a 
nonsingular curve of genus 3 has a vanishing theta characteristic if and only if it is a 
hyperelliptic curve. 

5.3 Show that a nonsingular non-hyperelliptic curve of genus 4 has a vanishing theta 
characteristic if and only if its canonical model lies on a quadratic cone. 

5.4 Find the number of vanishing theta characteristics on a hyperelliptic curve of genus 
g. 

5.5 Show that a canonical curve of genus 5 has 10 vanishing even theta characteristics 
if and only if it is isomorphic to the intersection of three simultaneously diagonalized 
quadrics in P*. 
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5.6 Compute the number of syzygetic tetrads contained in a Steiner complex. 


5.7 Show that the composition of two correspondences (defined as the composition of 
the multi-valued maps defined by the correspondences) with valences v and v’ is a 
correspondence with valence —vv’. 


5.8 Let f : X — P! be a non-constant rational function on a nonsingular projective 
curve X. Consider the fibered product X Xpı X as a correspondence on X x X. 
Show that it has valence and compute the valence. Show that the Cayley-Brill formula 
is equivalent to the Hurwitz formula. 


5.9 Suppose that a nonsingular projective curve X admits a non-constant map to a curve 
of genus > 0. Show that there is a correspondence on X without valence. 


5.10 Show that any correspondence on a nonsingular plane cubic has valence unless the 
cubic is harmonic or equianharmonic. 


5.11 Describe all symmetric correspondences of type (4, 4) with valence 1 on a canon- 
ical curve of genus 4. 


5.12 Let Ry be the Scorza correspondence on a curve ©. Prove that a point (x, y) € Re 
is singular if and only if x and y are ramification points of the projections Ry — C. 


Historical Notes 


It is too large a task to discuss the history of theta functions. We mention 
only that the connection between odd theta functions with characteristics and 
bitangents to a quartic curves goes back to Riemann [471], [595]. There are 
numerous expositions of the theory of theta functions and Jacobian varieties 
(e.g. [10], [114], [406]). The theory of fundamental sets of theta characteristics 
goes back to A. Göpel and J. Rosenhein. A good exposition can be found 
in Krazer’s book [348]. As an abstract symplectic geometry over the field of 
two elements it is presented in Coble’s book [121], which we followed. Some 
additional material can be found in [116] (see also a modern exposition in 
[484]). 

The theory of correspondences on an algebraic curve originates from Charles’ 
Principle of Correspondence [94] which is the special case of the Cayley-Brill 
formula in the case g = 0. However, the formula was known and used ear- 
lier by E. de Jonquiéres [159], and later but before Chasles, by L. Cremona 
in [141]. We refer to C. Segre [521] for a careful early history of this discov- 
ery and the polemic between Chasles and de Jonquières on the priority of this 
discovery. 

We have already encountered with the application of Chasles’ Principles to 
Poncelet polygons in Chapter 2. This application was first found by A. Cay- 
ley [85]. He was also the first to extend Chasles’ Principle to higher genus 
[85] although with incomplete proof. The first proof of the Cayley-Brill for- 
mula was given by A. Brill [55]. The notion of valence (die Werthigeit) was 
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introduced by Brill. The fact that only correspondences with valence exist on 
a general curve was first pointed out by A. Hurwitz [309]. He also showed 
the existence of correspondences without valence. A good reference to many 
problems solved by the theory of correspondences is Baker’s book [21], vol. 6. 
We refer to [535] for a fuller history of the theory of correspondences. 

The number of bitangents to a plane curve was first computed by J. Pliicker 
[448], [449]. The equations of bitangential curves were given by A. Cayley 
[79], G. Salmon [492] and O. Dersch [165]. 

The study of correspondences of type (g, g) with valence —1 was initiated 
by G. Scorza [511], [512]. His construction of a quartic hypersurface associ- 
ated to a non-effective theta characteristic on a canonical curve of genus g was 
given in [513]. A modern exposition of Scorza’ theory was first given in [177]. 


6 


Plane Quartics 


6.1 Bitangents 
6.1.1 28 bitangents 


A nonsingular plane quartic C is a non-hyperelliptic genus 3 curve embedded 
in P? by its canonical linear system | Kc]. It has no vanishing theta character- 
istics, so the only effective theta characteristics are odd ones. The number of 
them is 28 = 2?(23 — 1). Thus C has exactly 28 contact lines, which in this 
case coincide with bitangents. Each bitangent is tangent to C at two points that 
may coincide. In the latter case the bitangent is called a inflection bitangent. 

We can apply the results from Section 5.4 to the case g = 3. Let V = 
Pic(C)[2] = F$ with the symplectic form w defined by the Weil pairing. The 
elements of Q(V)_, i.e. quadratic forms of odd type on V, will be identified 
with bitangents. 

The union of four bitangents forming a syzygetic tetrad cuts out in C an ef- 
fective divisor of degree 8 equal to the intersection of C with some conic V (q). 
There are t3 = 315 syzygetic tetrads which are in a bijective correspondence 
with the set of isotropic planes in Pic(C)[2]. 

Since a syzygetic tetrad of bitangents and the conic V (q) cuts out the same 
divisor, we obtain the following. 


Proposition 6.1.1 A choice of a syzygetic tetrad of bitangents V (l;),i = 
1,...,4, puts the equation of C in the form 


C =V(lylelgla +°). (6.1) 


Conversely, each such equation defines a syzygetic tetrad of bitangents. There 
are 315 ways to write f in this form. 


There are 63 Steiner complexes of bitangents. Each complex consists of six 
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pairs of bitangents £;, £/, such that the divisor class of 4; O C — 4; N C isa fixed 


4 
nonzero 2-torsion divisor class. 


Proposition 6.1.2 Let (l, m), (p, q), (r, s) be three pairs of linear forms defin- 
ing three pairs of bitangents from a Steiner complex. Then, after scaling the 
forms, one can write the equation of C in the form 


Almpq — (Im + pq —rs)* = 0, (6.2) 
which is equivalent to the equation 


Vim + Ypg + vrs =0 (6.3) 


after getting rid of square roots. Conversely, an equation of this form is defined 
by three pairs of bitangents from a Steiner complex. The number of ways in 
which the equation can be written in this form is equal to 1260 = - 63. 


Proof By (6.1), we can write 
C = V(Impq — a?) = V (Imrs — b°?) 
for some quadratic forms a, b. After subtracting the equations, we get 
Im(pq — rs) = (a+ 6)(a — b). 


If | divides a + b and m divides a — b, then the quadric V (a) passes through 
the point | N m. But this is impossible since no two bitangents intersect at a 
point on the quartic. Thus, we obtain that Im divides either a + b or a — b. 
Without loss of generality, we get lm = a +b, pq — rs = a — b, and hence a = 
(lm +pq—rs). Therefore, we can define the quartic by the equation Almpq — 
(Im + pq — rs)? = 0. Conversely, Equation (6.2) defines a syzygetic tetrad 
V(l), V(m), V(p), V(q). By the symmetry of Equation (6.3), we obtain two 
other syzygetic tetrads V (1), V (m), V(r), V(s) and V(p), V (q), V(r), V(s). 
Obviously, the pairs (l, m), (p, q), (r, s) define the same 2-torsion divisor class, 
so they belong to a Steiner hexad. 

















In the previous Chapter we found this equation by using theta functions (see 
(5.45)). 


Remark 6.1.3 Consider the 4-dimensional algebraic torus 





T = {(21, 22, 23, 24, 25, 26) € (C*)® : 2122 = 2324 = 2526} & (C*)*. 





It acts on 6-tuples of linear forms (l1,...,/6) € (C?)® = C18 by scalar mul- 
tiplication. The group G = F3 x ©; of order 48 acts on the same space by 
permuting two forms in each pair (l;, li+1), i = 1,3, 5, and permuting the three 
pairs. This action commutes with the action of T and defines a linear action of 
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the group T x Gon P!” = C!# \ {0}/C*. The GIT-quotient X = P!’/(TxG) 
is a projective variety of dimension 14. A rational map X --+ |Op2(4)| which 
assigns to a general orbit of T x G the quartic curve V (Ylıla+ Vigla + Visle) 
is a SL(3)-equivariant and of degree 48-1260. I do not know whether X/SL(3) 
is a rational variety; the orbit space |Op2(4)|/SL(3) is known to be a rational 
variety [330], [46]. 


We know that two Steiner complexes have either four or six common bitan- 
gents, depending on whether they are syzygetic or not. Each isotropic plane 
in Pic(C)[2] defines three Steiner complexes with common four bitangents. 
Two azygetic Steiner complexes have 6 common bitangents. The number of 
azygetic triads is equal to 336. 

The projection from the intersection point of two bitangents defines a gl 
with two members of the form 2p + 2q. It is possible that more than two bitan- 
gents are concurrent. However, we can prove the following. 





Proposition 6.1.4 No three bitangents forming an azygetic triad can intersect 
at one point. 


Proof Let 1,02, 03 be the corresponding odd theta characteristics. The 2- 
torsion divisor classes €,; = V; — J; form a non-isotropic plane. Let € be a 
nonzero point in the orthogonal complement. Then qn; (€) + qn; (€) + (mij, €) = 
0 implies that q,,, take the same value at €. We can always choose e such that 
this value is equal to 0. Thus the three bitangents belong to the same Steiner 
complex } (e€). Obviously, no two differ by e, hence we can form 3 pairs from 
them. These pairs can be used to define Equation (6.2) of C. It follows from 
this equation that the intersection point of the three bitangents lies on C. But 
this is impossible because C is nonsingular. 














Remark 6.1.5 A natural question is whether the set of bitangents determines 
the quartic, i.e. whether two quartics with the same set of bitangents coincide. 
Surprizingly it has not been answered by the ancients. Only recently it was 
proven that the answer is yes: [62] (for a general curve), [356] (for any nonsin- 
gular curve). 


6.1.2 Aronhold sets 


We know that in the case g = 3 anormal fundamental set of eight theta charac- 
teristics contains seven odd theta characteristics. The corresponding unordered 
set of seven bitangents is called an Aronhold set. It follows from (5.30) that the 
number of Aronhold sets is equal to #Sp(6, F2)/7! = 288. 

A choice of an ordered Aronhold set defines a unique fundamental set that 
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contains it. The eighth theta characteristic is equal to the sum of the charac- 
teristics from the Aronhold set. Thus an Aronhold set can be defined as an 
azygetic set of seven bitangents. 

A choice of an ordered Aronhold set allows one to index all 2-torsion divisor 
classes (resp. odd theta characteristics) by subsets of even cardinality (resp. of 
cardinality 2) of {1,...,8}, up to complementary set. Thus we have 63 2- 
torsion classes €ab, €abca and 28 bitangents £;; corresponding to 28 odd theta 
characteristics J;;. The bitangents from the Aronhold set correspond to the 
subsets (18, 28,..., 78). 

We also know that Ya — Up = €4+ 8. This implies, for example, that four 
bitangents 4, lB, lc, lp form a syzygetic tetrad if and only if A+ B+ C+ 
D=0. 

Following Cayley, we denote a pair of numbers from the set {1,...,8} by 
a vertical line |. If two pairs have a common number we make them intersect. 
For example, we have the following. 


e Pairs of bitangents: 210 of type || and 168 of type V. 
e Triads of bitangents: 


1. (syzygetic) 420 of type LI, 840 azygetic of type |||; 





e Tetrads of bitangents: 











1. (syzygetic) 105 azygetic of types ||||, 210 of type UO; 

2. (asyzygetic) 560 of types | A, 280 of type WZ, 1680 oftypel\V, 2520 of 
type VV; 

3. (non syzygetic but containing a syzygetic triad) 2520 of type || V, 5040 
of type | LI, 3360 of type LI, 840 of type A/, 3360 of type NN. 








There are two types of Aronhold sets: SG N/A. They are represented by 
the sets (12, 13, 14, 15, 16, 17, 18) and (12, 13, 23, 45, 46, 47, 48). The number 
of the former type is 8, the number of the latter type is 280. Note that the 
different types correspond to orbits of the subgroup of Sp(6, F2) isomorphic to 
the permutation group Gg. For example, we have two orbits of Gg on the set 
of Aronhold sets consisting of 8 and 280 elements. 


Lemma 6.1.6 Three odd theta characteristics 01, 0,03 in a Steiner complex 
Di(e), no two of which differ by e, are azygetic. 


Proof Let vo = Vi, +e, i = 1,2,3. Then {vi, vi, Vo, v5} and Id, %, V3, 05} 
are syzygetic and have two common theta characteristics. By Proposition 5.4.13, 
the corresponding isotropic planes do not span an isotropic 3-space. Thus 
(91 — 95,03 — 01) = 1, hence 01, V2, V3 is an azygetic triad. 
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The previous Lemma suggests a way to construct an Aronhold set from a 
Steiner set (€). Choose another Steiner set D(n) azygetic to the first one. 
They intersect at six odd theta characteristics J;,...,06, no two of which 
differ by e. Consider the set {01,...,05,U6 + €, Ve + 7}. We claim that this 
is an Aronhold set. By the previous Lemma all triads J;,0;, 0%, i, j, k < 5 are 
azygetic. Any triad 0;, Ve + €, Ve +N, i < 5, is azygetic too. In fact J; ((V6 + 
e) + (Je +)) = Vile +n) #0 since J; & U(e +7). So the assertion follows 
from Lemma 5.4.2. We leave it to the reader to check that remaining triads 
{Vi Dj, Vo + €}, 10i, Vj, 06 +n}, i < 5, are azygetic. 


Proposition 6.1.7 Any six lines in an Aronhold set are contained in a unique 
Steiner complex. 


We use that the symplectic group Sp(6, F2) acts transitively on the set of 
Aronhold sets. So it is enough to check the assertion for one Aronhold set. Let 
it correspond to the index set (12, 13, 14, 15, 16, 17, 18). It is enough to check 
that the first six are contained in a unique Steiner complex. By Proposition 
5.4.7, itis enough to exhibit a 2-torsion divisor class e;; such that 01, (eij) =0 
for k = 2,3,4,5,6,7, and show its uniqueness. By Proposition 5.4.19, €18 
does the job. 

Recall that a Steiner subset of theta characteristics on a genus 3 curve con- 
sists of 12 elements. A subset of six elements will be called a hexad. 


Corollary 6.1.8 Any Steiner complex contains 2° azygetic hexads. Half of 
them are contained in another Steiner complex, necessarily azygetic to the first 
one. Any other hexad can be extended to a unique Aronhold set. 


Proof Let D(e) be a Steiner complex consisting of six pairs of odd theta 
characteristics. Consider it as G-set, where G = (Z/2Z)® whose elements, 
identified with subsets I of [1,6], act by switching elements in i-th pairs, i € 
I. It is clear that G acts simply transitively on the set of azygetic sextuples 
in D(e). For any azygetic complex (7), the intersection U(e) N X(n) is an 
azygetic hexad. Note that two syzygetic complexes have only four bitangents 
in common. The number of such hexads is equal to 2° — 2° = 2°. Thus the set 
of azygetic hexads contained in a unique Steiner complex is equal to 2° - 63. 
But this number is equal to the number 7 - 288 of subsets of cardinality 6 of 
Aronhold sets. By the previous Proposition, all such sets are contained in a 
unique Steiner complex. 














Let (Vis, . . . , 07g) be an Aronhold set. By Proposition 6.1.7, the hexad V28, 
...,U7g is contained in a unique Steiner complex U(e). Let Jb, = Vas + 
e. By Proposition 5.4.19, the only 2-torsion point e;; at which all quadrics 
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V28, - - . , O78 vanish is the point eis. Thus 05g = V28 + €18 = Viz. This shows 
that the bitangent defined by 4, coincides with V12. Similarly, we see that the 
bitangents corresponding to Vig + €, i = 3,..., 7, coincide with the bitangents 
Oii. 


6.1.3 Riemann’s equations for bitangents 


Here we show how to write equations of all bitangents knowing the equations 
of an Aronhold set of bitangents. 

Let 41 = V(lı),...,£7 = V (l7) be an Aronhold set of bitangents of C. By 
Proposition 6.1.4, any three lines are not concurrent. We may assume that 


A= V (to), £2 = V(t1), 3 = V (t2), l4 = V (to +tı + t2) 
and the remaining ones are l4+; = V (agito + auitı + agito), i = 1, 2,3. 


Theorem 6.1.9 There exist linear forms uo, u1, U2 such that, after rescaling 


the linear forms, 





C= V(Vtouo + vtıuı + vVtaua). 
The forms u; can be found from equations 


uo + Uy + Ug + to + tı + t2 = 0, 
u u u 
ee kyaoito + kıanıtı + kıazıta = 0, 
aol a11 a21 


— + — + — + kđao2to + kaaıatı + kaaaata = 0, 














Er a ee kzaosto rT kzaıstı + kzaasta = 0, 


1 1 1 
an 2 ae Ài =l 
a a a | ES 
POPOP ds 1 
a21 a22 a23 3 
and then solving the equations 
Aodo1 A1011 A2021 ky 1 
AoGo2 Araız Aza22 |- | ko} =| -1 
Aoaog Aıaız A2423 k3 —1 


The equations of the remaining 21 bitangents are: 








(1) uo 0, ui 0, u2 0, 


6.1 Bitangents 255 


(2) to +t, + u2 = 0, to + t2 + u1 = 0, ti +t2 + uo = 0, 
(3) TA + kilaiiti + agjt2) = 0, i = 1, 2,3, 

(4) T zu k;(aoito T azit2) = 0, i = 1, 2,3, 
(5) = == k;(aoito Eg arts) = 0, i = 1, 2,3, 

(6) a + — t ' a =0, i=1,2,3, 


1-krayjazi 1—kiaoiazi $ 1—kjaoia1i 
=), i= 1,2,3. 














(7) o 1 | t2 
aoi(l—kiariazi) aii(l—kiaoiazi) a2; (1—-kiaoiaı:) 


Proof By Proposition 6.1.7, six bitangents in our set of seven bitangents 


£ı,...,£7 are contained in a unique Steiner complex. Throwing away £1, l2, b3, 
we find three Steiner complexes partitioned in pairs 
(la, &3), (£3, £2), (l4, En), ey (l7, En), (6.4) 


(3,&1), (41,3), (Zas, £42), .-., (67, £72), 
(4, €2), (2, €1), (£4, €43), EE (£7, £73). 


Since two Steiner complexes cannot contain more than six common bitangents, 
the bitangents & = V (u;—1) and &;; = V (l;;) are all different and differ from 
Lı, .-., l7. We continue to identify bitangents with odd theta characteristics, 
and the corresponding odd quadratic forms. 

Now we have 


lə — &3 = b3 — 2, 63 -G =O — £3, 41 — &2 = bo — &. 


This implies that 0; — & = la — E2 = lz — &3, i.e. the pairs (41, €1), (la, £2), 
and (3, €3) belong to the same Steiner complex ®. One easily checks that 


(fp — £1, l1 — £2) = (Lo — £2, l2 — £3) = (a — £3, l3 — £1) = 0, 


and hence % is syzygetic to the three complexes (6.4) and therefore it does not 
contain @;,7 > 4. 
By Proposition 6.1.2 and its proof, we can write, after rescaling uo, U1, u2, 


C = V(4toti uous — 93) = V (4tot2uou2 — q3) = V (Atıtauıua — q7), (6.5) 
where 
qı = —touo + tiu + toue, (6.6) 
q2 = touo — tıuı + tou, 


q3 = touo + tıuı — taun. 


Next, we use the first Steiner complex from (6.4) to do the same by using 
the first three pairs. We obtain 


C = V(Atıualalaı = q^). 
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As in the proof of Proposition (6.1.2), we find that 


2(toug — l4l 
qı — q = 2Aıtıua, qı q= 26t = la) 





Aı 
Hence 
tauı — lalaı 
qı = Aıtıua 4 z touo + tıuı + tous, 
1 
and we obtain 
lalaı = t2u1 — A1(—touo + tiu + t2u3) + A tiuo, (6.7) 


lalaa = tiuo — A2(touo = tiui + tous) + Adtauo, 
Igla3 = touz — Az(touo + tiui = t2u3) + Atour. 


The last two equations give 





l l u t 
ul } TER 2uo + Asua + 5>) + uo (Azta + 5>). 


The lines £4, £1, and €, belong to the third Steiner complex (6.4), and by 
Lemma 6.1.6 form an azygetic triad. By Proposition 6.1.4, they cannot be con- 
current. This implies that the line V (Agt2 + =) passes through the intersection 
point of the lines €; and £4. This gives a linear dependence between the linear 
functions l4 = aoto + aıtı + date, lı = to and Aata + i (we can assume that 


3 
ao = a1 = Aa = 1 but will do it later). This can happen only if 


(6.8) 


1 
A2 = G02, — = C10), 
Az 


for some constant cı. Now Aat + et = cı(asta + aıtı) = cı (l4 — aoto), 
and we can rewrite (6.8) in the form 


lag. lag ug Ug 
ul<— + — - = to(—c1(2 —+—). 
C1 als, + = c1uo) o( cı( + AoCı)Uo + a1 T = 
This implies that 
l l k 
22 he el ti t to, (6.9) 
Aa Ag Cy 


kıla = —c1 (2 + ca) ug + Fr pa (6.10) 
1 


a2 


for some constant kı. Similarly, we get 





U U 
koala = —c9(2 T C201 Ju1 + — + 2. 
ao a2 
U U 
k3l4 = —c3(2 mr Cz49)Ug + a + 22, 
ao aı 
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It is easy to see that this implies that 





kı ka k3 k, cy 40, C2 = —4Q1, C3 = —4A2. 





Equations (6.9) and (6.10) become 


l l k 
42 | 43 = —aguo to, (6.1 1) 
a 





uo ui u2 
kl = — + — +. 
ao aı a2 


(6.12) 


At this point, we can scale the coordinates to assume 





aı a2 a2 1 —k 1, 





and obtain our first equation 
to + ty + t2 + Up + Uy + Ua =0. 


Replacing l4ı with /51,161,/71 and repeating the argument, we obtain the re- 
maining three equations relating uo, u1, u2 with to, t1, t2. 

Let us find the constants k1, ka, k3 for €5, l6, £7. We have found four linear 
equations relating six linear functions to, t1, ta, wo, U1, Ug. Since three of them 
form a basis in the space of linear functions, there must be one relation. We 
may assume that the first equation is a linear combination of the last three with 
some coefficients \1, A2, Aa. This leads to the system of linear equations from 
the statement of the Theorem. 

Finally, we have to find the equations of the 21 bitangents. The equations 
(6.5) show that the lines £1, £2, €3 are bitangents. Equation (6.11) and similar 
equations 








las l = —uı +t 
I A 1 1; 
apd 
Ji Ao 2 2) 
after adding up, give 
lai | laa las 
+ =to+t + t2, 
w u o tti + t2 
and then 
lai 
— = uw +t + fe, 
M ott + t2 
lyn _ 
< =u + to + te, 
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l 
"83 L ug + to th. 
Ay 


This gives us three equations of type (2). Similarly, we get the expressions for 
lsi, lei, lri which are the nine equations of types (3), (4), and (5). 

Let us use the Aronhold set (44, . . . , 27) to index bitangents by subsets (ij) 
of {1,...,8}. As we explained at the end of the previous section, we have 


E1 = 093, €2=013, & =Vie, 


Eak = Vea, Esk =Ve5, Eek =Vee, Erk =Ve7, kK=1,2,3. 


The remaining bitangents are 056, 057, 067, V45, V46, dar. The first three look 
like J23, 013, V12, they are of type A. The second three look like Vsk, Vex, U7, 
they are of type V. To find the equations of triples of bitangents of type A, we 
interchange the roles of the lines £1, 2, Z3 with the lines (5, 2g, 27. Our lines 
will be the new lines analogous to the lines £1, £2, €3. Solving the system, we 
find their equations. To find the equations of the triple of bitangents of type V, 
we delete £4 from the original Aronhold set, and consider the Steiner complex 
containing the remaining lines as we did in (6.4). The lines making the pairs 
with £5, ls, €7 will be our lines. We find their equations in the same manner as 
we found the equations for &sx , 6k, Erk- 














Remark 6.1.10 The proof of the Theorem implies the following result, which 
can be found in [271]. Let (44, £1), be three pairs of bitangents from the same 
Steiner complex. Let (€4,€4) be a fourth pair of bitangents from the Steiner 
complex given by pairs (£1, £2), (l2, £1) as in (6.4) (where & = £43). Choose 
some linear forms l;, m; representing £;, &;. Then the equation of C can be 
given by 


((lalals)(lamamsa)lımı + (Ilalz)(mılams)lama = (Ilala)(mımala)lsms)” 


—A(Iglgl3)(lamams3) (Ills) (mılams)lımılama = 0, 


where the brackets denote the determinants of the matrix formed by the coeffi- 
cients of the linear forms. In fact, this is Equation (6.5), where the determinants 
take care of scaling of the forms uo, u1, uz (use that, V (l4) can be taken to be 
V(lı +l2 +13) and we must keep the relation lı + lz +13 + u1 + u2 +u3 = 0). 

One can also find in loc. cit. paper of J. Guardia the expressions for l;, m; in 
terms of the period matrix of C. 


Remark 6.1.11 We will see later in Subsection 6.3.3 that any seven lines in 
a general linear position can be realized as an Aronhold set for a plane quartic 
curve. Another way to see it can be found in [596], p. 447. 
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6.2.1 Quadratic determinantal representations 


Suppose an aCM invertible sheaf F on a nonsingular plane curve C of degree 
d = 2k defines a resolution 





DSDS (6.13) 

where dim U = dimV = k. Taking the cohomology, we obtain 
HG FSV H°(C,F(-1)) SU, (6.14) 
H°(C,F(-1)) = H1(C,F) = 0, (6.15) 


The map ¢ is defined by a linear map S? + U&V. In coordinates, it is defined 
by ak x k-matrix A = (a;,;) with quadratic forms as its entries. The transpose 
matrix defines a resolution 





63" (1 S75¢56, (6.16) 
where 
G = Exto,, (F, Op2)(—2) = FY (d — 2). 
If we set L = F(1 — k), M =G(1—k&), then £ & M = Oc and conditions 
(6.15) can be rephrased in terms of £. They are 
H°(C, L(k — 2)) = H'(C,£(k — 1)) =0. (6.17) 


Twisting the exact sequence (6.13) by Op2(1 — k), and applying Riemann- 
Roch, we obtain, after easy calculation, 


deg £=g—1+ x(L) =g—1+ k(x (Op2(1 — k)) — x(Op2(—-1 — k)) = 0. 


Conversely, given an aCM invertible sheaf £ satisfying (6.17), then F = 
£(k — 1) admits a resolution of the form (4.20). Taking cohomology, one can 
easily show that a1 wis ak 0, by ae bk 2. This gives the 
following. 








Theorem 6.2.1 The equivalence classes of quadratic determinantal repre- 
sentations of a nonsingular plane curve C of degree d = 2k are in a bijective 
correspondence with invertible sheaves L on C of degree 0 satisfying 


H? (C, L(k — 2)) = H' (C, L(k — 1)) = 0. 


Changing L to L7! corresponds to the transpose of the matrix defining the 
determinantal representation. 
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As we know, resolutions (6.13) and (6.16) define the two maps 
t: C => P(U), r:C—P(WV), 


given by the left and right kernels of the matrix A, considered as a bilinear 
form on U ® V. These maps are given by the linear systems |(k — 1)h + a 
|(k — 1)h — al, where £L ~ Oc (a) and Oc (1) = Oc(h). 

Consider the map 





> 


(Lr): C > P(U) x P(V) 


with the image S. We identify the product of the projective spaces with its 
image in P(U & V) under the Segre embedding. Consider the restriction map 


v : H°(P(U 8 V), Opuev)(1)) = U 8V > H°(S,Os(1)) 
= H? (C, L(k — 1) @ M(k — 1)) = H?” (C, Oc (2k — 2)), (6.18) 


Passing to the projectivizations, and composing it with the Segre map P(U) x 
P(V) > P(U 8 V), it corresponds to the multiplication map 


pe: \(kK-1)h+al] x |(k—1)h-—a| > |Op(2k — 2)|, (D1, Do) > (Dy, Do), 


where (Dj, D2) is the unique curve of degree 2k — 2 that cuts out the divisor 
Dı + Da on C. Composing the linear map (6.18) with the linear map & : 
S? E — U & V, we get a linear map 


v' : S?(E) $ H? (P?, Ope (2)) = S?*-?(BY). (6.19) 


A similar proof as used in the case of linear determinantal representations 
shows that this map coincides with the apolarity map corresponding to ©. 

For any x € C, consider the tensor I(x) © t(x) as a hyperplane in |U & V]. 
It intersects |U| x |V| at the subvariety of points whose image under the map 
u vanishes at x. Choose a basis (s1,...,$,) in U and a basis (s/,...,s,,) in 
V. The map ¢ is given by $(x) = J- a;; 8; Q sj. It follows from the above that 
the matrix (v(s;®s,;)) and the matrix adj((a;, )) coincide when restricted at C 
(up to a multiplicative factor). Since its entries are polynomials of degree less 
than deg C,, we see that they coincide for all x. This shows that the map v can 
be written by the formula 


a(t) A aır(t) U1 

(I, uisi, I v584) > — det i l :|. 62W 
akı (t) en Ark (t) Uk 
ul re Uk 0 


Under the composition of the map, the zero set of the bordered determinant 
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is a curve of degree 2k — 2. Consider the discriminant hypersurface Dy_2(2) 
of curves of degree d — 2 = 2k — 2. The preimage of Dy_2(2) under the 
map (6.18) is a hypersurface X in P(U) x P(V) = P-t x P*-1 given by a 
bihomogeneous equation of bidegree (3(d — 3)”, 3(d — 3)?). Here we use that 
deg Da(2) = 3(d - 1). 

Now it is time to specialize to the case d = 4. In this case, the map |v| is the 
map 

|v]: |Ko +a] x |Kc — a| > |Op2(2)]. 


In coordinates, the map v is given by 


f f 
(u1S1 + U282, 018) + V283) > —Ugvoaıı + Uovıaı2 — U1V0Q21 — U11022. 
(6.21) 
The map ¢ is given by 


P(x) = 5 Hl) @ 85", 


where (sj, s3), (s1*, 84") are the dual bases in UY and VY. One can also ex- 
plicitly see the kernel maps [ and r: 


x),aı2(®)], (6.22) 
x), A21(x)]. (6.23) 


U(x) = [-a21 (x), a11 (£)] = [~a22 
r(x) = [—a12(2), a11(x)] = [~a22 


The intersection of the conics V (aaı (t))NV (a21 (t)) lies on C, so [is given by 


a pencil of conics with four base points x1, . . . , 24 on C. The map t is given by 
another pencil of conics whose base points y1,...,y4 together with the base 
points 7 ,...,%4 are cut out by a conic. 


The hypersurface X C P(U) x P(V) is of type (3, 3). It is a curve of arith- 
metic genus 4. Its image under the Segre map is a canonical curve equal to 
the intersection of a nonsingular quadric and a cubic surface. The cubic sur- 
face is the preimage of the determinantal cubic. It is a cubic symmetroid. We 
will discuss such cubics in Chapter 8. As we explained in Subsection 4.2.6, 
a cubic symmetroid surface admits a unique double cover ramified along the 
nodes. The restriction of this cover to X is an irreducible unramified cover 
r: X — X.Letr be the nontrivial 2-torsion divisor class on X corresponding 
to this cover (it is characterized by the property that r*(r) = 0). The linear 
system |Kx + 7| maps X to P?. The image is a Wirtinger plane sextic with 
double points at the vertices of a complete quadrilateral. Conversely, we will 
explain in Chapter 9 that a cubic symmetroid with 4 nodes is isomorphic to 
the image of the plane under the linear system of cubics passing through the 
six vertices of a complete quadrilateral. This shows that any Wirtinger sextic is 
isomorphic to the intersection of a quadric and a cubic symmetroid. In this way 
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we see that any general curve of genus 4 is isomorphic to the curve X arising 
from a quadratic determinantal representation of a nonsingular plane quartic. 
We refer for this and for more of the geometry of Wirtinger sextics to [70]. 

The map (6.19) is just the apolarity map ap, : S?(E) > S?(EY) defined 
by the quartic C. It is bijective if the quartic C is nondegenerate. Under the 
composition |E| — |S?(E)| — |S?(EY)|, the preimage of the discriminant 
cubic hypersurface is the Hessian sextic of C. 

Consider the hypersurface W of type (1, 1,2) in |U] x |V| x |E| defined by 
the section of Ory) (1) X Opry) (1) X Opie) (2) corresponding to the tensor 
defining the linear map ¢ : S?E — U & V. It is immediate that 


W = {(Di, D2, x) € |Ko +a] x |Ko — a| x P? : x € (Dy, Dz)}. (6.24) 


In coordinates, the equation of W is given by the bordered determinant (6.20). 
Consider the projections 


pry: W => P! x PH, pra: W —> Pt. (6.25) 


The fibres of pr, are isomorphic (under pr,) to conics.The discriminant curve 
is the curve X. The fibre of pr, over a point x € P? is isomorphic, under 
pr,, to a curve on P! x P! of degree (1,1). In the Segre embedding, it is a 
conic. The discriminant curve is the curve ©. Thus W has two structures of a 
conic bundle. The two discriminant curves, X and C, come with the natural 
double cover parameterizing irreducible components of fibres. In the first case, 
it corresponds to the 2-torsion divisor class 7 and X is a nontrivial unramified 
double cover. In the second case, the cover splits (since the factors of P! x P! 
come with an order). 


Remark 6.2.2 Recall that, for any unramified double cover of nonsingular 
curves 7 : S — S, the Prym variety Prym(.S/S) is defined to be the connected 
component of the identity of Jac(S)/ n*Jac(S). 


Prym(X/X) = Jac(C). 


This is a special case of the trigonal construction applied to trigonal curves 
(like ours X) discovered by S. Recillas [455] (see a survey of R. Donagi [189] 
about this and more general constructions of this sort). Note that, in general, 
the curve X could be singular even when C is not. However, the Prym variety 
is still defined. 

Let Rg be the coarse moduli space of isomorphism classes of pairs (S, S ), 
where S is a nonsingular curve of genus g and Š — S is its unramified double 
cover. There is a Prym map 


Pg : Rg > Ag—-1;, (S, S) = Prym(S/S), 


6.2 Determinant equations of a plane quartic 263 


where A,-ı is the coarse moduli space of principally polarized abelian va- 
rieties of dimension g — 1. In our case g = 4, the quadratic determinantal 
constructions allows us to describe the fiber over the Jacobian variety of a non- 
singular canonical curve of genus 3. It is isomorphic to the Kummer variety 
Kum(C) = Jac(C)/(z), where z is the negation involution a ++ —a. 

The map p, is known to be generically injective for g > 7 [227], a finite map 
of degree 27 for g = 6 [192], and dominant for g < 5 with fibres of dimension 
39 — 3 — 4g(g — 1). We refer to [190] for the description of fibres. 

The varieties Rg are known to be rational ([186] for g = 2, [186], [330] for 
g = 3, [70] for g = 4) and unirational for g = 5 [316], [589], g = 6 [191], 
[587] and g = 7 [589]). It is known to be of general type for g > 13 and 
g £15 [216]. 


6.2.2 Symmetric quadratic determinants 


By Theorem 6.2.1, the equivalence classes of symmetric quadratic determinan- 
tal representations of a nonsingular plane curve C of degree d = 2k correspond 
bijectively to nontrivial 2-torsion divisors € € Jac(C’) such that 


H? (C, Oc (6)(k - 2)) = H*(C, Oc(€)(k — 2)) = 0. 
Each such e defines a quadratic determinantal representation 


a11 ... Qik 
C:=det | : = = | =0, 
Qk1 «+++ Akk 


where aij = aji are homogeneous forms of degree 2. It comes with the maps, 


$: |E| > |S (U~), => (ale), 


t: C > P(U) S P*t, x |N(A(z))). 


It is given by the linear system |(k — 1)h + e|. The map (6.18) becomes the 
restriction map of quadrics in P(U) to the image S of C under the map I 


v : 8?(U) + H? (C, Oc (2k — 2)) = H? (P?, Op (2k — 2)). 


The map ju is the composition of the map U x U — |S?(U)| given by the 
complete linear system of quadrics in |U| and the map v. It factors through the 
symmetric square of |U|, and defines a map 


u]? = |Ope (2k — 2)]. (6.26) 
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Recall that |U|(?) is isomorphic to the secant variety of v2(|U|) in |S?(V)|. 
The preimage X (e€) of the determinantal hypersurface D2,_2(2) of curves of 
degree 2k — 2 in |S?(U)| is a hypersurface of degree 3(d— 3)?. Its intersection 
with |U| x |U|, embedded by Segre, is a hypersurface of bidegree (3(d — 
3)?, 3(d—3)?). It is invariant with respect to the switch involution of |U] x |U| 
and descends to a hypersurface in the quotient. Its preimage under the Veronese 
map is a hypersurface B(e) of degree 6(d — 3)? in P(U). 

In coordinates, the multiplication map is given by the bordered determinant 
(6.20). Since A is symmetric, we have D(A; u, v) = D(A; v, u), and the bor- 
dered determinantal identity (4.11) gives 


D(A; u,v)? u D(A;u,u)D(A;v,v) = |A| P(t; u,v), 


where P(t; u,v) is of degree 2k — 4 in (to, t1, t2) and of bidegree (2,2) in 
u,v. The curves V(D(A; u, u)) define a quadratic family of contact curves of 
degree 2k — 2. So, we have 279 — 1 of such families, where g is the genus of 
©. 

Now let us specialize to the case k = 2. The determinantal equation of C 
corresponding to € must be given by a symmetric quadratic determinant 


Q11 412 2 
= 411422 — Q12- (6.27) 








Thus we obtain the following. 


Theorem 6.2.3 An equation of a nonsingular plane quartic can be written in 
the form 








a2 a3 


where a1, 42,a3 are homogeneous forms of degree 2. The set of equivalence 
classes of such representations is in a bijective correspondence with the set of 
63 nontrivial 2-torsion divisor classes in Pic(C). 


The bordered determinant 
@11 Q12 Uo 
2 2 
D(A; u,u) = }aq1 a22 U1} = —(a11u6 + 2a12UoUı + Q22U]) 
uo U1 0 
defines a family of contact conics of C. Each conic from the family touches C 


along a divisor from |Kc + e|. 
Also identity (4.12) between the bordered determinants becomes in our case 


det ae u,u) D(A;u,v) 


D(A;u,v) a = JAPAN (6-28) 
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where P(u, v) is a bihomogeneous polynomial in u, v of bidegree (2, 2). Note 
that P(u, v) is symmetric in u,v and P(u,u) = 0. This shows that P(u, v) 
can be written in the form 


P(u,v) = (uov — urvo) (auovo + B(uov1 + urvo) + Yuıvı), 


where a, 3, y are some constants. 
The variety X (e) in |U] x |U| = Pt x P! is a curve of bidegree (3, 3). The 
difference from the general case of quadratic determinantal representations of 





C is that the curve X (e€) is defined by a symmetric bihomogeneous form. The 
symmetric product |U|(?) is isomorphic to |S?(U)| = P?. The image of X (€) 
in the plane is a curve F (e) of degree 3. In intersects the Veronese curve |E| > 
|5?(U)| at 6 points. They are the images of the hypersurface B(e) C |U| under 
the Veronese map |E| <> |S?(U)|. So, we see another special property of 
X (e). If it is nonsingular, it is a canonical bielliptic curve of genus 4. One can 
easily compute the number of moduli of such curves. It is equal to six instead 
of nine for a general curve of genus 4. This agrees with our construction since 
we have 6 moduli for pairs (C, €). 

It follows from the definition that the curve F (e) parameterizes unordered 
pairs D1, D2 of divisors D € |Kc + e| such that the conic (D1, D2) is equal 
to the union of two lines. 

Let II(e) be the plane in |Op2(2)| equal to the image of the map (6.26). It is 
a net of conics in |E| = P?. It is spanned by the contact conics to C. We can 
take for the basis of the net the conics 


V(aıı) = (2D1), V (a12) = (Dı, D2), V (a22) = (2Də2), 


where D1, Dz span |Kc + €|. In particular, we see that II (e€) is base-point-free. 
Its discriminant curve is equal to the curve F (e). 


Proposition 6.2.4 The cubic curve F (e) is nonsingular if and only if the 
linear system |Kc + e| does not contain a divisor of the form 2a + 2b. 


Proof Let D = D2(2) C |Op2(2)| be the discriminant cubic. The plane sec- 
tion II(e) M D2(2) is singular if and only if II (e) contains a singular point of D 
represented by a double line, or if it is tangent to D at a nonsingular point. We 
proved in Example 1.2.3 that the tangent hypersurface of D at a nonsingular 
point represented by a reducible conic Q is equal to the space of conics passing 
through the singular point q of Q. If L is contained in the tangent hyperplane, 
then all conics from II(e) pass through q. But, as we saw earlier, the net of 
conics II (e) is base-point-free. This shows that II (e) intersects D transversally 
at each nonsingular point. 

In particular, F'(e) is singular if and only if II (e) contains a double line. 
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Assume that this happens. Then we get two divisors D1, Da € |Kc + e| such 
that Di + Da = 2A, where A = a + a2 + a3 + ay is cut out by a line £. Let 
Dı = pı +p2 + p3 + pa, Da = qı +92 + q3 + q4. Then the equality of divisors 
(not the divisor classes) 


pit p2+p3t+pa+qi+qet+ 3+ qa = 2(a1 + a2 + a3 + aa) 


implies that either Dı and Də share a point x, or Dı = 2p; + 2p2, Da = 
2q1+2q2. The first case is impossible, since |Kc+e-.| is of dimension 0. The 
second case happens if and only if |Kc + e| contains a divisor Dı = 2a + 2b. 
The converse is also true. For each such divisor the line ab defines a residual 
pair of points c,d such that Da = 2c + 2d € |Kc + el and y(Dj, D2) is a 
double line. 














Remark 6.2.5 By analyzing possible covers of a plane cubic unramified out- 
side the singular locus, one can check that F (e) is either nonsingular or a nodal 
cubic, maybe reducible. 


From now on we assume that F (e) is a nonsingular cubic. Since it param- 
eterizes singular conics in the net II(e), it comes with a natural nontrivial 2- 
torsion point 7. Recall that the corresponding unramified double cover of F (e€) 
is naturally isomorphic to the Cayleyan curve in the dual plane II(e)” which 
parameterizes irreducible components of singular conics in the net. 


Theorem 6.2.6 Let X(e) = {(4,4),..-, (Ls, &)} be a Steiner complex of 
12 bitangents associated to the 2-torsion divisor class e. Each pair, considered 
as a divisor D; = 4; +4, € |Kc+e| = |U| is mapped under the Veronese map 
|U| > |$?(U)| to a point in F (€). It belongs to the set B(e) of six ramification 
points of the cover X(e) — Fe). The 12 bitangents, considered as points in 
the dual plane |S? (UY) F 





, lie on the cubic curve Fe). 


Proof Let (0;,V%) be a pair of odd theta characteristics corresponding to a 
pair (4, £) of bitangents from U(e). They define a divisor D = J; + v; € 
|Kco + e| such that D is the divisor of contact points of a reducible contact 
conic, i.e. the union of two bitangents. This shows that J;, 0, € F(e). The 
point (D, D) € |Kc + el x |Kc + e| belongs to the diagonal in |U| x |U]. 
These are the ramification points of the cover X(e) — F‘(e). They can be 
identified with the branch points of the cover X (e) — Fe). 














So, we have a configuration of 63 cubic curves F'(e) in the plane |S? (UV) 
(beware that this plane is different from the plane || containing C). Each 
contains 12 bitangents from a Steiner complex. Let S1, S2, S3 be a syzygetic 
(resp. azygetic) triad of Steiner complexes. They define three cubic curves 


F(e), F(n), F(n + ©) which have four (resp. six) points in common. 
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Let us see what happens in the symmetric case with the two-way conic bun- 
dle W c Pt x Pt x P? from (6.24) which we discussed in the previous Sub- 
section. First, its intersection with the product of the diagonal A of P! x P! 
with P? defines the universal family U(e) of the contact conics. It is isomor- 
phic to a surface in P! x P? of bidegree (2, 2). The projection to P? is a double 
cover branched along the quartic C. As we will see later, U(e) is isomorphic 
to a del Pezzo surface of degree 2. Its isomorphism class does not depend on e. 
The projection U(e) — P! is a conic bundle. It has six singular fibres that lie 
over six points at which the diagonal intersects the curve X (e€), i.e. the ramifi- 
cation points of the cover X (e) — F (e). The six branch points lie on a conic, 
the image of the diagonal A in P?. We will see later that a del Pezzo surface 
of degree 2 has 126 conic bundle structures; they divided into 63 pairs which 
correspond to nonzero 2-torsion divisor classes on C. 

The threefold W is invariant with respect to the involution of P! x P! x P? 
which switches the first two factors. The quotient W* = W/(c) is a hypersur- 
face of bidegree (2,2) in (P! x P!)/(ı) x P? = P? x P?. The projection to the 
first factor is a conic bundle with the discriminant curve B(e). The projection 
to the second factor is no longer a conic bundle. It is isomorphic to the pull- 
back of the universal family of lines X(e) — P? under the map of the base 
P? — P? given by the net of conics II(e). 




















Remark 6.2.7 One can easily describe the Prym map p3 : R3 — As restricted 
to the open subset of canonical curves of genus 3. A pair (C,7) defines an el- 
liptic curve F'(e) and six branch points of the cover X(e) — F'(e). The six 
points lie on the Veronese conic |E| — |S?(U)|. The cover Č > C defined 
by € is acurve of genus 5. The Prym variety Prym(C /C) is a principally polar- 
ized abelian variety of dimension 2. One can show that it is isomorphic to the 
Jacobian variety of the hyperelliptic curve of genus 2 which is isomorphic to 
the branch cover of the Veronese conic with the branch locus B(e) (see [356], 
[357]). Other description of the Prym map p3 can be found in [588]. 


6.3 Even theta characteristics 


6.3.1 Contact cubics 


Recall that each even theta characteristic 7 on a nonsingular quartic C defines a 
3-dimensional family of contact cubics. The universal family of contact cubics 
is a hypersurface Wy C |E| x P(U) = P? x P? of bidegree (2, 3). If we choose 
coordinates (to, t1,t2) in |E| and coordinates uo, ui, U2, ug in P(U), then the 
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equation of the contact family is 


Q11 Q12 Q13 G14 UO 
Q21 422 Q23 Q24 U1 
a31 a32 433 434 uz2|= 0, (6.29) 
Q41 Q42 Q43 Q44 UZ 
uo ui U2 U3 0 


where (a;;) is the symmetric matrix defining the net Ny of quadrics defined by 
V. The first projection Wy — |E] is a quadric bundle with discriminant curve 
equal to C’ Its fiber over a point x ¢ C is the dual of the quadric Q, = (x). 
Its fiber over a point x € C is the double plane corresponding to the vertex of 
the quadric cone ¢(a). Scheme-theoretically, the discriminant hypersurface of 
the quadric bundle is the curve C taken with multiplicity 3. 

The second projection Wy — P? is a fibration with fibres equal to contact 
cubics. Its discriminant surface Dy is the preimage of the discriminant hyper- 
surface D3(2) of plane cubic curves in |Op2(3)| under the map P? — |Op2(3)| 
given by quadrics. This implies that Dy is of degree 24 and its equation is of the 
form F3 + G7, = 0, where Fg and G12 are homogeneous forms in uo, . . . , U3 
of the degrees indicated by the subscript. 


Proposition 6.3.1 The discriminant surface Do of the contact family of cu- 
bics is reducible and non-reduced. It consists of the union of 8 planes and a 
surface of degree 8 taken with multiplicity 2. 





Proof Let No be the net of quadrics in P? defined by v. 











Let Fẹ be a contact nodal cubic represented by a general point € in one of 
the eight plane components. It is tangent to C at 6 nonsingular points. On the 
other hand, if Fg is a general point of the other component of Dy, then it is a 
nodal cubic with a node at C’. 

We can see other singular contact cubics too. For example, 56 planes through 
three base points of the pencil Ny correspond to the union of three asyzygetic 
bitangents. Another singular contact cubic is a biscribed triangle. It is the 
union of three lines such that C is tangent to the sides and also passes through 
the three vertices of the triangle. It is proved in [401] that the number of bis- 
cribed triangles in each of 36 families of contact cubics is equal to 8. 


Remark 6.3.2 Note that each cubic curve F in the family of contact cubics 
comes with a distinguished 2-torsion point defined by the divisor class 7 = d— 
2h, where COF = 2d, and h is the intersection of F with a line. One can show 
that the 2-torsion point is nontrivial. The locus of zeros of the invariant surface 
V (Gı2) of degree 12 parameterizes harmonic contact cubics F together with 
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a nontrivial 2-torsion divisor class 7. The group u4 of complex multiplications 
of Jac( F`) acts on the set of 2-torsion divisor classes with two fixed points. If 7 
is invariant with respect to 44, 


6.3.2 Cayley octads 


Let Ny be the net of quadrics defined by the pair (C, 9) and Q1, Q2, Q3 be its 
basis. The base locus of Ny is the complete intersection of these quadrics. One 
expects that it consists of eight distinct points. Let us see that this is indeed 
true. 


Proposition 6.3.3 The set of base points of the net of quadrics Ng consists of 
eight distinct points, no three of which are collinear, no four are coplanar. 


Proof If we have fewer than eight base points, then all nonsingular quadrics 
share the same tangent line at a base point. This implies that Ny contains a 
quadric Q with a singular point at a base point. The computation of the tan- 
gent space of the discriminant hypersurface given in (1.45) shows that Q is a 
singular point of the discriminant curve C’, a contradiction. 

Suppose three points are on a line £. This includes the case when two points 
coincide. This implies that £ is contained in all quadrics from N. Take a point 
x € L. For any quadric Q € Ny, the tangent plane of Q at x contains the line 
£. Thus the tangent planes form a pencil of planes through £. Since Ny is a 
net, there must be a quadric which is singular at x. Thus each point of £ is a 
singular point of some quadric from Ng. However, the set of singular points of 
quadrics from Ny is equal to the nonsingular sextic S, the image of C under 
the map given by the linear system |9(1)|. This shows that no three points are 
collinear. 

Suppose that four points lie in a plane II. The restriction of Ny to II defines a 
linear system of conics through four points no three of which are collinear. It is 
of dimension 1. Thus, there exists a quadric in Ny which contains II. However, 
since C is nonsingular, all quadrics in N, are of corank < 1. 














Definition 6.3.4 A set of eight distinct points in P? which is a complete in- 
tersection of three quadrics is called a Cayley octad. 


From now on we assume that a Cayley octad satisfies the properties from 
Proposition 6.3.3. 
Let S be the sextic model of C defined by the linear system |Kc + VI. 


Theorem 6.3.5 Let qı,...,qs be a Cayley octad. Each line qq; intersects 
the sextic curve S at two points (pi), p(p;). The line pip; is a bitangent of 
C. 
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Proof The quadrics containing the line £;; = qiq; form a pencil P in Ng. Its 
base locus consists of the line £;; and a rational normal cubic curve R which 
intersects the line at two points (they could be equal). Note that the locus of 
singular quadrics in the net of quadrics containing R is a conic. Thus the pencil 
P contains two (or one) singular quadric with singular points at the intersection 
of R and £;;. In the net Ny this pencil intersects the discriminant curve C at 
two points. Suppose one of these two points is an ordinary cusp. It is easy 
to check that the multiplicity of a zero of the discriminant polynomial of the 
pencil of quadrics is equal to the corank of the corresponding quadric. Since 
our pencil does not contain reducible quadrics, we see that this case does not 
occur. Hence the pencil P in Ny is a bitangent. 














We can also see all even theta characteristics. 


Theorem 6.3.6 Let qı,...,qg be the Cayley octad associated to an even 
theta characteristic 0. Let 3; be the odd theta characteristic corresponding 
to the lines qq;. Then any even theta characteristic different from 0 can be 
represented by the divisor class 


Vi jkl = Vij + Viz + Vu — Ko 
for some distinct i, j, k, l. 


Proof Suppose that J; ;rı is an odd theta characteristic mn. Consider the 
plane m which contains the points qi, qj, qx. It intersects S at six points cor- 
responding to the theta characteristics 9;j, Vik, 0j;~. Since the planes cut out 
divisors from |Kc + V|, we obtain 


Dig + Vin + Djk ~ Kot 8. 


This implies that 





Or T vi + Omn Ko +ò. 


Hence the lines Gq and Gq lie in a plane 7’. The intersection point of the 
lines Gq and Gq is a base point of two pencils in N and hence is a base point 
of N. However, it does not belong to the Cayley octad. This contradiction 
proves the assertion. 














Remark 6.3.7 Note that 








Vi jk = Var = Oki = lijks 


Thus v; ;xı depends only on the choice of a subset of four elements in 14.48}: 
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Also itis easy to check that the complementary set defines the same theta char- 
acteristic. This gives 35 = ($) /2 different even theta characteristics. Together 
with 9 = Vg we obtain 36 even theta characteristics. Observe now that the 
notation d;; for odd thetas and v; ;rı, 0g agrees with the notation we used 
for odd even theta characteristics on curves of genus 3. For example, any set 
Uig,...,07g defines an Aronhold set. Or, a syzygetic tetrad corresponds to 
four chords forming a spatial quadrangle, for example 9193, P2P4, P2P3, PıPa- 





Here is another application of Cayley octads. 


Proposition 6.3.8 There are 1008 azygetic hexads of bitangents of C such 
that their 12 contact points lie on a cubic. 


Proof Let £, €2, €3 be an azygetic triad of bitangents. The corresponding odd 
theta characteristics add up to Kc + V, where v is an even theta characteristic. 
Let O be the Cayley octad corresponding to the net of quadrics for which C is 
the Hessian curve and let S C P? = |Kc + V|“ be the corresponding sextic 
model of C. We know that the restriction map 


[Ops (2)| > |Os(2)| = |Oc(3Kc)| = |Opa(3)| 


is a bijection. We also know that the double planes in |Ops(2)| are mapped to 
contact cubics corresponding to 7. The cubic curve £1 + £2 + £3 is one of them. 
Using the interpretation of bitangents as chords of the Cayley octad given in 
Theorem 6.3.5, we see that the union of the three chords corresponding to 
Lı, l2, l3 cut out on S six coplanar points.This means that the three chords 
span a plane in P?. Obviously, the chords must be of the form Gqj, GUe, jdr» 
where 1 < i < j < k < 8. The number of such triples is (3) = 56. Fixing 
such a triple of chords, we can find (5) = 10 triples disjoint from the fixed 
one. The sum of the six corresponding odd theta characteristics is equal to 3K 
and hence the contact points are on a cubic. We can also see it by using the 
determinantal identity (4.11). Other types of azygetic hexads can be found by 
using the previous Remark. 














Altogether we find (see [492]) the following possible types of such hexads. 


© 280 of type (12, 23, 31, 45, 56, 64); 
© 168 of type (12, 34, 35, 36, 37, 38); 
e 560 of type (12, 13, 14, 56, 57, 58). 


Recall that the three types correspond to three orbits of the permutation group 
Gs on the set of azygetic hexads whose contact points are on a cubic. Note 
that not every azygetic hexad has this property. For example, a subset of an 
Aronhold set does not have this property. 
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For completeness sake, let us give the number of not azygetic hexads whose 
contact points are on a cubic.The number of them is equal 5040. Here is the 
list. 


e 840 of type (12, 23, 13, 14, 45, 15): 
e 1680 of type (12, 23, 34, 45, 56, 16); 
© 2520 of type (12, 34, 35, 36, 67, 68). 


6.3.3 Seven points in the plane 


Let P = [pı,...,pr} be a set of seven distinct points in P?. We assume that 
the points satisfy the following condition: 


(x) no three of the points are collinear and no six lie on a conic. 


Consider the linear system L of cubic curves through these points. The con- 
ditions on the points imply that L is of dimension 2 and each member of L 
is an irreducible cubic. A subpencil in L has two base points outside the base 
locus of L. The line spanned by these points (or the common tangent if these 
points coincide) is a point in the dual plane P(E). This allows us to identify 
the net Z with the plane P? where the seven points lie. Nets of curves with 
this special property are Laguerre nets which we will discuss later in Example 
1.3.12. 


Proposition 6.3.9 The rational map L --+ LY given by the linear system L 
is of degree 2. It extends to a regular degree 2 finite map 7: X + LY = P’, 
where X is the blow-up of the set P. The branch curve of & is a nonsingular 
plane quartic C in LY. The ramification curve R is the proper transform of 
a curve B C L of degree 6 with double points at each p;i. Conversely, given 
a nonsingular plane quartic C, the double cover of P? ramified over C is a 
nonsingular surface isomorphic to the blow-up of 7 points pı,...,pr in the 
plane satisfying the condition above. 


We postpone the proof of this Proposition until Chapter 8. The surface X is 
a del Pezzo surface of degree 2 . 

Following our previous notation, we denote the plane LY by || for some 
vector space E of dimension 3. Thus L can be identified with P(E). Let o : 
X — P? be the blowing up map. The curves E; = o!(p;) are exceptional 
curves of the first kind, (—1)-curves for short. We will often identify L with its 
proper transform in S' equal to 


|- Kx| = |3h — E, —---— Erl, 
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where h = cı (0*Op2(1)) is the divisor class of the preimage of a line in P?. 

The preimage of a line £ C |E| in P(E) = L is a nonsingular member of L 
if and only if £ intersects transversally C’. In this case, it is a double cover of 
£ branched over £ N C. The preimage of a tangent line is a singular member, 
the singular points lie over the contact points. Thus, the preimage of a general 
tangent line is an irreducible cubic curve with a singular point at a(R). The 
preimage of a bitangent is a member of | — K x | with two singular points (they 
may coincide if the bitangent is an inflection bitangent). It is easy to see that 
its image in the plane is either an irreducible cubic F; with a double point at p; 
or the union of a line p;p; and the conic K;; passing through the point pg, k A 
i, j. In this way we can account for all 28 = 7+21 bitangents. If we denote 
the bitangents corresponding to F; by lis and the bitangents corresponding to 
PiP; + Kij by lij, we can accommodate the notation of bitangents by subsets 
of cardinality 2 of [1,8]. We will see below that this notation agrees with the 
previous notation. In particular, the bitangents corresponding to the curves F;’s 
form an Aronhold set. 

Let l’ € |h]. Its image 7(¢’) in |L|Y = |E] is a plane cubic G. The preimage 
of Gin X is the union of ¢’ and a curve l” in the linear system 3(3h — > E;) — 
h| = |8h — 3%, E;|. The curves £’ and £” intersect at 6 points. Since the cubic 
G splits in the cover 7, it must touch the branch curve C at each intersection 
point with it. Thus it is a contact cubic and hence the divisor D = ¢(f N") 
belongs to |Kc + V| for some even theta characteristic 9. This shows that 0’ 
cuts out in R the divisor from the linear system |Kp + V|. In other words, 
the inverse of the isomorphism 7|R : R — C is given by a 2-dimensional 
linear system contained in |Kc + v|. The image B of R in the plane |L] is a 
projection of a sextic model of C in P? defined by the linear system |Kc + ð|. 

We can easily locate an Aronhold set defined by 6. The full preimage of a 
curve F; on X cuts out on R the divisor 2a;+2b;, where a;, b; € E; correspond 
to the branches of F; at p;. Thus the full preimage of the divisor F; — F} cuts 
out on E; the divisor 





(2a; t 2b;) (ai t b;) i (aj +b)-2a; + bj) = a; + bi — a; — bj. 


But F; — F}; is the divisor of a rational function on P?. This shows that the 
images of the F}’s in the plane |F| are seven bitangents defined by odd theta 
characteristics J; such that V; — v; is the same 2-torsion divisor class. Thus, 
the seven bitangents form an Aronhold set. 

Let us record what we have found so far. 


Proposition 6.3.10 A choice of seven unordered points pı,...,pr in the 
plane P(E) satisfying condition * defines a nonsingular plane quartic C in 
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the dual plane |E| and an even theta characteristic ) on C. The linear system 
of cubic curves through the seven points maps each its member with a double 
point at p; to a bitangent ð; of C. The seven bitangents Öı,...,07 form an 
Aronhold set of bitangents. 


Let us now see the reverse construction of a set of 7 points defined by a pair 
(C, 0) as above. 

Let Ny be the linear system of quadrics in | Ko +| S P? defined by an even 
theta characteristic 9 on C. Let X — P? be the blow-up of the Cayley octad 
O = [qı,...,qs} of its base points. The linear system Ny defines an elliptic 
fibration f : X — NY. If we identify Ny with |E| by using the determinantal 
representation @ : |E| — |Ops(2)|, then Ny can be identified with P(E). The 
images of fibres of f in P are quartic curves passing through O. The projection 
map from P? from qg € O is defined by a 2-dimensional linear subsystem H of 
|Kc + ô|. The projections of quartic curves are cubic curves passing through 
the set P = {p1, . . . , p7}, where p; is the projection of q;. In this way we get 
a set of seven points that defines (C, V). The Aronhold set of bitangents Vig 
obtained from the Cayley octad corresponds to the Aronhold set J1,..., 07 
defined by the cubic curves F;. They are the projections of the rational curve 
of degree R; which together with the line ggg form the base locus of the pencil 
of quadrics with singular points on the line 9,98. 

So, we have proved the converse. 


Proposition 6.3.11 A nonsingular plane quartic curve C C |E| together with 
an even theta characteristic defines a unique Cayley octadO C |Kc + | = 
P? such that the linear system of quadrics through O is the linear system of 
quadrics associated to (C,). The projection of O from one of its points to P? 
plus a choice of an isomorphism P? = |EY| defines a net of cubics through 
seven points pı, .. ., p7. The blow-up of the seven points is a del Pezzo surface 
and its anticanonical linear system defines a degree 2 finite map X — |E| 
branched over C. The ramification curve R of the map is the projection of the 
image of C under the linear system |Kc + ù|. 


Note that in this way we account for all 288 = 8 x 36 Aronhold sets of 
seven bitangents. They are defined by a choice of an even theta characteristic 
and a choice of a point in the corresponding Cayley octad. We also obtain the 
following. 


Corollary 6.3.12 The moduli space US of projective equivalence classes of 
unordered seven points in the plane is birationally isomorphic to the moduli 
space M3 of curves of genus 3 together with an Aronhold set of bitangents. 
It is (birationally) a 8 : 1-cover of the moduli space M3" of curves of genus 
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3 together with an even theta characteristic. The latter space is birationally 
isomorphic to the moduli space of projective equivalence classes of Cayley 
octads. 


Remark 6.3.13 Both of the moduli spaces M3 and MẸ are known to be 
rational varieties. The rationality of UJ was proven by P. Katsylo in [329]. The 
rationality of MY P. Katsylo [331]. Also known, and much easier to prove, that 
the moduli space M°% of curves of genus 3 with an odd theta characteristic is 
rational [23]. 


Remark 6.3.14 The elliptic fibration f : X — P(E) defined by the linear 
system Ny has 8 sections corresponding to the exceptional divisors over the 
points q;. Its discriminant locus consists of lines in |E| tangent to C, that is, 
the dual curve CY of C. If we fix one section, say the exceptional divisor over 
qg, then all nonsingular fibres acquire a group structure. The closure of the 
locus of nontrivial 2-torsion points is a smooth surface W in X. Its image in 
P? is a surface of degree 6 with triple points at q,,..., qg, called the Cayley 
dianode surface. It is a determinantal surface equal to the Jacobian surface 
of the linear system of quartic surfaces with double points at q1, .. . , q7. The 
linear system of quartics defines a map X — P® whose image is the cone 
over a Veronese surface in a hyperplane. The map is a double cover onto the 
image. The exceptional divisor over gg is mapped to the vertex of the cone. 
The surface W is the ramification locus of this map. Its image in P® is the 
complete intersection of the cone and a cubic hypersurface. It is a surface of 
degree 12 with 28 nodes, the images of the lines qjqj. The surface W is a 
minimal surface of general type with pọ = 3 and K %3 = 3. It is birationally 
isomorphic to the quotient of a symmetric theta divisor in Jac(C’) modulo the 
involution x > —2. All of this is discussed in [121] and [176]. 

There is another similar elliptic fibration over P(E). Consider the universal 
family of the net L: 


U={(a,F) €|E|x L: ave F}. 


The fiber of the first projection 7; : U — X over a point x € X can be 
identified, via the second projection, with the linear subsystem L(x) C L of 
curves passing through the point x. If x ¢ P, L(x) is a pencil, otherwise it is 
the whole L. The second projection ma : U — Lis an elliptic fibration, its fiber 
over the point {F} is isomorphic to F. It has seven regular sections 


s: Lou, FH (p,F). 


There is another natural rational section sg : L — U defined as follows. We 
know from 3.3.2 that any gł on a nonsingular cubic curve F is obtained by 
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projection from the coresidual point p € F to a line. Take a curve F € L 
and restrict L to F. This defines a g4 on F, and hence defines the coresidual 
point cr. The section sg maps F to cg. Although the images S; of the first 
sections are disjoint in U, the image Sg of sg intersects each S;, j # 8, at the 
point (p;, Fj) (in this case the g} on F; has a base point p;, which has to be 
considered as the coresidual point of F). The universal family U is singular 
because the net Ny has base points. The singular points are the intersection 
points of the sections S; and Sg, j # 8. The variety X is a small resolution of 
the singular points. The exceptional curves are the proper transforms of lines 
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6.3.4 The Clebsch covariant quartic 


Here we shall specialize the Scorza construction in the case of plane quartic 
curves. Consider the following symmetric correspondence on P? 


R={(x,y) € P? x P? : rankPye(C) = 1}. 


We know that a cubic curve has a polar quadric of rank 1 if and only if it lies 
in the closure of the projective equivalence class of the Fermat cubic. Equiva- 
lently, a cubic curve G = V (g) has this property if and only if the Aronhold 
invariant S vanishes on g. We write in this case S(G) = 0. 

Consider the projection of R to one of the factors. It is equal to 


€(C) = {x € P? : S(P,(C)) = 0}. 
By symmetry of polars, if x € €(C), then R(x) C €(C). Thus S = €(C) 
comes with a symmetric correspondence 
Ro = {(£,y) € S x S : rankPpy (C) = 1}. 


Since the Aronhold invarariant S is of degree 4 in coefficients of a ternary 
quartic, we obtain that €(C') is a quartic curve or the whole P?. The case when 
€(C') = P? happens, for example, when C is a Fermat quartic. For any point 
x € P? and any vertex y of the polar triangle of the Fermat cubic P,(C'), we 
obtain P,.(C) = P?. 

The assignment C > €(C) lifts to a covariant 


€: SHEY) > S*(EY) 


which we call the Scorza covariant of quartics. We use the same notation for 
the associated rational map 


€: |Op2 (4)| ==> |Op2(4)|. 
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Example 6.3.15 Assume that the equation of C is given in the form 
até + bt? + ct} + 6ft712 + 69t2i2 + Ght2t? = 0. 
Then the explicit formula for the Aronhold invariant S (see [492], p. 270) gives 
ec) := a't + bt + Clty + Gf e242 + 6g’ i242 + Gh’t2t? = 0, 
where 
a’ =6e*h?, V =6h7f?, d=6fg%, 
d! = begh — f (bg? + ch?) — ghf?, 
e =acfh- g(ch’ + af”) — fhg’, 
h! = abfg — h(a f? + bg”) — fgh’. 


For a general f the formula for € is too long. 
Consider the pencil of quartics defined by the equation 








tot 4 6 + Go(e2e? + tt +t) =0, a £0. (6.30) 
Then €(C) is given by the equation 
to + tt + tf + 68 (eRe? + 283 + 1222) = 0, 
where 
680? = 1 — 2a — a7. 
We find that €(C) = C if and only if a satisfies the equation 
6a? + a? +2a—1=0. 


One of the solutions is œ = 1/3; it gives a double conic. Two other solutions 


area = 4(-1 + Y--7). They give two curves isomorphic to the Klein curve 


V (tty +t3t2 + t3to) with 168 automorphisms. We will discuss this curve later 
in the Chapter. 





We will be interested in the open subset of |Op2(4)| where the map € is 
defined and its values belong to the subset of nonsingular quartics. 


Proposition 6.3.16 Suppose €(C) is a nonsingular quartic. Then C is either 
nondegenerate, or it has a unique irreducible apolar conic. 


Proof Suppose C does not satisfy the assumption. Then C admits either a 
pencil of apolar conics or one reducible apolar conic. In any case there is a 
reducible conic, hence there exist two points x, y such that Psy (C) = P?. This 
implies that P,(C) is a cone with triple point y. It follows from the explicit 
formula for the Aronhold invariant S that the curve P,(C) is a singular point 
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in the closure of the variety of Fermat cubics. Thus the image of the polar 
map x ++ P,(C) passes through the singular point. The preimage of this point 
under the polar map is a singular point of C. 














Theorem 6.3.17 Let C = V(f) be a general plane quartic. Then S = €(C) 
is a nonsingular curve and there exists an even theta characteristic ® on S 
such that Rc coincides with the Scorza correspondence Ry on S. Every non- 
singular S' together with an even theta characteristic is obtained in this way. 


Proof To show that €(C) is nonsingular for a general quartic, it suffices to 
give one example when it happens. The Klein curve from Example 6.3.15 will 
do. 

Let S be a nonsingular quartic and Ry be the Scorza correspondence on S' 
defined by a theta characteristic d. It defines the Scorza quartic C. It follows 
immediately from (5.41) in the proof of Theorem 5.5.17 that for any point 
(x,y) € Ry the second polar P,,,,(C) is a double line (in notation in the proof 
of the loc. cit. Theorem, (x,y) = (x, x;) and V(t?) is the double line). This 
shows that P,(C') is a Fermat cubic, and hence €(C’) = S. Thus, we obtain that 
the Clebsch covariant € is a dominant map whose image contains nonsingular 
quartics. Moreover, it inverts the Scorza rational map which assigns to (5,0) 
the Scorza quartic. Thus a general quartic curve C is realized as the Scorza 
quartic for some (S, V), the correspondence Rç coincides with Ry and S = 


¢(C). 














Suppose C is plane quartic with nonsingular S = €(C’). Suppose Re = Rg 
for some even theta characteristic on S. Let C” be the Scorza quartic assigned 
to (S, V). Then, for any x € S, P(C) = P,(C’). Since S spans P?, this 
implies that C = C”. The generality condition in order that Rc = Ry happens 
can be made more precise. 


Proposition 6.3.18 Suppose S = €(C) satisfies the following conditions 


e Sis nonsingular; 
e the Hessian of C is irreducible; 
e S does not admit nonconstant maps to curves of genus 1 or 2. 


Then Ro = Ro for some even theta characteristic 6 and C is the Scorza 
quartic associated to (5,0). 


Proof It suffices to show that Rc is a Scorza correspondence on S. Obvi- 
ously, Rc is symmetric. As we saw in the proof of Proposition 6.3.16, the first 
condition shows that no polar P,(C), a € S, is the union of three concurrent 
lines. The second condition implies that the Steinerian of C is irreducible and 
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hence does not contain S. This shows that, for any general point x € S, the 
first polar P,(C) is projectively equivalent to a Fermat cubic. This implies that 
Rc is of type (3, 3). Since C is nonsingular, P,2(C) is never a double line or 
P?. Thus Rc has no united points. 

By Proposition 5.5.11, it remains for us to show that Ro has valence —1. 
Take a general point x € S. The divisor Rc(x) consists of the three vertices 
of its unique polar triangle. For any y E€ Rc(x), the side A = V (l) opposite 
to y is defined by P,(P,(C)) = P,(P,(C)) = V(I?). It is a common side of 
the polar triangles of P,(C) and P,(C). We have LN S = y1 + y2 + x1 + 29, 
where Ro(x) = {y, y1, y2} and Ro(y) = {x, £1, x2}. This gives 


yı + Y2 + x1 + £2 = (Ro(z)— x) + (Roly) — y) € |Ksl. 


Consider the map a : S — Pic? (S) given by x — [R(x) — x]. Assume Rg has 
no valence, i.e. the map a is not constant. If we replace in the previous formula 
y with yı or yo, we obtain that a(y) = a(y1) = a(y2) = Ks — a(x). Thus 
a: S —> a(S) = 5’ is a map of degree > 3. It defines a finite map of degree 
> 3 from S to the normalization S’ of S’. Since a rational curve does not admit 








non-constant maps to an abelian variety, we obtain that S’ is of positive genus. 
By assumption, this is impossible. Hence Rç has valence v = —1. 














Let |Op2(4)|S"4 be the open subset of plane quartics C such that €(C) is 
a nonsingular quartic and the correspondence Rc is a Scorza correspondence 
Ry. The Clebsch covariant defines a regular map 


€ : |Op2(4)|™" 4 TCH, CH (€(C), Ro). (6.31) 


By Proposition 5.2.3 the variety 7C7 is an irreducible cover of degree 36 of 
the variety |Op2(4)| of nonsingular quartics. By Proposition 5.2.3 the variety 
TC is an irreducible cover of degree 36 of the variety |Op2(4)| of nonsin- 
gular quartics. The Scorza map defines a rational section of €. Since both the 
source and the target of the map are irreducible varieties of the same dimen- 
sion, this implies that (6.31) is a birational isomorphism. 

Passing to the quotients by PGL(3), we obtain the following. 


Theorem 6.3.19 Let MẸ be the moduli space of curves of genus 3 together 
with an even theta characteristic. The birational map S : |Op2(4)| > TC4 has 
the inverse defined by assigning to a pair (C, 0) the Scorza quartic. It induces 
a birational isomorphism 


Ms = MẸ. 
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The composition of this map with the forgetting map MẸ — Ms is a rational 
self-map of M3 of degree 36. 


Remark 6.3.20 The Corollary generalizes to genus 3 the fact that the map 
from the space of plane cubics |Op2(3)| to itself defined by the Hessian is a 
birational map to the cover |Op2(3)|*’, formed by pairs (X, e€), where eis a 
nontrivial 2-torsion divisor class (an even characteristic in this case). Note that 
the Hessian covariant is defined similarly to the Clebsch invariant. We compose 
the polarization map V x $°(EY) — $?(EY) with the discriminant invariant 
S?(EY) + C. 


6.3.5 Clebsch and Lüroth quartics 


Since five general points in the dual plane lie on a singular quartic (a double 
conic), a general quartic does not admit a polar pentagon, although the count 
of constants suggests that this is possible. This remarkable fact was first dis- 
covered by J. Lüroth in 1868. Suppose a quartic C admits a polar pentagon 
[1], - - ‚ [25]} (or the polar pentalateral V (lı),...,V (l5)). Let Q = V (q) be 
a conic in P(E) passing through the points [/1],..., [l5]. Then q € AP2( f). The 
space AP2(f) # {0} if and only if det Cat2(f) = 0. Thus the set of quartics 
admitting a polar pentagon is the locus of zeros of the catalecticant invariant 
on the space P(S*(EY)). It is a polynomial of degree 6 in the coefficients of a 
ternary form of degree 4. 


Definition 6.3.21 A plane quartic admitting a polar pentagon is called a 
Clebsch quartic. 


Lemma 6.3.22 Let C = V(f) be a Clebsch quartic. The following properties 
are equivalent. 


(i) C admits polar pentagon {[l,],..., [ls]} such that I?,...,12 € S?(EY) 
are linearly independent; 


(ii) dim AP2(f) = 1; 


(iii) for any polar pentagon {(l,],...,[Is|]} of ©, 7,...,12 are linearly 
independent; 
(iv) for any polar pentagon {[li],..., [ls]} of C, no four of the points |li] 


are collinear. 


Proof (i) > (ii) For any w € AP2(f), we have 
0= Dy(f) = >> Dy (ZR. 


Since I are linearly independent, this implies Dy (l?) = 0,i = 1,...,5. This 
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means that V (1b) is a conic passing through the points [l1], . . . , [15]. Five points 
in the plane determine unique conic unless four of the points are collinear. 
It is easy to see that in this case the quadratic forms /7,...,/? are linearly 
dependent. Thus dim AP2(f) = 1. 

(ii) > (ii) Suppose {[l,],..., [l5] } is a polar pentagon of C with linearly de- 
pendent /7,...,12. Then there exist two linearly independent functions w1, Y2 
in S?(EY)Y = S?(E) vanishing at I?,... ‚12. They are apolar to f, contradict- 
ing the assumption. 

(iii) > (iv) Suppose { [l1], . . . , [14] } are collinear. Then, we can choose coor- 
dinates to write lı = to, l1 = tı, l3 = ato +bt1, l4 = cto +dtı. Taking squares, 
we see that the five 1? are linear combinations of four forms #2, t? , toti, l5. This 
contradicts the assumption. 








(iv) > (i) Let {[l:],...,/5]} be a polar pentagon with no four collinear 
points. It is easy to see that it implies that we can choose four of the points 
such that no three among them are collinear. Now change coordinates to as- 
sume that the corresponding quadratic forms are tê, t7,t3,a(to + ti + ta)”. 
Suppose [7,..., 1? are linearly dependent. Then we can write 


2 = ata + at? + azti + aa(to + ty + t2)”. 


If two of the coefficients a; are not zero, then the quadratic form in the right- 
hand side is of rank > 2. The quadratic form in the left-hand side is of rank 1. 
Thus, three of the coefficients are zero, but the two of the points [l;] coincide. 
This contradiction proves the implication. 














Definition 6.3.23 A Clebsch quartic is called weakly nondegenerate if it sat- 
isfies one of the equivalent conditions from the previous Lemma. It is called 
nondegenerate if the unique polar conic is irreducible. 


This terminology is somewhat confusing since a quartic was earlier called 
nondegenerate if it does not admit an apolar conic. I hope the reader can live 
with this. 

It follows immediately from the definition that each polar pentalateral of a 
nondegenerate Clebsch quartic consists of five sides, no three of which pass 
through a point (a complete pentalateral). Considered as a polygon in the dual 
plane, this means that no three vertices are collinear. On the other hand, the 
polar pentalateral of a weakly nondegenerate Clebsch quartic may contain one 
or two triple points. 

Let C = V(X 1?) be a Clebsch quartic. If x lies in the intersection of two 
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sides V (l;) and V (l;) of the polar pentalateral, then 


Pp(C) =V(S 5 kai), 
kži,j 
hence it lies in the closure of the locus of Fermat cubics. This means that the 
point x belongs to the quartic €(C'). When C is a general Clebsch quartic, 
E(C)) passes through each of 10 vertices of the polar complete pentalateral. 
In other words, €(C) is a Darboux plane curve of degree 4 in sense of the 
definition below. 

Let 0),...,€n be a set of N distinct lines in the planes, the union of which 
is called a N-lateral, or an arrangement of lines. A point of intersection x;; of 
two of the lines £; and £; is called a vertex of the N-lateral. The number of lines 
intersecting at a vertex is called the multiplicity of the vertex. An N-lateral 
with all vertices of multiplicity 2 is called a complete N-lateral (or a general 
arrangement). Considered as a divisor in the plane, it is a normal crossing 
divisor. The dual configuration of an N-lateral (the dual arrangement) consists 
of a set of N points corresponding to the lines and a set of lines corresponding 
to points. The number of points lying on a line is equal to the multiplicity of 
the line considered as a vertex in the original N-lateral. 

Let J be the ideal sheaf of functions vanishing at each vertex x;; with mul- 
tiplicity > vij — 1, where 1;; is the multiplicity of x;;. A nonzero section of 
J(k) defines a plane curve of degree k that has singularities at each x;,; of 
multiplicity > vij — 1. 


Lemma 6.3.24 Let A= {t1,...,€n} be an N-lateral. Then 
ho(P?, J(N —1)) =N. 


Proof Let be a general line in the plane. It defines an exact sequence 





0> IN -= 2) > I(N — DEINEN 


Since the divisor of zeros of a section of J (N — 2) contains the divisor 4; N 
(>z; Lj) of degree N — 1, it must be the whole £;. Thus h?(I(N —2)) = 0. 
Since J(N — 1) & O; Op(N — 1), we have h? (J (N — 1) 9 O) = N. 
This shows that h?(J(N — 1)) < N. On the other hand, we can find N 
linear independent sections by taking the products f; of linear forms defining 
Li, j # i. This proves the equality. 














Definition 6.3.25 A Darboux curve of degree N — 1 is a plane curve defined 
by a nonzero section of the sheaf T(N — 1) for some N-lateral of lines in the 
plane. A Darboux curve of degree 4 is called a Lüroth quartic curve. 
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Obviously, any conic (even a singular one) is a Darboux curve. The same is 
true for cubic curves. The first case where a Darboux curve must be a special 
curve is the case N = 5. 

It follows from the proof of Lemma 6.3.24 that a Darboux curve can be 
given by an equation 





Sesle p=? (6.32) 


i=1 jżi il ie? 








where 4; = V (l;). 

From now on, we will be dealing with the case N = 5, i.e with Lüroth 
quartics. The details for the next computation can be found in the original 
paper by Lüroth [372], p. 46. 


Lemma 6.3.26 Let C = V()}1?) be a Clebsch quartic in P? = |E|. Choose 
a volume form on E to identify l; Al; ^ lg with a number |l;l;l.|. Then 


5 
e(C) = VÒ k J 4), 


s=1 i#s 
where 
ks = II [dit jtel- 
i<j<k,r@fi,j,k} 


Proof This follows from the known symbolic expression of the Aronhold 
invariant 


S = (abc) (abd) (acd) (bcd). 


If we polarize 4D,(f) = >> 1;(a)l?, we obtain a tensor equal to the tensor 
Si 1;(a)l; @ l; Ql; € (EY)®®. The value of S is equal to the sum of the deter- 
minants 1;(a)l;(a)l.(a)|l;1;l.|. When [a] runs P?, we get the formula from the 
assertion of the Lemma. 














Looking at the coefficients kı,..., k5, we observe that 


e kı,...,ks # 0 if and only if C is nondegenerate; 

e two of the coefficients kı,..., ks are equal to zero if and only if C is weakly 
degenerate and the polar pentalateral of C has one triple point; 

e three of the coefficients k,,...,k5 are equal to zero if and only if C is 
weakly nondegenerate and the polar pentalateral of C has two triple points; 


e ¢(C) = P? if the polar pentalateral has a point of multiplicity 4. 
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It follows from this observation, that a Lüroth quartic of the form €(C) is 
always reducible if C admits a degenerate polar pentalateral. Since €(C’) does 
not depend on a choice of a polar pentalateral, we also see that all polar penta- 
laterals of a weakly nondegenerate Clebsch quartic are complete pentalaterals 
(in the limit they become generalized polar 5-hedra). 

Thus we see that, for any Clebsch quartic C', the quartic €(C) is a Lüroth 
quartic. One can prove that any Liiroth quartic is obtained in this way from a 
unique Clebsch quartic (see [177]). 


Let C = V(f) be a nondegenerate Clebsch quartic. Consider the map 
c: VSP(f,5)° — |Op2(2)| (6.33) 


defined by assigning to {¢,,...,¢;} € VS P(f,5)° the unique conic passing 
through these points in the dual plane. This conic is nonsingular and is apolar 
to C. The fibres of this map are polar pentagons of f inscribed in the apolar 
conic. We know that the closure of the set of Clebsch quartics is defined by 
one polynomial in coefficients of quartic, the catalecticant invariant. Thus the 
varierty of Clebsch quartics is of dimension 13. 

Let €° be the variety of 5-tuples of distinct nonzero linear forms on E. 
Consider the map €° — |Op2(4)| defined by (Iı,...,15) > V(t +--+ + 
12). The image of this map is the hypersurface of Clebsch quartics. A general 
fiber must be of dimension 15 — 13 = 2. However, scaling the l; by the same 
factor, defines the same quartic. Thus the dimension of the space of all polar 
pentagons of a general Clebsch quartic is equal to 1. Over an open subset of 
the hypersurface of Clebsch quartics, the fibres of c are irreducible curves. 


Proposition 6.3.27 Let C = V (f) be a nondegenerate Clebsch quartic and 
Q be its apolar conic. Consider any polar pentagon of C as a positive divisor 
of degree 5 on Q. Then VSP(f,5)° is an open non-empty subset of a g} on Q. 


Proof Consider the correspondence 
X = {(z, {f1,...,5}) E Q x VSP(f,5)° : x = [1;] for some i = 1,..., 5}. 


Let us look at the fibres of the projection to Q. Suppose we have two polar 
pentagons of f with the same side [I]. We can write 


f- =f 424%, 
f-At=mi+--- + mi. 


For any Y% € S?(E) such that y(l;) = 0,7 = 1,...,4, we get Dy(f) = 
12y)(1)?. Similarly, for any Y’ € S?(E) such that Yy’ (m;) = 0,i = 1,...,4, 
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we get Dy (f) = 12X%(1)I?. This implies that V(w(l)w’ — Y’ (DY) is an 
apolar conic to C’. Since C is a general Clebsch quartic, there is only one apolar 
conic. The set of V(q)’s is a pencil with base points V (l;), the set of V (’) 
is a pencil with base points V (l;). This gives a contradiction unless the two 
pencils coincide. But then their base points coincide and the two pentagons are 
equal. This shows that the projection to Q is a one-to-one map. In particular, 
X is an irreducible curve. 

Now it is easy to finish the proof. The set of degree 5 positive divisors on 
Q = P! is the projective space |Op:(5)|. The closure P of our curve of polar 
pentagons lies in this space. All divisors containing one fixed point in their 
support form a hyperplane. Thus the polar pentagons containing one common 
side [1] correspond to a hyperplane section of P. Since we know that there is 
only one such pentagon and we take [/] in an open Zariski subset of Q, we 
see that the curve is of degree 1, i.e. a line. So our curve is contained in a 
1-dimensional linear system of divisors of degree 5. 














Remark 6.3.28 The previous Proposition shows why Lüroth quartics are spe- 
cial among Darboux curves. By Lemma 6.3.24, the variety of pairs consisting 
of an N-lateral and a curve of degree N — 1 circumscribing it is of dimension 
3N — 1. This shows that the dimension of the variety of Darboux curves of 
degree N — 1 is equal to 3N — 1 — k, where k is the dimension of the variety of 
N-laterals inscribed in a general Darboux curve. We can construct a Darboux 
curve by considering an analog of a Clebsch curve, namely a curve C admit- 
ting a polar N-gon. Counting constants shows that the expected dimension of 
the locus of such curves is equal to 3N — 1 — m, where m is the dimension 
of the variety of polar N-gons of C’. Clearly every such C defines a Darboux 
curve as the locus of x € P? such that P,(C) admits a polar (N — 2)-gon. 
The equation of a general Darboux curve shows that it is obtained in this way 
from a generalized Clebsch curve. In the case N = 5, we have k = m = 1. 
However, already for N = 6, the variety of Darboux quintics is known to be 
of dimension 17, i.e. k = 0 [24]. This shows that there are only finitely many 
N-laterals that a general Darboux curve of degree 5 could circumscribe. 


Suppose C is an irreducible Lüroth quartic. Then it comes from a Clebsch 
quartic C” if and only if it circumscribes a complete pentalateral and C” is a 
nondegenerate Clebsch quartic. For example, an irreducible singular Liiroth 
quartic circumscribing a pentalateral with a triple point does not belong to 
the image of the Clebsch covariant. In any case, a Darboux curve of degree 
N —1 given by Equation (6.32), in particular, a Liiroth quartic, admits a natural 


286 Plane Quartics 


symmetric linear determinantal representation:! 


bee GE Bo s h 
E ditl t s h 

det | . i = =0. (6.34) 
l ose. ea oe? EIN 





It is clear that, if lı (x) = l2 (x) = l3(x) = 0, the corank of the matrix at the 
point x is greater than |. Thus, if the N-lateral is not a complete N-lateral, the 
theta characteristic defining the determinantal representation is not an invert- 
ible one. However, everything goes well if we assume that the Lüroth quar- 
tic comes from a nondegenerate Clebsch quartic. Before we state and prove 
the next Theorem, we have to recall some facts about cubic surfaces which 
we will prove and discuss later in Chapter 9. A cubic surface K always ad- 
mits a polar pentahedron, maybe a generalized one. Suppose that K is gen- 
eral enough so that it admits a polar pentahedron V (L1),...,V (L5) such 
that no four of the forms L; are linearly dependent. In this case K is called 
a Sylvester nondegenerate cubic and the polar pentahedron is unique. If we 
write K = V (LÌ +- - -+ LÌ), then the Hessian surface of K can be written by 
the equation 





DEZO =0. (6.35) 


Obviously, a general plane section of the Hessian surface is isomorphic to a 
Lüroth quartic. 


Theorem 6.3.29 Let N be a net of quadrics in P?. The following properties 
are equivalent. 


(i) There exists a basis (Q1, Q2, Q3) of N such that the quadrics Q; can 
be written in the form 


5 
= VE), j =1,2,3, (6.36) 
i=1 


where L; are linear forms with any four of them being linearly indepen- 
dent. 

(ii) There exists a Sylvester nondegenerate cubic surface K in P? such that 
N is equal to a net of polar quadrics of K. 


1 This was communicated to me by B. van Geemen, but also can be found in Room’s book 
[476], p. 178. 
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(iii) The discriminant curve C of N is a Lüroth quartic circumscribing 
a complete pentalateral {V (lı),...,V(l;)} and N corresponds to the 
symmetric determinantal representation (6.34) of C. 


Proof (i) => (ii) Consider the Sylvester nondegenerate cubic surface K given 
by the Sylverster equation 


K =V(L3 +. + LÌ). 


For any point x = [v] € P, the polar quadric P,(K) is given by the equation 
V(© Li(v)L?). Let A = (a;;) be the 5 x 3 matrix defining the equations of 
the three quadrics. Let 


3 
Li =X} bizzy, = Lye cag, 
j=0 


and let B = (b;;) be the 5 x 4-matrix of the coefficients. By assumption, 
rank A = 4. Thus we can find a 4 x 3-matrix C = (cij) such that B-C = A. 
If we take the points 71, 22, x3 with coordinate vectors v1, v2, v3 equal to the 
columns of the matrix C', then we obtain that L;(v;) = aij. This shows that 
Qi = Pa, (K), i = 1, 2,3. 

(ii) > (@ Suppose we can find three non-collinear points x; = [vi] and a 
Sylvester nondegenerate cubic surface K such that Q; = Ps, (K), i = 1,2,3. 
Writing K as a sum of 5 cubes of linear forms L;, we obtain (i). 

(i) > (iii) Consider the five linear forms l; = a;ıto + ajot; + aj3t2. Our net 
of quadrics can be written in the form 


5 
Q(to, t1, t2) = VOL lilto, ti, te) Li(zo, 21, 22, 23)”). 


i=1 


By scaling coordinates t; and zj, we may assume that the forms l; and L; 
satisfy 


lL +l +l; + l4 + l5 =0, (6.37) 
Lı + Lə + L3 + L4 + L5 = 0. 


The quadric Q(a) is singular at a point x if and only if 


i li(a)Ii(a@) ... ls(a)L5(£)\ _ 
tank ( i ey )-ı 


This is equivalent to that 
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Taking into account (6.37), we obtain 





> [[4@ = 0. (6.39) 


This shows that the discriminant curve is a Lüroth quartic given by the deter- 
minantal Equation (6.34). 

(iii) > (ii) Computing the determinant, we find the equation of C in the form 
(6.39). Then we linearly embed C? in C* and find five linear forms L; such that 
restriction of L; to the image is equal to l;. Since no four of the l; are linearly 
dependent, no four of the L; are linearly dependent. Thus K = V(X LẸ) is 
a Sylvester nondegenerate cubic surface. This can be chosen in such a way 
that >) L; = 0 generates the space of linear relations between the forms. By 
definition, the image of C in P? given by the forms l; is the discriminant curve 
of the net of polars of K. 














Definition 6.3.30 The even theta characteristic on a Lüroth curve defined by 
the determinantal representation (5.5.11) is called a pentalateral theta charac- 
teristic. 


By changing the pentalateral inscribed in a weakly nondegenerate Lüroth 
quartic C, we map P! to the variety of nets of quadrics in P? with the same 
discriminant curve C. Its image in the moduli space of nets of quadrics mod- 
ulo projective transformations of P? is irreducible. Since there are only finitely 
many projective equivalence classes of nets with the same discriminant curve, 
we obtain that the pentalateral theta characteristic does not depend on the 
choice of the pentalateral. 

Suppose C is a nondegenerate Lüroth quartic equal to €(C’) for some Cleb- 
sch quartic C’. It is natural to guess that the determinantal representation of C 
given by determinant (6.34) corresponds to the pentalateral theta characteris- 
tic defined by the Scorza correspondence Rc on C. The guess is correct. We 
refer for the proof to [177], Theorem 7.4.1. 


Remark 6.3.31 Since the locus of Clebsch quartics is a hypersurface (of de- 
gree 6) in the space of all quartics, the locus of Liiroth quartics is also a hy- 
persurface. Its degree is equal to 54 ([393]). Modern proofs of this fact can be 
found in [359], [570], and in [422]. We also refer to a beautiful paper of H. 
Bateman which discusses many aspects of the theory of Lüroth quartics, some 
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of this was revised in [422] and [423]. For example, in the second paper, G. 
Ottaviani and E. Sernesi study the locus of singular Lüroth quartics and prove 
that it consists of two irreducible components. One of them is contained in the 
image of the Clebsch covariant. The other component is equal to the locus of 
Lüroth quartics circumscribing a pentalateral with a double point. 

Note that the degree of the locus of three quadrics (Qi, Q2, Q3) with dis- 
criminant curve isomorphic to a Lüroth quartic is equal to 4-54 = 216. It con- 
sists of one component of degree 6, the zero set of the Toeplitz invariant, and 
the other component of degree 210. The component of degree 6 corresponds to 
a choice of a pentagonal theta characteristic, the other component corresponds 
to other 35 theta characteristics, for which the monodromy is irreducible. 


6.3.6 A Fano model of VSP( f, 6) 


Recall that a nondegenerate ternary quartic f € S4(EY) is one of the special 
cases from Theorem 1.3.19 where Corollary 1.4.13 applies. So, the variety 
VSP(f,6)° embeds in the Grassmann variety G(3, AP3(f)”) = G(3, 7). The 
image is contained in the subvariety G(3, AP3(f)). of isotropic subspaces of 
the skew-symmetric linear map o : A? E — N? AP3(f). Choosing a basis in 
E and identifying A? E with EY, we can view this map as a skew-symmetric 
7 x 7-matrix M whose entries are linear functions on E. Let L C AP3(f)Y be 
an isotropic subspace of ø. In appropriate coordinates (to, t1, t2), we can write 


M in the block-form 
B A 
M er 3) , 


where B is a square skew-symmetric 4 x 4 matrix and A is a 4 x 3 matrix. 
The maximal minors of the matrix A generate an ideal in C[to, tı, t2] defining 
a closed 0-dimensional subscheme Z of length 6. This defines the map 


G(3, AP3(f))o > VSP(f, 6) 


which is the inverse of the map VSP(f,6)° + G(3, AP3(f))o (see [454]). 
The following Theorem is originally due to S. Mukai [400] and was reproved 
by a different method by K. Ranestad and F.-O. Schreyer [454], [502]. 


Theorem 6.3.32 Let f € S*(EY) be a nondegenerate quartic form in three 
variables. Then the map VSP(f,6)° — G(3, AP3(f)”) extends to an iso- 
morphism 


H: VSP(f, 6) = G(3, APs (f) Jo. 


If f is a general quartic, the variety G(3, AP3(f)“)o is a smooth threefold. 
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Its canonical class is equal to —H, where H is a hyperplane section in the 
Plücker embedding of the Grassmannian. 


Recall that a Fano variety of dimension n is a projective variety X with 
ample — K x. If X is smooth, and Pic(X) © Z and -—Kx = mH, where H is 
an ample generator of the Picard group, then X is said to be of index m. The 
degree of X is the self-intersection number H” . The number g = iK% +1 
is called the genus. 

In fact, in [399] S. Mukai announced a more precise result. The variety 
VSP(f,6) is a Gorenstein Fano variety if f is not a Lüroth quartic and it is 
smooth, if V (f) is nondegenerate and does not admit complete quadrangles as 
its a polar 6-side (a complete quadrangle is the union of six lines joining two 
out of four general points in the plane). 


Remark 6.3.33 A Fano variety V22 Also he shows that through each point on 
V22 passes 6 conics taken with multiplicities. In the dual plane they correspond 
to a generalized polar hexagon of f (see [400], [401]). 


By the same method, Ranestad and Schreyer extended the previous result to 
all exceptional cases listed in Subsection 1.4.3, where n = 2. We have 


Theorem 6.3.34 Let f be a general ternary form of degree 2k. Then 


e k = 1: VSP(f,3) = G(2,5), is isomorphic to a Fano variety of degree 5 
and index 2; 

e k = 2: VSP(f,6) = G(3,7). is isomorphic to the Fano variety V22 of 
degree 22 and index 1; 

e k = 3: VSP(f,10) S G(4, 9). is isomorphic to a K3 surface of degree 38 
in p29: 

e k= 4: VSP(f,15) = G(5, 11). is a set of 16 points. 


In the two remaining cases (n, k) = (1,k) and (n, k) = (3,2), the variety 
VSP(f,k+1) is isomorphic to P+ (see 1.5.1) in the first case and, in the second 
case, the birational type of the variety VSP( f, 10) is unknown at present. 


Let C = V (f) be a nonsingular plane quartic and 9 is an even theta charac- 
teristic on C. Let Ny be the corresponding net of quadrics in P(H°(C,6(1))). 
Let N; be the apolar linear system of quadrics in the dual projective space 
P3. Its dimension is equal to 6. We say that a rational normal cubic R in P? 
is associated to Ny if the net of quadrics |7r(2)| vanishing on R is contained 
in N}. In [502] F.-O. Schreyer constructs a linear map a : N NS — Ny and 
shows that the nets of quadrics defining the associated rational normal curves 
is parameterized by the subvariety G(3, Nae of isotropic subspaces of a. This 
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reminds us of the construction of G(3, AP3(f)“)o. In fact, consider the trans- 
pose map ‘a: NY — A?”(E+)V and pass to the third symmetric power to get 
a linear map 


2: 6 
(NY) > S® Anz)" > ANF)“ > Ng. 


Its kernel can be identified with AP3(g), where V (g) is the quartic such V (f) 
is its Scorza quartic. This gives another proof of the Scorza birational isomor- 
phism between M3 and MẸ. A similar construction was announced earlier 
by S. Mukai [399]. 


6.4 Invariant theory of plane quartics 


Let I(d) denote the space of SL(3)-invariants of degree d in the linear action of 
SL(3) on the space of quartic ternary forms. We have already encountered an 
invariant Fe of degree 6, the catalecticant invariant. It vanishes on the space of 
Clebsch quartics. Another familiar invariant is the discriminant invariant F97 of 
degree 27. There is also an invariant F3 of degree 3 with symbolic expression 
(abc)*. We will explain its geometric meaning a little later. 

Let us introduce the generating function 


P(T) = 3 dime I(d)T“. 
d=0 


It has been computed by T. Shioda [533], and the answer is 
N(T 
P(T) == ( J ; (6.40) 
I= = T”) -= T?) 





where 





N(T) = 1+T° + T!? 4-7) + 2718 + 377! + 27° + 37?" + 4T’? + 3733 +4T°° 
44739 + 337% + 47 + 3748 + 275! + 37°4 2277” + 760 + 763 + TE 4 75, 


It was proven by J. Dixmier [168] that the algebra of invariants is finite over the 
free subalgebra generated by seven invariants of degrees 3, 6,9, 12, 15, 18, 27. 
This was conjectured by Shioda. He also conjectured that one needs six more 
invariants of degrees 9, 12, 15, 18, 21,21 to generate the whole algebra of in- 
variants. This is still open. We know some of the covariants of plane quartics. 
These are the Hessian He of order 6 and degree 3, and the Clebsch covariant 
€4 of order 4 and degree 3. Recall that it assigns to a general quartic the clo- 
sure of the locus of points whose polar is equianharmonic cubic. There is a 
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similar covariant €g of degree 4 and order 6 that assigns to a general quartic 
curve the closure of the locus of points whose polars are harmonic cubics. The 
Steinerian covariant of degree 12 and order 12 is a linear combination of €} 
and €2. 

The dual analogs of the covariants €4 and €e are the harmonic contravariant 
De. of class 6 and degree 3 and the equianharmonic contravariant ®4 of class 
4 and degree 2. The first (resp. the second) assigns to a general quartic the 
closure of the locus of lines which intersect the quartic at a harmonic (resp. 
equianharmonic) set of four points. 

The invariant A3 vanishes on the set of curves C such that the quartic en- 
velope ®4(C) is apolar to C. One can generate a new invariant by using 
the polarity pairing between covariants and contravariants of the same or- 
der. The obtained invariant, if not zero, is of degree equal to the sum of de- 
grees of the covariant and the contravariant. For example, (®4(C), €4(C)) 
or (®g(C), He(C)) give invariants of degree 6. It follows from (6.40) that 
all invariants of degree 6 are linear combinations of A? and Ag. However, 
(®g(C), €g(C)) is a new invariant of degree 9. Taking here the Hessian co- 
variant instead of €g(C), one obtains an invariant of degree 6. 

There is another contravariant 2 of class 4 but of degree 5. It vanishes on the 
set of lines £ such that the unique anti-polar conic of £ contains £ (see [177], 
p. 274). The contravariant A3®, is of the same degree and order, but the two 
contravariants are different. 


We can also generate new covariants and contravariants by taking the polar 
pairing at already known covariants and contravariants. For example, one gets 
a covariant conic o of degree 5 by operating ®4(C’) on He(C). Or we may 
operate C on ®g(C) to get a contravariant conic of degree 4. 

Applying known invariants to covariants or contravariants gets a new invari- 
ant. However, they are of large degrees. For example, taking the discriminant 
of the Hessian, we get an invariant of degree 215. However, it is reducible, and 
contains a component of degree 48 representing an invariant that vanishes on 
the set of quartics which admit a polar conic of rank 1 [563]. There are other 
known geometrically meaningful invariants of large degree. For example, the 
Liiroth invariant of degree 54 vanishing on the locus of Liiroth quartics and 
the Salmon invariant of degree 60 vanishing on the locus of quartics with an 
inflection bitangent (see [122]). 

The GIT-quotient of |Op2(4)| by SL(3) and other compactifications of the 
moduli space of plane quartic curves were studied recently from different as- 
pects. Unfortunately, it is too large a topic to discuss it here. We refer to [13], 
[15],[284], [346], [367], [368]. 
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6.5 Automorphisms of plane quartic curves 


6.5.1 Automorphisms of finite order 


Since an automorphism of a nonsingular plane quartic curve C leaves the 
canonical class Kc invariant, it is defined by a projective transformation. We 
first describe all possible cyclic groups of automorphisms of ©. 


Lemma 6.5.1 Let o be an automorphism of order n > 1 of a nonsingular 
plane quartic C = V ( f ). Then one can choose coordinates in such a way that 
a generator of the cyclic group (o) is represented by the diagonal matrix 


diag[1,¢%,¢], O<a<b<n, 
where Çn is a primitive n-th root of unity, and f is given in the following list. 
(i) (n = 2), (a,b) = (0, 1), 
t3 + t292(to, t1) + ga(to, t1); 
(ii) (n = 3), (a,b) = (0,1), 
t3g1ı (to, t1) + ga (to, t1); 
(iii) (n = 3), (a,b) = (1,2), 
t§ + atti te + tot? + tot? + bti t2; 


(iv) (n = 4), (a,b) = (0,1), 





t3 + galto,tı); 
(v) (n = 4), (a,b) = (1,2), 
th + tt + ti + ateta + btot?to; 
(vi) (n = 6), (a,b) = (2,3), 
té + tå + att? + tot3; 

(vii) (n = 7), (a,b) = (1,3), 

tote + tat, + tot?; 
(viii) (n = 8), (a,b) = (3,7), 

t + Bta + tit; 
(ix) (n = 9), (a,b) = (2,3), 


t + tots +t te; 
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(x) (n = 12), (a,b) = (3,4), 
444 3 
to +t] + tot. 
Here the subscripts in the polynomials g; indicate their degree. 
Proof Let us first choose coordinates such that ø acts by the formula 
oO: [xo, Tı, x] E> [Xo; Gobi; Cro], 
where a < b < n. If a = b, we can scale the coordinates by ¢~%, and then 
permute the coordinates to reduce the action to the case, where 0 < a < b. 
We will often use that f is of degree > 3 in each variable. This follows from 
the assumption that f is nonsingular. A form f is invariant with respect to the 
action if all monomials entering in f with nonzero coefficients are eigenvectors 


of the action of o on the space of quartic ternary forms. We denote by p1, p2, p3 
the points [1, 0, 0], [0, 1, 0], [0, 0, 1]. 


Case 1: a = 0. 
Write f in the form: 


f = at) + t3.91 (to, t1) + t2g2(to, t1) + tegs(to,ti) + ga(to,ti). (6.41 


Assume a # 0. Since ga # 0, if a £ 0, we must have 4b = 0 mod n. This 
implies that n = 2 or 4. In the first case gı = g3 = 0, and we get case (i). If 
n = 4, we must have gı = 92 = 93 = 0, and we get case (iv). 

If a = 0, then 3b = 0 mod n. This implies that n = 3 and g2 = 93 = 0. 
This gives case (ii). 

Case 2: a # 0. 

The condition a < b < n implies that n > 2. 


Case 2a: The points p1, p2, ps lie on C. 
This implies that no monomial t4 enters f. We can write f in the form 


f = thai (tı, t2) + tībı (to, t2) + t3er (to, t1) 


+t2ao(t1, t2) + t2bo(to, t2) + t3ca(to,tı), 


where a;,b;,c; are homogeneous forms of degree i. If one of them is zero, 
then we are in Case 1 with a = 0. Assume that all of them are not zeros. Since 
f is invariant, it is clear that no t; enters two different coefficients a1, b1, c1. 
Without loss of generality, we may assume that 


f = tata + tti + t3to + thae(te, t3) + t2be(to, t2) + t3ee(to, tı). 


Now we have b = a+ 3b = 3a mod n. This easily implies 7a = 0 mod n 
and 7b=0 mod n. Since n|g.c.m(a, b), this implies that n = 7, and (a,b) = 
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(1,3). By checking the eigenvalues of other monomials, we verify that no other 
monomials enters f. This is case (vii). 


Case 2b: Two of the points pı, p2, p3 lie on the curve. 
After scaling and permuting the coordinates, we may assume that the point 
pı = [1,0,0] does not lie on C. Then we can write 


f = to + togo(ts, t2) + toga(tr, t2) + ga(tr, t2), 


where tį, t3 do not enter in g4. 

Without loss of generality, we may assume that t}t2 enters g4. This gives 
3a+b=0 mod n. Suppose tıt3 enters g4. Then a + 3b = 0 mod n. Then 
8a =n,8b=0 mod n. As in the previous case this easily implies that n = 8. 
This gives case (viii). If t;¢3 does not enter in g4, then t3 enters g3. This gives 
3b = 0 mod n. Together with 3a +b = 0 mod n this gives n = 3 and 
(a,b) = (1,2), or n = 9 and (a,b) = (2,3). These are cases (iii) and (ix). 


Case 2c: Only one point p; lies on the curve. 
Again we may assume that pı, p3 do not lie on the curve. Then we can write 


f = to + ti + togo(ts, t2) + togs(tı,t2) + ga(tr, t2), 


where tł, t3 do not enter in g4. This immediately gives 4a = 0 mod n. We 
know that either t3 enters g3, or tıt3 enters gy. In the first case, 3b = 0 mod n 
and together with da = 0 mod n, we getn = 12 and (a,b) = (3,4). Looking 
at the eigenvalues of other monomials, this easily leads to case (x). If t3ty 
enters g4, we get 3b+a =0 mod n. Together with 4a = 0 mod n, this gives 
12b = 0 mod 12. Hence n = 12 or n = 6. If n = 12, we get a = b = 3, 
this has been considered before. If n = 6, we get a = 3,b = 1. This leads 
to the equation t + tf + at2t? + t1t3 = 0. After permutation of coordinates 
(to, t1, t2) > (t2, to, t1), we arrive at case (vi). 


Case 2d: None of the reference point lies on the curve. 
In this case we may assume that 


f= +t} +12 + tgo(t, te) + toga (tr, t2) + titolat? + Bt? + Ylıta). 


Obviously, 4a = 46 = 0 mod n. If n = 2, we are in case (i). If n = 4, we 
get (a,b) = (1,2), (1,3), or (2,3). Permuting (to, t1,t2) — (t2, to, t1), and 
multiplying the coordinates by ¢7, we reduce the case (1, 2) to the case (2,3). 
The case (1,3) is also reduced to the case (1,2) by multiplying coordinates 
by ¢, and then permuting them. Thus, we may assume that (a,b) = (1,2). 
Checking the eigenvalues of the monomials entering in f, we arrive at case 


(v). 
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6.5.2 Automorphism groups 


We employ the notation from [125]: a cyclic group of order n is denoted by 
n, the semi-direct product A x B is denoted by A : B, a central extension of 
a group A with kernel B is denoted by B.A. We denote by L,,(q) the group 


PSL(n, F,). 


Theorem 6.5.2 The following Table is the list of all possible groups of auto- 
morphisms of a nonsingular plane quartic. 




































































Type | Order | Structure Equation 
I 168 L2(7) tto + tot? + tit 

I 96 | 47:63 B+h +6 
IH 48 Ay t+ 42/38 +6 
IV 24 Ga | to +tI +13 + altet + teta +08) 
V 16 4.2? a+ +atte +8 
VI 9 9 te + tots + tte 
VI 8 Ds to + ti +13 + atata + bt tote 
VI 6 6 to +03 + tot? + at2t3 
IX 6 63 tô + tolt? + t3) + atatite + bt?t2 
X 4 22 ] +t +12 + alate Foun Eet 
XI 3 3 | titi + tolt? + at?to + btıtA + ctë) 
XII 2 2 t3 + togo(to, ti) + to + ataty +1 














Table 6.1 Automorphisms of plane quartics 


Before we prove the theorem, let us comment on the parameters of the equa- 
tions. First of all, their number is equal to the dimension of the moduli space of 
curves with the given automorphism group. The equations containing param- 
eters may acquire additional symmetry for special values of parameters. Thus 
in Type IV, one has to assume that a £ 3(-1 + \/—7), otherwise the curve 
becomes isomorphic to the Klein curve (see [226], vol. 2, p. 209, or [473]). In 
Type V, the special values are a = 0, +2\/—3, 


quartic, if a = 4 





zt +y = 








8 








6. If a = 0, we get the Fermat 





If a = #2, -3, we get Type III (the identity 





gt +y + ar? y? = 


e77i/3 


+6, we again get Type II (use the identity 


Life +y)! +(e —9)* + 6(@ +y)? e- y): 





(e 


iy)” + (x 


iy)* + ala + iy)? (a — iy)?) 


exhibits an additional automorphism of order 3). In Type VII, we have to as- 
sume b Æ 0, otherwise the curve is of Type V. In Type VIII, a # 0, otherwise 
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the curve is of type III. In Type IX, a # 0, otherwise the curve acquires an 
automorphism of order 4. In Type X, all the coefficients a,b,c are different. 
We leave the cases XI and XII to the reader. 


Proof Suppose G contains an element of order n > 6. Applying Lemma 
6.5.1, we obtain that C is isomorphic to a quartic of Type VIII (n = 6), I 
(n = 7), H (n = 8), VI (n = 9), and IN (n = 12). Here we use that, in the case 
n = 8 (resp. n = 12) the binary form t}t2+t1t3 (resp. t{+tot3) can be reduced 
to the binary forms tf + t3 (resp. tł + 2\/—3¢?t + tå) by a linear change of 
variables. It corresponds to a harmonic (resp. equianharmonic) elliptic curve. 

Assume n = 8. Then C is a Fermat quartic. Obviously, G contains a sub- 
group G” = 4? : ©; of order 96. If it is a proper subgroup, then the order 
of G is larger than 168. By Hurwitz’s Theorem, the automorphism group of a 
nonsingular curve of genus g is of order < 84(g — 1) (see [282], Chapter 5, 
Exercise 2.5). This shows that G & 4? : G3, as in Type II. 

Assume n = 7. Then the curve is projectively isomorphic to the Klein curve, 
which we will discuss in the next Subsection and will show that its automor- 
phism group is isomorphic to L2(7). This deals with Type I. 

Now we see that G may contain only Sylow 2-subgroups or 3-subgroups. 


Case 1: G contains a 2-group. 


First of all, the order N = 2” of G is less than or equal to 16. Indeed, by 
the above, we may assume that G does not contain cyclic subgroups of order 
2° with a > 2. By Hurwitz’s formula 


4=N(29' -2) +N 1- =, 


[2 


If N = 2”,m > 4, then the right-hand side is divisible by 8. 

So N = 2™,m < 4. As is well-known, and is easy to prove, the center Z 
of G is not trivial. Pick up an element ø of order 2 in the center and consider 
the quotient C — C'/(o) = C”. Since any projective automorphism of order 2 
fixes pointwisely a line £, g has a fixed point on ©. By Hurwitz’s formula, C” 
is acurve of genus 1, and the cover is ramified at four points. By choosing the 
coordinates such that o = diag|—1, 1, 1], the equation of C becomes 


tå + t3g2(to, t1) + ga(to, ti) = 0. (6.42) 


If G = (a), we get Type XII. Suppose G = 2? and 7 is another generator. After 
a linear change of variables tı, t2, we may assume that 7 acts as [to, t1, t2] => 
[to, t1, —t2]. This implies that ga does not contain the monomial tıt2 and g4 
does not contain the monomials t}ta, tıt3. This leads to Type X. 

If G = (T) S Z/AZ, there are two cases to consider corresponding to 
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items (iv) and (v) in Lemma 6.5.1. In the first case, we may assume that T : 
[to, t1, t2] > [to, ti, ite]. This forces g2 = 0. It is easy to see that any binary 
quartic without multiple zeros can be reduced to the form tf + at?t3 + t3. Now 
we see that the automorphism group of the curve 


V(t +t + att +4), a #0, 
contains a subgroup generated by the transformations 


gı : [to, t1, ta] > [ito, ti, te], 
g2 : [to, t1, ta] > [to, iti, —it2], 
93 : [to, t1, ta] b> lito, ita, tty]. 


The element gı generates the center, and the quotient is isomorphic to 2? := 
(Z,/2Z)*. We denote this group by 4.27. It is one of nine non-isomorphic non- 
abelian groups of order 16. Other way to represent this group is Dg : 2. The 
dihedral subgroup Dg is generated by g2 and gi g3. If a = 0, it is the Fermat 
curve of Type II. 

In the second case we may assume that 7 : [to,t1, ta]  [to, :tı, —t2]. In 
this case, we can reduce the equation to the form (v) from Lemma 6.5.1. It 
is easy to see that G contains the dihedral group Dg. If there is nothing else, 
we get Type VII. There are two isomorphism classes of group of order 16 that 
contain Dg. They are Dg x 2 or 4.2? from above. In the first case, the group 
contains a subgroup isomorphic to 2° := (Z/2Z,)°. This group does not embed 
in PGL(3). In the second case, the center is of order 4, hence commutes with 
T but does not equal to (7). The equation shows that this is possible only if the 
coefficient b = 0. Thus we get a curve of Type V. 


Case 2: G contains a Sylow 3-subgroup. 

Let Q be a Sylow 3-subgroup of G. Assume Q contains a subgroup Q’ iso- 
morphic to 37. By Hurwitz’s formula, the quotient of C by a cyclic group of 
order 3 is either an elliptic curve or a rational curve. In the first case, the quo- 
tient map has two ramification points, in the second case it has five ramification 
points. In any case, the second generator of Q’ fixes one of the ramification 
points. However, the stabilizer subgroup of any point on a nonsingular curve is 
acyclic group. This contradiction shows that Q must be cyclic of order 3 or 9. 


Case 2a: Q is of order 9. 

If Q = G, we are getting Type VI. Thus, we may assume that G contains 
a Sylow 2-subgroup P of some order 2™,m < 4. By Sylow’s Theorem, the 
number s3 of Sylow 3-subgroups is equal to 1 + 3k and it divides 2”. This 
gives s3 = 1,4, 16. If m = 1, the subgroup Q is normal. The cover C + C/Q 
is ramified at five points with ramification indices (9, 9,3). If Q 4 G, then P 
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contains a subgroup isomorphic to 9 : 2. It does not contain elements of order 
6. An element of order 2 in this group must fix one of the five ramification 
points and gives a stabilizer subgroup of order 6 or 18. Both is impossible. 

Suppose Q is not a normal subgroup. The number ng of Sylow 3-subgroups 
is equal to 4 if m = 2, 3, or 16 if m = 4. Consider the action of G on the set of 
28 bitangents. It follows from the normal form of an automorphism of order 9 
in Lemma 6.5.1 that Q fixes a bitangent. Thus, the cardinality of each orbit of 
G on the set of bitangents divides 2” and the number of orbits is equal to 4 or 
16. It easy to see that this is impossible. 

Case 2a: Q is of order 3. 

If P contains an element of order 4 of type (v), then, by the analysis from 
Case 1, we infer that G contains Dg. If P = Dg, by Sylow’s Theorem, the in- 
dex of the normalizer NG(P) is equal to the number s2 of Sylow 2-subgroups. 
This shows that sa = 1, hence P is normal in G. An element of order 4 in P 
must commute with an element of order 3, thus G contains an element of order 
12, hence the equation can be reduced to the Fermat equation of Type II. Thus 
P must be of order 16. This leads to Type HI. 

So, we may assume that P does not contain an element of order 4 of type 
(v). If it contains an element of order 4, then it must have equation of Type V 
with a = 0. This leads again to the Fermat curve. 

Finally, we arrive at the case when P has no elements of order 4. Then P 
is an abelian group (Z/2Z)'™, where m < 2 (the group 2° does not embed in 
Aut(P?). If m = 0, we get Type XI, if m = 1, we get Type IX, if m = 2, we 
get Type IV. 














6.5.3 The Klein quartic 


Recall that a quartic curve admitting an automorphism of order 7 is projectively 
equivalent to the quartic 


C = V (tot? + tit3 + tote). (6.43) 
The automorphism S of order 7 acts by the formula 
S : [to, t1, to] + [eto, @ti etta], €= e, 


where we scaled the action to represent the transformation by a matrix from 
SL(3). 

As promised, we will show that the group of automorphisms of such a quar- 
tic is isomorphic to the simple group L2(7) of order 168. By Hurwitz’s Theo- 
rem, the order of this group is the largest possible for curves of genus 3. 
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Observe that Equation (6.43) has a symmetry given by a cyclic permutation 
U of the coordinates. It is easy to check that 


ls = S$, (6.44) 


so that the subgroup generated by S, U is a group of order 21 isomorphic to 
the semi-direct product 7 : 3. 

By a direct computation one checks that the following unimodular matrix 
defines an automorphism T of C of order 2: 


e-& fer gd 


eae ee ee]. (6.45) 


1 
V7 \ a4 3 6 2_ 75 





We have 
TUT | =U’, (6.46) 


so that the subgroup generated by U, T is the dihedral group of order 6. One 
checks that the 49 products S“T'S® are all distinct. In particular, the cyclic 
subgroup (S) is not normal in the group G generated by S,T,U. Since the 
order of G is divisible by 2-3-7 = 42, we see that #G = 42, 84, 126 or 168. 
It follows from Sylow’s Theorem that the subgroup (S) must be normal in the 
first three cases, so #G = 168, and by Hurwitz’s Theorem 


Aut(C) = G = (S,U,T). 


One checks that V = (TS)! satisfies V? = 1 and the group has the presen- 
tation 


G= (S,T,V : S? = V? = T? = STV =i); 








Proposition 6.5.3 The group Aut(C) is a simple group Ges of order 168. 


Proof Suppose H is a nontrivial normal subgroup of G. Assume that its or- 
der is divisible by 7. Since its Sylow 7-subgroup cannot be normal in H, we 
see that H contains all Sylow 7-subgroups of G. By Sylow’s Theorem, their 
number is equal to 8. This shows that ##H = 56 or 84. In the first case H 
contains a Sylow 2-subgroup of order 8. Since H is normal, all its conjugates 
are in H, and, in particular, T € H. The quotient group G/H is of order 3. It 
follows from (6.46) that the coset of U must be trivial. Since 3 does not divide 
56, we get a contradiction. In the second case, H contains S,7,U and hence 
coincides with G. So, we have shown that H cannot contain an element of or- 
der 7. Suppose it contains an element of order 3. Since all such elements are 
conjugate, H contains U. It follows from (6.44) that the coset of Sin G/H is 
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trivial, hence © € H, contradicting the assumption. It remains for us to con- 
sider the case when H is a 2-subgroup. Then #G/H = 2°-3-7, witha < 2. 
It follows from Sylow’s Theorem that the image of the Sylow 7-subgroup in 
G/H is normal. Thus its preimage in G is normal. This contradiction finishes 
the proof that G is simple. 














Remark 6.5.4 One can show that 
Giss & PSL(2, F7) & PSL(3, F2). 


The first isomorphism has a natural construction via the theory of automorphic 
functions. The Klein curve is isomorphic to a compactification of the modular 
curve X (7), corresponding to the principal congruence subgroup of full level 
7. The second isomorphism has a natural construction via considering a model 
of the Klein curve over a finite field of two elements (see [210]). We can see 
an explicit action of G on 28 bitangents via the geometry of the projective line 
P!(F-) (see [136], [321]). 


The group Aut(C) acts on the set of 36 even theta characteristics with orbits 
of cardinality 1, 7,7,21 (see [177]. The unique invariant even theta characteris- 
tic 0 gives rise to a unique G-invariant in P? = P(V), where V = H? (C, 0(1)). 
Using the character table, one can decompose the linear representation S?(V) 
into the direct sum of the 3-dimensional representation E = H°(C,Oc(1))Y 
and a 7-dimensional irreducible linear representation. The linear map E — 
S?(V) defines the unique invariant net of quadrics. This gives another proof 
of the uniqueness of an invariant theta characteristic. The corresponding rep- 
resentation of C as a symmetric determinant is due to F. Klein [338] (see also 
[201]). We have 


= tto + tp + Pto. AT 
0 0 t to ot2 + tgto + tito (6.47) 


tg —t2 -—b 0 


The group Aut(C) has 3 orbits on C with nontrivial stabilizers of orders 
2,3, 7. They are of cardinality 84, 56 and 24, respectively. 

The orbit of cardinality 24 consists of inflection points of C. They are the 
vertices of the eight triangles with inflection tangents as its sides. These are 
eight contact cubics corresponding to the unique invariant theta characteristic. 
The eight inflection triangles coincide with eight biscribed triangles. The group 
acts on the eight triangles with stabilizer subgroup of order 21. In fact, the 
coordinate triangle is one of the eight triangles. The subgroup generated by 
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S and U leaves it invariant. The element T of order 2 sends the coordinate 
triangle to the triangle with sides whose coordinates are the rows of the matrix 
(6.45). In fact, this is how the element T was found (see [338] or [226], vol. 2, 
p. 199). 

We know that the inflection points are the intersection points of C and its 
Hessian given by the equation 


He(f) = 5t2t5t3 — tot? — Kt — tit? = 0. 


So the orbit of 24 points is cut out by the Hessian. 

The orbit of cardinality 56 consists of the tangency points of 28 bitangents of 
C. An example of an element of order 3 is a cyclic permutation of coordinates. 
It has 2 fixed points [1, 73,73] and [1, n2, n3] on C. They lie on the bitangent 
with equation 


Aty + (373 + 1)ti + (33 + 1)t2 = 0. 
Define a polynomial of degree 14 by 


af Of f Of 

at? Ototi totz Oto 

O° f ə? f of of 

— Otito Ot Ot te ötı 
W = det Fr Kr KT: 
Ötato  Otatı öt2 Ota 

af of əf 

Oto Ot1 Ot2 














One checks that it is invariant with respect to Gigg and does not contain f as a 
factor. Hence it cuts out in V (f) a G-invariant positive divisor of degree 56. It 
must consists of a G1ss-orbit of cardinality 56. 

One can compute it explicitly (see [596], p. 524) to find that 


P = tht + tlt + tlt — 34totita(th ti +) 250taty te + )+ 


rare +--+) + 18(t6ts +) — 126¢8¢3¢3 (4342 + ---). 


Here the dots mean monomials obtained from the first one by permutation of 
variables. 

The orbit of cardinality 84 is equal to the union of 21 sets, each consisting 
of four intersection points of C with the line of fixed points of a transformation 
of order 2. An example of such a point is 


Se eS ie le SF (e — ee — le ee 


The product € of the equations defining the 21 lines defines a curve of degree 
21 which coincides with the curve V(J(f,H,W)), where J(f, H, Y) is the 
Jacobian determinant of f, the Hesse polynomial, and Y. It is a Gi¢g-invariant 
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polynomial of degree 21. Its explicit expression was given by P. Gordan in 
[254], p. 372: 


= = e214 21 + 22! — Ttotitalth ti +) + 21Ttotita(t + ---)— 
B08tGt 7 t5(tg°t] +) — STE tI +) 289(t5t3 +--+ )+ 
4018¢3¢343 + + 6387¢3¢3e3 (4843 + -)+ 
1638totyte(tg°tS +--+) — 6279 0715 (tet +--+ )+ 
TOOTEŽEŠEŠ(tot3 +--+) — 10010151114 (tats +- ) + 343 2tlelrh. 


The group Gigs admits a central extension 2.L2(7) = SL(2,F7). It has 
a linear representation in C where it acts as a complex reflection group. The 
algebra of invariants is generated by the polynomial f defining the Klein curve, 
the Hesse polynomial H, and the polynomials W. The polynomial = is a skew 
invariant, it is not invariant but its square is. We have (see [254],[226], vol. 2, 
p. 208) 


=? = P? — 88 f? HV’ + 16(63f HTW + 68f4H7U — 16f'U 
+1088" — 3752f°H° + 1376 fÊ H? — 128 f° H). (6.48) 


(note that there is some discrepancy of signs in the formulas of Gordan and 
Fricke). 

We have already mentioned that the Scorza quartic of the Klein quartic C 
coincides with C. The corresponding even theta characteristic is the unique 
invariant even theta characteristic 0. One can find all quartic curves X such 
that its Scorza quartic is equal to C (see [?], [177]). 

The group G acts on the set of 63 Steiner complexes, or, equivalently, on the 
set of nontrivial 2-torsion divisor classes of the Jacobian of the curve. There is 
one orbit of length 28, an orbit of length 21, and two orbits of length 7. Also 
the group Gigg acts on Aronhold sets with orbits of length 8, 168,56 and 56 
[321]. In particular, there is no invariant set of seven points in the plane which 
defines C. 

The variety VSP(C, 6) is a Fano threefold V22 admitting Gjg¢g as its group 
of automorphisms. It is studied in [383]. 


Exercises 


6.1 Show that two syzygetic tetrads of bitangents cannot have two common bitangents. 
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6.2 Let Ci = V (tf +q°) be a family of plane quartics over C depending on a parameter 
t. Assume that V ( f) is nonsingular and V (f) and V (q) intersect transversally at eight 
points pi,..., ps. Show that C% is nonsingular for all t in some open neighborhood of 
0 in usual topology and the limit of 28 bitangents when t — 0 is equal to the set of 28 
lines pipz. 

6.3 Show that the locus of nonsingular quartics that admit an inflection bitangent is a 
hypersurface in the space of all nonsingular quartics. 

6.4 Consider the Fermat quartic V (t + ¢{ + t3). Find all bitangents and all Steiner 
complexes. Show that it admits 12 inflection bitangents. 

6.5 Show that a Fermat quartic has 12 inflection bitangents and this number is maximal 
possible [352]. 

6.6 Let S = {(£1, 04), ..., (€6, €)} be a Steiner complex of 12 bitangents. Prove that 
the six intersection points £; N £; lie on a conic and all (z) = 378 intersection points 
of bitangents lie on 63 conics. 

6.7 Show that the pencil of conics passing through the four contact points of two bi- 
tangents contains five members each passing through the contact points of a pair of 
bitangents. 

6.8 Show that a choice of e € Jac(C')[2] \ {0} defines a conic Q and a cubic B such 
that C is equal to the locus of points x such that the polar P, (B) is touching Q. 

6.9 Let C = V(a11a22 — afo) be a representation of a nonsingular quartic C as a 
symmetric quadratic determinant corresponding to a choice of a 2-torsion divisor class 
e. Let C be the unramified double cover of C corresponding to e. Show that C is iso- 
morphic to a canonical curve of genus 5 given by the equations 


a1ı(to, ti, t2) — t = ai2(to, t1, t2) — t3t4 = a22(to, ti, te) — ti =0 
in P*. 
6.10 Show that the moduli space of bielliptic curves of genus 4 is birationally isomor- 


phic to the moduli space of isomorphism classes of genus 3 curves together with a 
nonzero 2-torsion divisor class. 


6.11 A plane quartic C = V ( f) is called a Caporali quartic if VSP(f,4)° 4 0. 
(i) Show that the C admits a pencil of apolar conics. 


(ii) Show that the Clebsch covariant quartic €(C') is equal to the union of four lines. 
(iii) Show that any Caporali quartic is projectively isomorphic to the curve 





ato(t? — t3) + bt, (t3 — t2) + cto(t§ — t?) =0 


([61)). 
6.12 Let q be a nondegenerate quadratic form in three variables. Show that VSP(q’, 6)° 
is a homogeneous space for the group PSL(2, C). 


6.13 Show that the locus of lines £ = V (L) such that the anti-polar conic of I? with 
respect to a quartic curve V(f) is reducible is a plane curve of degree 6 in the dual 
plane. 

6.14 Classify automorphism groups of irreducible singular plane quartics. 

6.15 For each nonsingular plane quartic curve C with automorphism group G describe 
the ramification scheme of the cover C > C/G. 


6.16 Let C be the Klein quartic. For any subgroup H of Aut(C’) determine the genus 
of H and the ramification scheme of the cover C > C/H. 
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6.17 Show that a smooth plane quartic admits an automorphism of order 2 if and only 
if among its 28 bitangents four form a syzygetic set of bitangents intersecting at one 
point. 


6.18 Show that the set of polar conics P,,2(C’) of a plane quartic C', where x belongs to 
a fixed line, form a family of contact conics of another plane quartic C”. 


6.19 Show that the description of bitangents via the Cayley octad can be stated in the 
following way. Let C = det A be the symmetric determinantal representation of C with 
the Cayley octad O. Let P be the 8 x 4-matrix with columns equal to the coordinates 
of the points in O. The matrix M = * PAP is asymmetric 8 x 8-matrix, and its entries 
are the equations of the bitangents (the bitangent matrix, see [443]). 


6.20 Show that the bitangents participating in each principal 4 x 4-minor of the bitangent 
matrix from the previous exercise is a syzygetic tetrad, and the minor itself defines the 
equation of the form (6.1). 


6.21 Let C and K be a general conic and a general cubic. Show that the set of points a 
such that P, (C) is tangent to P, (K) is a Lüroth quartic. Show that the set of polar lines 
P(C) which coincide with polar lines P,(4) is equal to the set of seven Aronhold 
bitangents of the Lüroth quartic ([28]). 


6.22 Show that the set of 28 bitangents of the Klein quartic contains 21 subsets of four 
concurrent bitangents and each bitangent has 3 concurrency points. 


6.23 Let vs : |E| — |S3(EY)| be the Veronese embedding corresponding to the apo- 
larity map ap} : E = S®(EY) for a general plane quartic V (f) C | E|. Show that the 
variety VSP( f, 6) is isomorphic to the variety of 6-secant planes of the projection of 
the Veronese surface v3 (| E|) to |S" (EY) /apy (E)| = P® ([383)). 


6.24 Find a symmetric determinant expression for the Fermat quartic V (tg +11 +12). 


Historical Notes 


The fact that a general plane quartic curve has 28 bitangents was first proved 
in 1850 by C. Jacobi [318] although the number was apparently known to J. 
Poncelet. The proof used Pliicker formulas and so did not apply to any non- 
singular curve. Using contact cubics, O. Hesse extended this result to arbitrary 
nonsingular quartics [291]. 

The first systematic study of the configuration of bitangents began by O. 
Hesse [291],[292] and J. Steiner [544]. Steiner’s paper does not contain proofs. 
They considered azygetic and syzygetic sets and Steiner complexes of bi- 
tangents although the terminology was introduced later by Frobenius [228]. 
Hesse’s approach used the relationship between bitangents and Cayley octads. 
The notion of a Steiner group of bitangents was introduced by A. Cayley in 
[86]. Weber [595] changed it to a Steiner complex in order not to be confused 
with the terminology of group theory. 

The fact that the equation of a nonsingular quartic could be brought to the 
form (6.1) was first noticed by J. Pliicker [449]. Equation (6.2), arising from 
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a Steiner complex, appears first in Hesse’s paper [292], 89. The determinan- 
tal identity for bordered determinants (6.29) appears in [291]. The number of 
hexads of bitangents with contact points on a cubic curve was first computed 
by O. Hesse [291] and by G. Salmon [492]. 

The equation of a quartic as a quadratic determinant appeared first in Plücker 
[446], p. 228, and in Hesse [292], §10, [293]. Both of them knew that it can 
be done in 63 different ways. Hesse also proves that the 12 lines of a Steiner 
complex, consider as points in the dual plane, lie on a cubic. More details 
appear in Roth’s paper [481] and later, in Coble’s book [121]. 

The relationship between bitangents of a plane quartic and seven points in 
the dual projective plane was first discovered by S. Aronhold [12]. The fact 
that Hesse’s construction and Aronhold’ construction are equivalent via the 
projection from one point of a Cayley octad was first noticed by A. Dixon 
[171]. 

The relation of bitangents to theta functions with odd characteristics goes 
back to B. Riemann [471] and H. Weber [595] and was developed later by 
A. Clebsch [107] and G. Frobenius [228], [230]. In particular, Frobenius had 
found a relationship between the sets of seven points or Cayley octads with 
theta functions of genus 3. Coble’s book [121] has a nice exposition of Frobe- 
nius’s work. The equations of bitangents presented in Theorem 6.1.9 were first 
found by Riemann, with more details explained by H. Weber. A modern treat- 
ment of the theory of theta functions in genus 3 can be found in many papers. 
We refer to [235], [249] and the references there. 

The theory of covariants and contravariants of plane quartics was initiated by 
A. Clebsch in his fundamental paper about plane quartic curves [104]. In this 
paper he introduces his covariant quartic €(C') and the catalecticant invariant. 
He showed that the catalecticant vanishes if and only if the curve admits an 
apolar conic. Much later G. Scorza [510] proved that the rational map S'on the 
space of quartics is of degree 36 and related this number with the number of 
even theta characteristics. The interpretation of the apolar conic of a Clebsch 
quartic as the parameter space of inscribed pentagons was given by G. Liiroth 
[372]. In this paper (the first issue of Mathematische Annalen), he introduced 
the quartics that now bear his name. Darboux curves were first introduced by 
G. Darboux in [156]. They got a modern incarnation in a paper of W. Barth 
[24], where it was shown that the curves of jumping lines of a rank 2 vector 
bundle with trivial determinant is a Darboux curve. The modern exposition 
of works of F. Morley [393] and H. Bateman [28] on the geometry of Lüroth 
quartics can be found in papers of G. Ottaviani and E. Sernesi [420], [422], 
[423]. 

The groups of automorphisms of nonsingular plane quartic curves were clas- 


Historical Notes 307 


sified by S. Kantor [327] and A. Wiman [602]. The first two curves from our 
table were studied earlier by F. Klein [338] and W. Dyck [197]. Of course, the 
Klein curve is the most famous of those and appears often in modern literature 
(see, for example, [534]). 

The classical literature about plane quartics is enormous. We refer to Ciani’s 
paper [97] for a nice survey of classical results, as well as to his own contribu- 
tions to the study of plane quartics which are assembled in [99]. Other surveys 
can be found in [432] and [215]. 
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Cremona transformations 


7.1 Homaloidal linear systems 


7.1.1 Linear systems and their base schemes 


Recall that a rational map f : X --+ Y of algebraic varieties over a field K 
is a regular map defined on a dense open Zariski subset U C X. The largest 
such set to which f can be extended as a regular map is denoted by dom( f). 
A point x ¢ dom(f) is called an indeterminacy point. Two rational maps 
are considered to be equivalent if their restrictions to an open dense subset 
coincide. A rational map is called dominant if f : dom( f) — Y is a dominant 
regular map, i.e. the image is dense in Y. Algebraic varieties form a category 
with morphisms taken to be equivalence classes of dominant rational maps. 

From now on we restrict ourselves to rational maps of irreducible varieties 
over C. We use fa 

We will further assume that X is a smooth projective variety. It follows 
that the complement of dom( f) is of codimension > 2. A rational map f : 
X --» Y is defined by a linear system. Namely, we embed Y in a projec- 
tive space P” by a complete linear system |V’| := |H°(Y,L’)|. Its divisors 
are hyperplane sections of Y. The invertible sheaf f}£’ on dom(f) can be 
extended to a unique invertible sheaf £ on all of X. Also we can extend the 
sections fi (s),s € V’, to sections of £ on all of X. The obtained homo- 
morphism f* : V’ + H°(X, £) is injective and its image is a linear subspace 
V c H°(X, £L). The associated projective space |V| C |£] is the linear system 
defining a morphism fy : dom(f) > Y —> P”. 

The rational map f is given in the usual way. Evaluating sections of V at a 
point, we get a map dom( f) — P(V) and,, by restriction, the map dom( f) > 
P(V’), which factors through the map Y ~ P(V’). A choice of a basis 
(S0,---, Sr) in V and a basis in V’ defines a rational map f : X --+ Y c P”. 
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It is given by the formula 
x + [so(2),---, 8-(2)] 


For any rational map f : X --+ Y and any closed reduced subvariety Z of 
Y we denote by f!(Z) the closure of f} '(Z) in X. It is called the inverse 
transform of Z under the rational map f. Thus the divisors from |V| are the 
inverse transforms of hyperplane sections of Y in the embedding 1: Y — P”. 
More generally, this defines the inverse transform of any linear system on Y. 

Let £ be a line bundle and V C H°(X, L£). Consider the natural evaluation 
map of sheaves 


ev:V®Ox OL 
defined by restricting global sections to stalks of £. It is equivalent to a map 
ev: V Q L7! > Ox 


whose image is a sheaf of ideals in O x. This sheaf of ideals is denoted b(|V |) 
and is called the base ideal of the linear system |V|. The closed subscheme 
Bs(|V|) of X defined by this ideal is called the base scheme of |V |. The re- 
duced scheme is called the base locus. In classical terminology, the base locus 
is the F’-locus; its points are called fundamental points. We have 


Bs(|V|) = Apejvı D = Don... D, (scheme-theoretically), 


where Do, ..., D, are the divisors of sections forming a basis of V. The largest 
positive divisor F contained in all divisors from |V| (equivalently, in the divi- 
sors Do,..., Dy) is called the fixed component of |V |. The linear system with- 


out fixed component is sometimes called irreducible. Each irreducible compo- 
nent of its base scheme is of codimension > 2. 

If F = div(so) for some so € Ox (F), then the multiplication by so defines 
an injective map L(—F) — £. The associated linear map H°(X, L(—F)) > 
H°(X, £L) defines an isomorphism from a subspace W of H? (X, L(—F)) onto 
V. The linear system |W] C |£(—F')| is irreducible and defines a rational map 
fl: X --+ P(WW) S P(V). 

The linear system is called base-point-free, or simply free if its base scheme 
is empty, i.e. b(|V|) = Ox. The proper transform of such a system under a 
rational map is an irreducible linear system. In particular, the linear system |V | 
defining a rational map X --+ Y as described in above, is always irreducible. 

Here are some simple properties of the base scheme of a linear system. 


© |V] ELBE) = | A(X, EV) @ £). 
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(ii) Let @ : X’ — X be a regular map, and V’ = 6*(V) c H°(X’, ¢* £). Then 
6 *(6(|V|)) = b(f!(|V|)). Recall that, for any ideal sheaf a C Ox, its 
inverse image d~ '(a) is defined to be the image of ¢* (a) = a®o, Ox, in 
Ox: under the canonical multiplication map. 

(iii) If 6(|V]) is an invertible ideal (i.e. isomorphic to Ox (—F’) for some effec- 
tive divisor F), then dom(f) = X and f is defined by the linear system 
IL-F). 

(iv) If dom(f) = X, then 6(|V]) is an invertible sheaf and Bs(|V|) = 4. 


7.1.2 Resolution of a rational map 


Definition 7.1.1 A resolution of a rational map f : X --> Y of projective 
varieties is a pair of regular projective morphisms n : X' > X ando : X' > 
Y such that f = o on! and x is an isomorphism over dom(f): 


x! (7.1) 


We say that a resolution is smooth (normal) if X’ is smooth (normal). 


Let Z = V(a) be the closed subscheme of a scheme X defined by an ideal 
sheaf a C Ox. We denote by 


o : Blx(Z) = Proj Pak > X 
k=0 
the blow-up of Z (see [282], Chapter I, 87). We will also use the notation 
Blx (a) 
Let v : BIZ (Z) — X denote the normalization of the blow-up Bly (Z) and 
E* be the scheme-theoretical inverse image of the exceptional divisor. It is the 
exceptional divisor of v. 


nOg (E+) = 4, 


where a denotes the integral closure of the ideal sheaf a (see [355], II, 9.6). A 
local definition of the integral closure of an ideal J in an integral domain A is 
the set of elements x in the fraction field of A such that x” + az”! +--+ 
an = 0 for some n > 0 and a, € I* (pay attention to the power of J here). 
If E+ = >> r;£;, considered as a Weil divisor, then locally elements in a are 
functions & such that ord g, (v*(¢)) > r; for all i. 

An ideal sheaf a is called integrally closed (or complete) if a = a. We have 
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BIZ (Z) = Blx(Z) if and only a” is integrally closed form > 0. If X is 
nonsingular, and dim X = 2, then m = 1 suffices [608], Appendix 5. 


Proposition 7.1.2 Let f: X --» Y bearational map of irreducible varieties 
defined by a linear system |V| with base ideal b. Let n : Blx(b) — X be the 
blow-up scheme of b. Then there exists a unique regular map o : Blx(b) > Y 
such that (n, o) is a resolution of f. For any resolution (n',o’) of f there exists 
a unique morphism a : X’ — Blx(b) such that n’ =roa,0 =ooa. 


Proof By properties (ii) and (iii) from above, the linear system rn !(|V]) = 
In*(£) & m!(b)| defines a regular map o : Blx(b) — Y. It follows from the 
definition of maps defined by linear systems that f = ø o m !. For any res- 
olution, (X’,r’,c’) of f, the base scheme of the inverse transform m +(|V|) 
on X’ is equal to m !(b). The morphism ø’ is defined by the linear system 
m’—+(|V|) and hence its base sheaf is invertible. This implies that m’ factors 
through the blow-up of Bs(|V]). 














Note that we also obtain that the exceptional divisor of m’ is equal to the 
preimage of the exceptional divisor of the blow-up of Bs(|V |). 


Theorem 7.1.3 Assume that f : X --+ Y is a birational map of normal pro- 
jective varieties and f is given by a linear system |V| C |£| equal to the inverse 
transform of a very ample complete linear system |L'| on Y. Let (X', n,o) be 
a resolution of f and let E be the exceptional divisor of x. Then the canonical 
map 


V > H°(X',1*L(-E)) 
is an isomorphism. 
Proof Set b = b(|V|). We have natural maps 


V > H°(X,£@b) > H?(X',n*L 8n! (b)) 


3 HUY,L'80,0x) > H?(Y, L’). 


Here we used the Main Zariski Theorem that asserts that 0,Ox: = Oy be- 
cause o is a birational morphism and Y is normal [282], Chapter II, Corollary 
11.4. By definition of the linear system defining f, the composition of all these 
maps is a bijection. Since each map here is injective, we obtain that all the maps 
are bijective. One of the compositions is our map V + H°(X’,2*L(—E)), 
hence it is bijective. 
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Corollary 7.1.4 Assume, additionally, that the resolution (X,r,o) is nor- 
mal. Then the natural maps 


V > H°(X,£@ 6(|V|)) > H°(X’,n*(L)(-E)) > H°(X,£@ 6(|V])) 
are bijective. 


We apply Theorem 7.1.3 to the case when f : P” --» P” is a birational 
map, a Cremona transformation. In this case £ = Opn(d) for some d > 1, 
called the (algebraic) degree of the Cremona transformation f. We take |£’| = 
|Opn(1)|. The linear system |V| = |6(|V|)(d)| defining a Cremona transfor- 
mation is called a homaloidal linear system. Classically, members of |V| were 
called homaloids. More generally, a k-homaloid is a proper transform of a k- 
dimensional linear subspace in the target space. They were classically called 
®-curves, ®-surfaces, etc. 


Proposition 7.1.5 
H! (P”, £ ® b(|V])) = 0. 


Proof Let (X,7,c) be the resolution of f defined by the normalization of 
the blow-up of Bs(#x ). Let E be the exceptional divisor of 7 : X — P”. We 
know that 7,.(7*£(—E)) = £ 8 b(|V]) and 7*L(—E) = o* Opn (1). The low 
degree exact sequence defined by the Leray spectral sequence, together with 
the projection formula, gives an exact sequence 





0 — H! (P”, Opn(1)) > H'(X,0*Opn(1)) + H°(P", R040 x: @Opn(1)). 

(7.2) 
Let v : X’ — X be a resolution of singularities of X. Then, we have the 
spectral sequence 


EB? = RPo,(R%v,0 x) > RPH (r o v) Ox. 
It gives the exact sequence 


0 R'n.(v,Ox') > R! (r ov) Ox > n,.R'v,Oxı. 


Since X is normal, v,Ox, = Ox. Since the composition mov : X’ — P” 
is a birational morphism of nonsingular varieties, R! (7r o v)„Ox’ = 0. This 
shows that 


R'n,(u%%.Ox:) = 0. 
Together with vanishing of H!(P”, Opn (1)), (7.2) implies that 


H'(X,n*(£L)(-E)) = 0. 
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It remains for us to use that the canonical map 


H'(P®,L® b(|V|)) = H'(P*,n.(m*(L)(-B))) > H'(X,r*(L)(-E)) 











is injective (use Cech cohomology, or the Leray spectral sequence). 





Using the exact sequence 





0 — b(Hx) — Op > Op» /b(Hx) — 0, 


and tensoring it by Opn (d), we obtain the following result, classically known 
as the Postulation formula. 


Corollary 7.1.6 Let |V| be a homaloidal linear system. Then 


n+d 
Oy equ) = ( i ) -7-1 


7.1.3 The graph of a Cremona transformation 


We define the graph I’; of a rational map f : X --> Y as the closure in 
X xY ofthe graph T';, of fa : dom( f) — Y. Clearly, the graph, together with 
its projections to X and Y, defines a resolution of the rational map f. 

By the universal property of the graph, we obtain that, for any resolution 
(X', n,o) of f, the map (7,0) : X’ — X x Y factors through the closed 
embedding I; > X x Y. Thus the first projection lf — X has the univer- 
sal property for morphisms which invert b(|V |), hence it is isomorphic to the 
blow-up scheme BI x (6((|V])). 

Let us consider the case of a Cremona transformation f : P” --+ P”. If 
(Fo, ..., Fn) is a basis of V defining the homaloidal linear system, then the 
graph is a closed subscheme of P” x P” which is an irreducible component of 
the closure of the subvariety of dom( f) x P” defined by 2 x 2-minors of the 
matrix 


o Fe) ... = (73) 


Yo Yı ... Yn 
where x = (to,...,tn) are projective coordinates in the first factor, and y = 
(Yo, +--+; Yn) are projective coordinates in the second factor. 


In the usual way, the graph I’; defines the linear maps of cohomology 
Ji : H (P, Z) > HP*(P",Z), y (pri) (E s] 9 (Pre)*()), 


where pr; : P” x P” — P” are the projection maps. Since H?*(P", Z) S Z, 
these maps are defined by some numbers dx, the vector (do, . . . , dn ) is called 
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the multidegree of f. In more details, we write the cohomology class [I p] in 
H*(P" x P”,Z) as 


Pe] = do dint ag’, 
k=0 
where h; = pr} (h) and A is the class of a hyperplane in P”. Then 


SECR) = (pry)«(Py]) > (prz(h*)) = (pry )e(deht!) = dph". 


The multidegree vector has a simple interpretation. The number dz is equal 
to the degree of the proper transform under f of a general linear subspace of 
codimension k in P”. Since f is birational, do = dn = 1. Also dı = dis the 
algebraic degree of f. Inverting f, we obtain that 


L =T}, 


where [ rf is the image of I’; under the self-map of P” x P” that switches the 
factors. In particular, we see that (dy, d;—1,..., do) is the multidegree of fe 
In the case when f is a birational map, we have dg = dn = 1. We shorten 
the definition by saying that the multidegree of a Cremona transformation is 
equal to (dı,...,dn-ı). 
The next result due to L. Cremona puts some restrictions on the multidegree 
of a Cremona transformation. 


Proposition 7.1.7 (Cremona’s inequalities) For any n > i,j > 0, 
1 < di+j < didj, dn-i-j < dn—idn_;. 


Proof It is enough to prove the first inequality. The second one follows from 
the first one by considering the inverse transformation. Write a general linear 
subspace L;,; of codimension ö + j as the intersection of a general linear 
subspace L; of codimension 7 and a general linear subspace L; of codimension 
j. Then, we have f~'(L;+;) is an irreducible component of the intersection 
f+ (Li) n f7*(L;). By Bezout’s Theorem, 


di+; = deg f~*(Li4;) < deg f~*(L;) deg f~"(L;) = didj. 














Remark 7.1.8 There are more conditions on the multidegree which follow 
from the irreducibility of I p. For example, by using the Hodge type inequality 
(see [355], Corollary 1.6.3), we get the inequality 


d? > di_-idis1 (7.4) 
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for the multidegree of a Cremona transformation f. For example, if n = 3, the 
only nontrivial inequality following from the Cremona inequalities is doda = 
dz < dj, and this is the same as the Hodge-type inequality. However, if n = 4, 
we get new inequalities besides the Cremona ones. For example, (1, 2,3, 5, 1) 
satisfies the Cremona inequalities, but does not satisfy the Hodge type inequal- 
ity. 

The following are natural questions related to the classification of possible 
multidegrees of Cremona transformations. 


e Let (1,dı,...,dn-ı,1) be a sequence of integers satisfying the Cremona 
inequalities and the Hodge-type inequalities: Does there exist an irreducible 
reduced close subvariety T of P” x P” with [C] = X d,hkhg—*? 


e What are the components of the Hilbert scheme of this class containing an 
integral scheme? 


Note that any irreducible reduced closed subvariety of P” x P” with multide- 
gree (1, d,,...,d,_1, 1) is realized as the graph of a Cremona transformation. 


7.1.4 F-locus and P-locus 


The F-locus of a Cremona transformation f is the base locus of the linear sys- 
tem defining f. Its points are called the fundamental points or indeterminacy 
points (F-points, in classical language). 

The P-locus of f is the union of irreducible hypersurfaces that are blown 
down to subvarieties of codimension > 2. One can make this more precise and 
also give it a scheme-theoretical structure. 

Let (X,7,0) be any normal resolution of a Cremona transformation f : 
P” --+ P” given by a homaloidal linear system |V|. The morphism 7 factors 
through the blow-up B(f) of the integral closure of b(|V |). The morphism o 
factors through the blow-up B(f!) of the integral closure of the base ideal 
of the inverse transformation f—1. So we have a commutative diagram, as fol- 
lows. 
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Let E = Jez ri Ei be the exceptional divisor of v : B(f) — P” and let 
F = Yi ics mjF be the exceptional divisor of v” : B(f*}) > P”. Let J’ be 
the largest subset of J such that the proper transform of Fj, j € J’, in X is 
not equal to the proper transform of some E; in X. The image of the divisor 
je, Fj under the composition map B( fr) >r; P} P” is classically 
known as the P-locus of f. It is a hypersurface in the source P”. The image 
of any irreducible component of the P-locus is blown down under f (after we 
restrict ourselves to dom(f)) to an irreducible component of the base locus of 
ios 

Let f be given by homogeneous polynomials (Fo,..., Fn). The same col- 
lection of polynomials defines a regular map f : C™+1 _, C™*1, Then the 
P-locus is the image in P” of the locus of critical points of f . It is equal to the 
set of zeros of the determinant of the Jacobian matrix of f 


ae es m 


yes 





So we expect that the P-locus is a hypersurface of degree (d — 1)"*+. Some 
of its components may enter with multiplicities. 


Example 7.1.9 Consider the standard quadratic transformation given by 
Ta: [to, ta, t2] = [tit2, tote, tot). (7.5) 


It has three fundamental points pı = [1, 0,0], p2 = [0, 1,0], ps = [0, 0, 1]. The 
P-locus is the union of three coordinate lines V (t;). The Jacobian matrix is 


0 t ty 
J=|t2 0 to 
tı to 0 


Its determinant is equal to 2totıta. We may take X = Blp2({p1, po, p3}) 
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Ls Ea 


Ey Lı 


La Es 


Figure 7.1 A resolution of Ty 


as a smooth resolution of Ty (see Figure 7.1). Let E1, E2, Eg be the excep- 
tional divisors over the fundamental points p1, pa, p3, and let L;,7 = 1,2,3, 
be the proper transform of the coordinate lines V (to), V (t1), V (t2), respec- 
tively. Then the morphism o : X — P? blows down Ly, La, L3 to the points 
P1, P2, p3, respectively. Note that Tt = Ty, so there is no surprise here. Re- 
call that the blow-up of a closed subscheme is defined uniquely only up to an 
isomorphism. The isomorphism 7 between the blow-ups of the base scheme of 
T, and Tọ" that sends E; to L; is a lift of the Cremona transformation Tg +. 
The surface X is a del Pezzo surface of degree 6, a toric Fano variety of di- 
mension 2. We will study such surfaces in the next Chapter. The complement 
of the open torus orbit is the hexagon of lines E1, E2, E3, Lı, La, L3 inter- 
secting each other as in the picture. We call them lines because they become 
lines in the embedding X — P® given by the anticanonical linear system. The 
automorphism 7 of the surface is the extension of the inversion automorphism 
z — z7! of the open torus orbit to the whole surface. It defines the symmetry 
of the hexagon which exchanges its opposite sides. 


Now let us consider the first degenerate standard quadratic transformation 
given by 


Ti, : [to, t1, t2]  [¢3, tots, tote]. (7.6) 
It has two fundamental points pı = [1,0,0] and pa = [0,1,0]. The P-locus 


consists of the line V (to) blown down to the point pı and the line V (t2) blown 
down to the point po. 
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E, |-2 —1 Ez 
Lı 











= 


Figure 7.2 A resolution of Ty, 


The Jacobian matrix is 


0 0 2% 
J=|t to 0 
t2 0 to 


Its determinant is equal to —2tot2. Thus the line V (t2) enters with multi- 
plicity 2. Let us see what is the resolution in this case. The base scheme 
is smooth at pı and locally isomorphic to V(y?,x) at the point pa, where 
y = t2/tı,£ = to/tı. The blow-up B(f) is singular over pa with the sin- 
gular point p!, corresponding to the tangent direction tọ = 0. The singular 
point is locally isomorphic to the singularity of the surface V (uv + w?) c C3 
(a singularity of type A}, see Example 1.2.3). Thus the exceptional divisor of 
B(f) — P? is the sum of two irreducible components Æ; and Es, both iso- 
morphic to Pt, with the singular point ph lying on E; (see also Figure 7.2). 
The exceptional divisor of B(f) = B(f~') — P? is the union of two compo- 
nents, the proper transform L; of the line V (t) and the proper transform La of 
the line V (to). When we blow-up p, we get a smooth resolution X of f. The 
exceptional divisor of m : X — P? is the union of the proper transforms of E1 
and £2 on X and the exceptional divisor Ej of the blow-up X — B(f). The 
exceptional divisor of ø : X — P? is the union of the proper transforms of L1 














and Lə on X and the exceptional divisor E. Note that the proper transforms 
of E,, Ez and L1, La are (—1)-curves and the curve Æ% is a (—2)-curve.! 
Finally, we can consider the second degenerate standard quadratic transfor- 


1 A (—n)-curve is a smooth rational curve with self-intersection —n. 
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E'\-2 








Figure 7.3 A resolution of Ty! 


mation given by the formula 
T! : to, t1, ta] = t3 — tots, t, tate). (7.7) 


Its unique base point is pı = [1,0,0]. In affine coordinates x = tı/to,y = 
t2/to, the base ideal is (x°, xy, y? — x) = (y?, x — y”). The blow-up of this 
ideal is singular. It has a singular point p/ locally isomorphic to the singular 
point of the affine surface V (uv + w?) in C? (an Ag-singularity, see Example 
1.2.3). The P-locus consists of one line ¢; = 0. A smooth resolution of the 
transformation is obtained by blowing up twice the singular point. The excep- 
tional divisor of the morphism 7 : X — P? consists of three curves E, E', E”, 
where E is the proper transform of the exceptional divisor of Blp2 (p1) — P? 
and E’ + E” is the exceptional divisor of the resolution of the singularity p}. 
The self-intersections of the exceptional curves are indicated on Figure 7.3. 

Here L denotes the proper transform of the line V(t1). The Jacobian matrix 
of transformation TY is equal to 


ay te. Bie 
0 2% 0 
0 t ty 


Its determinant is equal to —2t}. So the P-locus consists of one line V(t1) 
taken with multiplicity 3. 


7.1.5 Computation of the multidegree 


The multidegree (d1,..., d,—1) of a Cremona transformation can be computed 
using the intersection theory on algebraic varieties (see [231], [282], Appendix 
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A). For any closed subscheme Z of a scheme X of finite type over a field, the 
theory assigns the Segre class s(Z, X) in the Chow group A,.(X) of algebraic 
cycles on X. 

One of the most frequently used properties of the Segre classes is the fol- 
lowing one. Let m : X = Blx(Z) — X be the blow-up of X and E be the 
exceptional divisor. Then 


s(Z, X) = X (1) tr, ([E1'), (1.8) 


i>1 


where 7, : A,(X) > A,(X) is the push-forward homomorphism. 

The Segre classes are notoriously difficult to compute. However, in the spe- 
cial case when the embedding j : Z — X is a regular embedding with locally 
free normal sheaf Nz / x» they can be expressed in terms of the Chern classes 
of the normal sheaf Nz /x- We have 


s(Z,X) = e(Nz;x) t, 


where c(E) = X` c (E) denote the total Chern class of a locally free sheaf E. 
In the case of a regular embedding, Chern classes of Nz / x are computed by 
using the standard exact sequence of the sheaves of differentials 


03 Tz/T} > j% > 9z 3 0. (7.9) 





By definition, the normal sheaf Nz/x is Fz/l2). We have 
ANz,x) = j*e((Qk)”)/c(QZ). (7.10) 


For example, when Z is a point on a smooth n-dimensional variety X, we 
have s(Z, X) = [Z] € Ao(X). Formula (7.8) gives 


are (1% (7.11) 


Of course, this can be computed without using Segre classes. We embed X in 
a projective space, take a smooth hyperplane section H passing through the 
point Z. Its full transform on Bly (Z) is equal to the union of E and the proper 
transform Ho intersecting E along a hyperplane L inside E identified with 
P”-1, Replacing H with another hyperplane H’ not passing through Z, we 
obtain 


[H’] - [E] = [Ho + E] - [E] =e + [E]? =0, 


where e is the class of a hyperplane in Æ. Thus [E]? = —e. This of course 


agrees with the general theory. The line bundle O(1) on the blow-up is iso- 
morphic to O(— E). The normal sheaf Oz(E) is isomorphic Og(—1). 
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We also have [Ho] - [E]? = —[Ho] - e = —e?, hence 
0 = [E]? - [E] = [EF - [Ho + E] = [E]? - [Ho] + [E]? 
gives [E]? = e?. Continuing in this way, we find 
[E]* = (-1)"1e*. (7.12) 


Another easy case is when we take X = P” and Z be a linear subspace of 
codimension k > 1. We denote by h the class of a hyperplane section in P”. 
Since Z is a complete intersection of k hyperplanes, 


Nzım ZOz(1)®*, 


hence 





1 1 19 © i 
AA) HE EE pl ) = ea Pees 


1-2 |z=—h m=k—-1 
(note that hê = 0,i > dim Y = n — k). In particular, we obtain 


[E]* = (—1)*-* (pi). (1.13) 


For example, the self-intersection of the exceptional divisor of the blow-up of 
a line in P” is equal to (—1)” (n — 1). 

Let us apply the intersection theory to compute the multidegree of a Cre- 
mona transformation. 

Let (X, 7,0) be a resolution of a Cremona transformation f : P” --> P”. 
Consider the map v = (17,0) : X — P” x P”. We have v,[X] = [T f], and, 
by the projection formula, 


v* (hhz NIX] = [Py] (hinz”") = de. 


Let s(Z, P”) € A, (Z) be the Segre class of a closed subscheme of P”. We 
write its image in A,(P”) under the canonical map ix : A4 (Z) — A,(P”) in 
the form X` s(Z, P”)mh”™™, where h is the class of a hyperplane. 


Proposition 7.1.10 Let (do,dı,...,dn) be the multidegree of a Cremona 
transformation. Let (X, n,o) be its resolution and Z be the closed subscheme 
of P” such that x : X — P” is the blow-up of a closed subscheme Z of P”. 
Then 


k 
dy, = dë —S° d¥-*(2)8(Z,P”) ni. 
i=l 
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Proof We know that o* Opn (1) = 17* Opn (d)(—E) = Ox: (dH — E), where 
Ox(H) = r*Op(1) and E is the exceptional divisor of 7. We have h = 
cı (Opn (1)) for each copy of P”. Thus 


k 
dy, = Ta [dH — E\* "+ = SN °((-1)'d®-4 (Frl LE) -A~ 
1=0 
= VRR LEN) he = X-i) (*) mE) he 
i=0 i=0 
k k 














Example 7.1.11 Assume Z is a smooth connected subscheme of P”. A Cre- 
mona transformation with a smooth connected base scheme is called special 
Cremona transformation. There are no such transformations in the plane and 
they are rather rare in higher-dimensional spaces and maybe classifiable. We 
start from 1-dimensional base schemes. In this case, (7.10) gives 


c1(Nzjpn) = j*c1((Qpn)”) — e1((QZ)”) = (n + 1) deg Z + 2g — 2, 


where g is the genus of Z. Thus s(Z, P”) = deg Zh — ((n + 1) deg Z + 2g — 
2) [point]. We have 


dn = d” — dndeg Z + (n+ 1) deg Z + 2g —2 = 1, (7.14) 
dn-ı = d7! — deg C, (7.15) 
d, =d", k=0,...,n—2. (7.16) 


To get a Cremona transformation, we must have dn = 1. Let n = 3. One uses 
the postulation formula and Riemann-Roch on Z to obtain 


h’(Oz(d)) = ey —4=ddegC+1-g. 


Together with the previous equality d? — 3d deg Z +4 deg Z + 2g — 2 = 1, this 
easily gives d < 3, and then deg Z = 6, g = 3. This is an example of a bilinear 
cubo-cubic transformation, which we will discuss later in this Chapter. 

Ifn = 4,9 = 1,degC = 5,d = 2, the formula gives da = 1. This 
transformation is given by the homaloidal linear system of quadrics with base 
scheme equal to an elliptic curve of degree 5. The multidegree must be equal to 
(2, 4,3). This is an example of a quadro-cubic transformation in P* discussed 
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in Semple and Roth’s book [526]. It turns out that these two cases are the only 
possible cases with dim Z = 1 (see [138], Theorem 2.2). 

In the same paper [138], Theorem 3.3, one can find the classification in the 
case dim Z = 2. 


Theorem 7.1.12 A Cremona transformation with 2-dimensional smooth con- 
nected base scheme Z is one of the following: 


(i) n = 4,d = 3, Z is an elliptic scroll of degree 5, the base scheme of the 
inverse of the quadro-cubic transformation from above; 

(ii) n = 4,d = 4, Z is a determinantal variety of degree 10 given by 
4 x 4-minors of a 4 x 5-matrix of linear forms (a bilinear transformation, 
see later); 

(iii) n= 5,d = 2, Z is a Veronese surface; 

(iv) n =6,d = 2, Z is an elliptic scroll of degree 7; 

(v) n = 6,d = 2, Z is an octavic surface, the image of the projective 
plane under a rational map given by the linear system of quartics through 
eight points. 


In cases (ii) and (iii) the inverse transformation is similar, with isomorphic 
base scheme. 


Example 7.1.13 There is no classification for higher-dimensional Z. How- 
ever, we have the following nice results of L. Ein and N. Shepherd-Barron 
[207]. 

Recall that a Severi-Zak variety is a closed a subvariety Z of P” of dimen- 
sion 3 (2n — 4) such that the secant variety is a proper subvariety of P”*!. All 
such varieties are classified by F. Zak (see [354]). The list is as follows: 


(i) Z is a Veronese surface in P°; 

(ii) Z is the Grassmann variety G1(P°) embedded in the Plücker space 
pt4: 

(iii) Z is the Severi variety s(P? x P?) c P’; 


(iv) Z is the Eg-variety, a 16-dimensional homogeneous variety in P?°. 


In all these cases the secant variety of the Severi variety Z is a cubic hyper- 
surface X with the singular locus equal to Z. 

A theorem of Ein and Shepherd-Barron asserts that a simple Cremona trans- 
formation T : P” --> P” with base scheme of codimension 2 of degree 2 
equal to the degree of T! is given by the linear system of the first polars of 
the cubic hypersurface X. 
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7.2.1 Quadro-quadratic transformations 


Let us show that any vector (2,...,2) is realized as the multidegree of a Cre- 
mona transformation. For n = 2, we can take the homaloidal linear system 
of conics through three non-collinear points. We can view a pair of the funda- 
mental points as a O-dimensional quadric in the line spanned by these points. 
This admits an immediate generalization to higher-dimensional spaces. 

Consider the linear system of quadrics in P” containing a fixed smooth 
quadric Qo of dimension n — 2. It maps P” to a quadric Q in P”+!. We may 
choose coordinates such that 


Qo = V (z0) N vò zi)» 
i=1 
so that the hyperplane H = V (zo) is the linear span of Qo. Then the linear 
system is spanned by the quadrics V (X> 2?), V(zoz:), i = 0, . . . , n. It maps the 
blow-up Blp» (Qo) to the quadric Q in P”+! with equation totn+ı yy É = 
0. The rational map g : P” --+ Q defined by a choice of a basis of the linear 
system, can be given by the formula 


n 
lto; -s tn] + [I t?, tota,...,totn, tal- 
i=1 


Observe that the image of H is equal to the point a = [1,0,...,0]. The inverse 
of g is the projection map 


Pa:Q-->P", [2o,:--,Zn+ıl > [20;: - - ,2n] 


from the point a. It blows down the hyperplane V(zņ+1) C P"*! to the 
quadric Qo. Now consider the projection map pẹ : Q --+ P” from a point 
b # a not lying in the hyperplane V (t„+1). Note that this hyperplane is equal 
to the embedded tangent hyperplane Ta (Q) of Q at the point a. The compo- 
sition f = py op,‘ of the two rational maps is a quadratic transformation 
defined by the homaloidal linear system of quadrics with the base locus equal 
to the union of Qo and the point p.(b). If we choose b = [0,...,0, 1] so that 
Pa(b) = [1,0,...,0], then the Cremona transformation f : P” --» P” can be 
given by the formula 


oe HY [SS t, toti,- totn]. (7.17) 
i=1 


Note that f~' = pa ° Ps must be given by similar quadratic polynomials. 
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So the degree of f~! is equal to 2. This is the reason for the name quadro- 
quadratic transformation. 

For example, if n = 2, if we rewrite the equation of Qo in the form zo = 
2122 = 0 and obtain the formula (7.5) for the standard quadratic transforma- 
tion. 

Let us compute the multidegree. For any general linear subspace L of codi- 
mension k > 0, its preimage under the projection pẹ : Q --» P” is the inter- 
section of Q with the subspace L’ = (L, b) spanned by L’ and b. It is a quadric 
in this subspace. Since the point a does not belong to L’, the projection of this 
quadric from the point a is a quadric in the projection of L’ from the same 
point. Thus d; = 2. This shows that the multidegree of the transformation is 
equal to (2,...,2). 

Let us consider some degenerations of the transformation given by (7.17). 
Let us take two nonsingular points a, b on an arbitrary irreducible quadric Q C 
Prt1, We assume that b does not lie in the intersection of Q with the embedded 
tangent space T,(Q) of Q at a. Let f = pa © Beh The projection pa blows 
down the intersection T,(Q) N Q to a quadric Qo in the hyperplane H = 
Pal(Ta(Q)). If r = rank Q (i.e. n + 1 — r is the dimension of the singular 
locus of Q), then rank Q N Ta(Q) = r — 1. Its singular locus is spanned by 
the singular locus of Q and the point a. The projection Qo of Q ON Ta(Q) isa 
quadric with singular locus of dimension n + 1 — r, thus, it is a quadric of rank 
equal ton — 1 — (n + 1 — r) = r — 2 in H. The inverse transformation p7 + : 
P” --> Q is given by the linear system of quadrics in P” which pass through 
Qo. So, taking a = [1,0,...,0] and b = [0,...,0, 1] as in the nondegenerate 
case, we obtain that f is given by 





r—2 
ls > [DC t, Bott). (7.18) 
i=1 


Note the following special cases. If n = 2, and Q is an irreducible quadric 
cone, then r = 3 and we get the formula for the first degenerate standard 
quadratic transformation (7.6). To get the second degenerate standard quadratic 
transformation, we should abandon the condition that b ¢ T,(Q). We leave the 
details to the reader. 


Remark 7.2.1 A Cremona transformation T such that the degree of T and 
of T-t is equal to 2 is called a quadro-quadratic transformation. It is not 
true that the multidegree of a quadro-quadratic transformation is always of the 
form (2,...,2). For example, if n = 4, applying Cremona’s inequalities, we 
obtain da < 4. A transformation of multidegree (2,3, 2) can be obtained by 
taking the homaloidal linear system of quadrics with the base scheme equal 
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to a plane and two lines intersecting the plane at one point. A transformation 
of multi degree (2, 4,2) is given by the homaloidal linear system of quadrics 
with rather complicated base scheme. The reduced base scheme consists of the 
union of a conic and a line intersecting at one point. The line supports a non- 
reduced scheme. All quadro-quadratic transformations in P* were classified by 
A. Bruno and A. Verra. 


7.2.2 Bilinear Cremona transformations 


Here we encounter again the aCM sheaves that we use in Chapter 4. 


Definition 7.2.2 A closed subscheme Z of P” of pure dimension r is called 
arithmetically Cohen-Macaulay (aCM for short) if its ideal sheaf Jz is an 
aCM sheaf. 


Assume that codim Z = 2. Then, as in Chapter 4, we obtain a locally free 
resolution 


m m+1 
0 > GB Opn (—a;) + & Opn (—b;) + Jz + 0 (7.19) 
i=1 j=l 


for some sequences of integers (a;) and (b;). 

The numbers (a;) and (b;) are determined from the Hilbert polynomials of 
Z. 

We will consider a special case of resolution of the form (4.14) which we 
used in the theory of linear determinantal representations of hypersurfaces: 





0 = U“ (—-n — 1) > V(-n) > Jz 3 0, (7.20) 


where U, V are linear spaces of dimensions n and n + 1, respectively. By twist- 
ing the exact sequence, and taking cohomology, we obtain natural isomorhisms 


DER, Jz), VER, Jam): 


The resolution of Jz allows one to compute the Hilbert polynomial of the 
subscheme Z. We get 


x(Oz(k)) = x(Opn(k)) — x(Iz(k)) = ("N - (4) -aE (7.21 


It also defines an isomorphism between Z and the determinantal variety given 
by the linear map 


#:E>U®V, (7.22) 


where P” = |E|. In coordinates, it is given by n x (n + 1) matrix A with 
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linear functions on E as its entries. The maximal minors of A generate the 
homogeneous ideal of Z. Let 


rt: EV” 
be the right kernel maps. It defines the rational maps of projective spaces 
le] : |] --+ P(V). 


Remark 7.2.3 The Hilbert scheme of an aCM subscheme Z of P” admitting 
a resolution (7.20) is isomorphic to an open subset of the projective space of 
(n+1) xn matrices A(t) of linear forms such that the rank of A(t) is equal to n 
for an open non-empty subset of P”. Modulo the action by GL(n + 1) x GL(n) 
by left and right multiplication. It is a connected smooth variety of dimension 
n(n? — 1) (see [436] or [211]). 





Theorem 7.2.4 The map Ty = |t| : |E| --» P(V) is a birational map with 
= 


G) 


Proof In coordinates, the map |t| is defined by n x n minors of the matrix A. 
The subscheme Z is given scheme-theoretically by these minors. In particular, 
we already see that the degree of the map is equal to n. Let us view the linear 
map ¢ as an element of the tensor product EY @ U & V. Consider it as a linear 
map 


base scheme Z. Its multidegree is equal to (dx) 


w: E@VY >U. (7.23) 


It may be considered as a collection of n bilinear forms on E ® VY. It is 
immediate that v* = r(e) for some v* € VY ande € E if and only if d(e & 
v*) = 0. This relation is symmetric, so v* = r(e) if and only if e = t’(v*), 
where t : VY — E is the right kernel map for the linear map ¢’ : VY > 
U & EY defined by applying to the tensor ¢ the isomorphism EY @U & V > 
VY & U & E. Thus, the map Ty = v defines the inverse of Ty. 


In coordinates, if choose a basis eo,...,€n+ı in E, a basis u1, ..., Un in U 
and a basis vo, . . . , Un in V, then the linear map ¢ can be written as a tensor 
n 
dh a k 
= ajj = ) Ajith @ Ui Q vj. 


O<k,j<n;l<i<n 


The matrix A is equal to tg Ap +--+ + tn An, where Ay = (ak). The bilinear 
map w is given by n square matrices X; = (ak) of size n + 1, where k is 
the index for the columns, and j is the index for the rows. The graph of the 
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Cremona map |t| is given by n bilinear equations in |E| x P(V) 


5 nie =0, PS yay (7.24) 
j,k=0 


These equations define the graph of the transformation Tọ. Also note that the 
matrix B defining the linear map 9’ : VY —> U & EY is equal to vp Bp +--+ + 
Un By, where B; = (ak). Here k is now the row index, and 7 is the column 
index. 

It is easy to compute the cohomology class of the graph (7.24) of Ty. It is 
equal to 


n 


n 7 ; 


k=0 














We can also see another determinantal variety, this time defined by the trans- 
pose of (7.23) 


ty: UY > EY QV. (7.25) 


Let D C P(U) be the preimage of the determinantal variety of bilinear 
forms on E @ VY (or linear maps EY — V) of rank < k. We have regular 
kernel maps 


ly : Dn \Dn-ı > |E], ty: Dn \Dn-ı > P(V). 


By definition, the image of the first map is equal to the base scheme Z of the 
rational map |r| considered in the previous Theorem. The image of the second 
map is of course the base scheme of the inverse map. In particular, we see that 
the base schemes of T, and T,' are birationally isomorphic to the variety D». 

Note the special case when Æ = V and the image of 7) is contained in the 
space of symmetric bilinear maps E x VY — C. In this case 


=i 
ner 


Example 7.2.5 | Consider the standard Cremona transformation of degree n 
in P” given by 





lie] . (7.26) 


ig RZ 


In affine coordinates, z; = t;/to, it is given by the formula 


Bel er): 
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The transformation Ts is an analog of the standard quadratic transformation of 
the plane in higher dimension. 

The base ideal of Ty is generated by tı ---ty,...,to--+tn—1. It is equal to 
the ideal generated by the maximal minors of the n x n matrix 


to O tsa 0 
0 h 0 
A(t) = 
0 0 tn—1 
tn —tn —tn 


The base scheme of Ty; equal to the union of the coordinate subspaces of codi- 
mension 2. 

It follows from the proof of Theorem 7.2.4 that the graph of Tyt is isomorphic 
to the closed subvariety X of P” x P” given by n bilinear equations 


It is a smooth subvariety of P” x P” isomorphic to the blow-up of the union 
of coordinate subspaces of codimension 2. The action of the torus (C*)"*1 
on P” (by scaling the coordinates) extends to a biregular action on X. The 
corresponding toric variety is a special case of a toric variety defined by a 
fan formed by fundamental chambers of a root system of a semi-simple Lie 
algebra. In our case the root system is of type A,,, and the variety X is denoted 
by X(A,,). In the case n = 2, the toric surface X (As) is a del Pezzo surface of 
degree 6 isomorphic to the blow-up of 3 points in the plane, no three of which 
are collinear. 


Example 12.6 Leta: UY — EY ® V bea linear determinantal representa- 
tion of a nonsingular plane quartic C C P(U) = P? given by the linear system 
|Kc + al. The image Z of C in |E| under the right kernel map t is a curve 
Z of degree 6 and genus 3. Let 6 : E — U ® V be the linear map obtained 
from the tensor d € U @ EY @ V. Then the bilinear Cremona transformation 
|E| — P(V) defined by this map is given by cubic polynomials generating 
the ideal of Z. Note that Z is an aCM subscheme of |E| = P?. Its Hilbert 
polynomial is 6¢ — 2 in agreement with (7.21). Conversely, any irreducible and 
reduced curve of degree 6 and arithmetic genus 3 not lying on a quadric is arith- 
metically Cohen-Macaulay and admits a resolution of type (7.20) (see [211], 
p. 430). Assume Z is arithmetically Cohen-Macaulay. The bilinear Cremona 
transformation defined by such a curve is classically known as a cubo-cubic 
transformations (see [526]). 

In fact, an example of a standard Cremona transformation in P? shows that 
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one can often drop the assumption that Z is an integral curve. In this example, 
Z is the union of 6 coordinate lines, and is a curve of degree 6 and of arithmetic 
genus 3, and it does not lie on a quadric. Another example of this sort is when Z 
is the union of 4 skew lines and two lines intersecting them. There are examples 
when Z is not reduced, e.g. with the reduced scheme equal to a rational normal 
curve. I do not know whether any closed subscheme Z of degree 6 (in the sense 
that [Z] = 6[line]) with h°(Oz) = 1, h! (Oz) = 3, and not lying on a quadric 
surface, admits a resolution of type (7.20). 

Assume Z is a smooth curve and let us describe the P-locus of the corre- 
sponding Cremona transformation. Obviously, any line intersecting Z at three 
distinct points (a trisecant line) must be blown down to a point (otherwise a 
general cubic in the linear system intersects the line at more than 3 points). 
Consider the surface Tri(Z) of Z, the closure in P? of the union of lines in- 
tersecting Z at three points. Note that no line intersects Z at > 3 points be- 
cause the ideal of Z is generated by cubic surfaces. Consider the linear sys- 
tem of cubics through Z. If all of them are singular, by Bertini’s Theorem, 
there will be a common singular point at the base locus, i.e. at Z. But this 
easily implies that Z is singular, contradicting our assumption. Choose a non- 
singular cubic surface S containing Z. By the adjunction formula, we have 
Z? = -Ks:Z+degKz = 6 + 4 = 10. Take another cubic S’ containing 
Z. The intersection $N S’ is a curve of degree 9, the residual curve A is of 
degree 3 and Z + A ~ —3Ks easily gives Z - A = 18 — 10 = 8. Note that the 
curves A are the proper transforms of lines under the Cremona transformation. 
So they are rational curves of degree 3. We know that the base scheme of the 
inverse transformation 7‘ is a curve of degree 6 isomorphic to Z. Replacing 
T with T71, we obtain that the image of a general line £ under T is a rational 
curve of degree 3 intersecting Z’ at eight points. These points are the images 
of eight trisecants intersecting £. This implies that the degree of the trisecant 
surface Tri(Z) is equal to 8. Since the degree of the determinant of the Jaco- 
bian matrix of a transformation of degree 3 is equal to 8, we see that there is 
nothing else in the P-locus. 

The linear system of planes containing a trisecant line £ cuts out on Z a 
linear series of degree 6 with moving part of degree 3. It is easy to see, by 
using Riemann-Roch, that any gł on a curve of genus 3 must be of the form 
|Kz — z| for a unique point x € Z. Conversely, for any point x € Z, the 
linear system |Oz(1) — Kz + z| is of dimension 0 and of degree 3 (here 
we use that |Oz(1)| = |Kz + al, where a is not effective divisor class of 
degree 2). Thus it defines a trisecant line (maybe tangent at some point). This 
shows that the curve R parameterizing trisecant lines is isomorphic to Z. This 
agrees with the fact that R must be isomorphic to the base curve of the inverse 
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transformation. The Cremona transformation can be resolved by blowing up 
the curve Z and then blowing down the proper transform of the surface Tri(Z). 
The exceptional divisor is isomorphic to the minimal ruled surface with the 
base curve equal to Z. It is the universal family of lines parameterized by Z. 
Its image in the target P? is surface Tri(Z’), where Z’ is the base locus of the 
inverse transformation (the same curve only re-embedded by the linear system 
|Kz + a’|, where a’ € |Kz — al). 

Remark 7.2.7 Let Z be a closed aCM subscheme of codimension 2 in P° 
defined by a resolution 


0 — Ops (-4)? + Ops(—3)* + Iz + 0. 





It is a determinantal variety in P° with the right kernel map t : Z — P? 
isomorphic to a projective bundle P(E), where £ is a rank 2 bundle on P? with 
cı(E) = 0 and c2(£) = 6 (see [417], [419]). Thus Z is a scroll of lines in P*, 
called a Bordiga scroll. A general hyperplane section of Z is a surface S of 
degree 6 in P? with ideal sheaf defined by a resolution 


0 Ops(—4)? > Op(-3)? > Tg > 0. 





It is a determinantal surface in P* with the right kernel map t : S — P? 
isomorphic to the blow-up of 10 points in P?. The embedding of $ in P* is 
given by the linear system of quartic curves passing through the ten points. The 
surface S is of degree 6, classically known as a Bordiga surface [47]. Finally, 
a general hyperplane section of $ is a sextic of genus 3 in P? discussed in 
Example 7.2.6. 


7.2.3 de Jonquieres transformations 


Let X be a reduced irreducible hypersurface of degree m in P” that contains a 
linear subspace of points of multiplicity m — 2. Such a hypersurface is called 
submonoidal (a monoidal hypersurface is a hypersurface of degree m which 
contains a linear subspace of points multiplicity m — 1). For example, every 
smooth hypersurface of degree < 3 is submonoidal. 

Let X be a submonoidal hypersurface with a singular point o of multiplicity 
m — 2. Let us choose the coordinates such that o = [1,0,...,0]. Then X is 
given by an equation 


Fm Soltis vk tn) Dt ign) £ äm(ti;-:-- tn) =O, 
(7.27) 
where the subscripts indicate the degrees of the homogeneous forms. For a 
general point x € X, let us consider the intersection of the line 4y = ox with 
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X. It contains o with multiplicity m — 2 and the residual intersection is a set 
of two points a, b in Zy. Define T(x) to be the point on £, such that the pairs 
{a,b} and {x,T(x)} are harmonically conjugate. We call it a de Jonquières 
involution (observe that T = T~*). 

Let us find an explicit formula for the de Jonquières involution which we 
have defined. Let x = [ao,...,@,] and let [u + vao, van, ..., Van] be the 
parametric equation of the line £+. Plugging in (7.27), we find 


(u + vo) u? am-2(01,..., an) + 2(u + vaou am_1(a1,..., On) 


+" dm (a1,.--,;An) = 0. 
Canceling v™~?, we see that the intersection points of the line 4, with X are 
the two points corresponding to the zeros of the binary form Au? + 2Buv + 


Cv”, where 
(A, B,C) = (am-2(%), @0am-2(X) + Gm—1(), Fin (2)). 


The points x and T(x) correspond to the parameters satisfying the quadratic 
equation A'u? + 2B’uv + O'v? = 0, where AA’ + CC’ — 2BB’ = 0. Since x 
corresponds to the parameters [0, 1], we have C” = 0. Thus T(x) corresponds 
to the parameters [u, v] = [—C, B], and 


T(x) = [-C + Bao, Bay, sedi Ban]. 


Plugging in the expressions for C and B, we obtain the following formula for 
the transformation T 


to = —toam-1(tı, ... ity) an am(tı, ... itn) 


t; = ty Gigs een) eh 





In affine coordinates 2;11 = t;/tn, i = 0,...,n — 1, the formulas are 
/ / 
= Am-1(22,:-:,Zn) Z1 + Gm(Z2,---5 Zn) 
17 , 
Am-2(22; Zn)! 21 F Am-ı(22, ee Zn) 
; ; 
A E N 


A de Jonquières involution is an example of a dilated Cremona transforma- 
tion. Starting from a Cremona transformation T in P"=! we seek to extend it 
to a Cremona transformation in P”. More precisely, if pọ : P” --> P"~} is 
a projection map from a point o, we want to find a Cremona transformation 
T : P” --» P”! such that pe o T = T o pg. Suppose that T is given by 
a sequence of degree d homogeneous polynomials (G4, ... , Gn). Composing 
with a projective transformation in P”, we may assume that o = [1,0,...,0]. 
Thus the transformation T must be given by (Fo, QG1,...,QGn), where Q 
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and Fo are coprime polynomials of degrees r and d + r. The following result 
can be found in [428]. 


Proposition 7.2.8 Let (Gı,...,Gn) be homogeneous polynomials of degree 
din t1,...,tn. Let Fo = toAı + Ao, Q = to B, + Bo, where Aj, As, By, Ba 
are homogeneous polynomials in tı,... ,tn of degreesd+r—1,d+r,r—1,r, 
respectively. Assume that Fo and Q are coprime and A, Ba # AaBı. Then the 
polynomials (Fo,QGi,...,QGn) define a Cremona transformation of P” if 


and only if (G1,..., Gn) define a Cremona transformation of P"~'. 
Proof Let F’(21,...,2n) denote the dehomogenization of a homogeneous 
polynomial F(to,...,tn) in the variable tı. It is obvious that (Fo,..., Fn) 


defines a Cremona transformation if and only if the field 


C(F,/Fo,...,Fn/Fo) = CF.) = Cys Fy): 








. . — _toAı+Aa ae “th r 
Consider the ratio FH/QGı = HGB. ap; Dehomogenizing with respect to 
tı, we can write the ratio in the form aout where a,b, c,d € C(za,...,2n)- 





By our assumption, ad — bc # 0. Then 
C(F;/Fo,..., Fa/Fo) = C(Fo/QG1, Go/Gi,...,Gn/G1) 


azi T b 


= C(G2/Gr,.--,Gn/Gr)(Fo/QGr) = C(G2/G1,.. lg): 


This field coincides with C(zı,... , Zn) if and only if C(G2/G),...,G@n/G1) 
coincides with C(z2,..., Zn). 




















Taking G; = t;,i=1,...,n, and 


Fo = —todm—1(ti, Abi ita) = Am(tı, Ne itn), 
Q = am-—2(t1, tee stato T am-—1(tı, tee stri) 


we see that a de Jonquières involution is dilated from the identity transfor- 
mation of P"!, If we replace Fo with tobm—1(t1,---;tn) + bm(ti,.--,0m)s 
where bm—1,bm are any polynomials of indicated degrees such that Fo and 
Q still satisfy the assumptions of Proposition 7.2.8, then we get a Cremona 
transformation, not necessarily involutive. In fact, one defines a general de 
Jonquières transformation as follows. 


Definition 7.2.9 A Cremona transformation T : P” --» P” is called a de 
Jonquières transformation if there exists a rational map f : P" --+ P* bi- 
rationally isomorphic to the projection map pr, : P"—* x P — P* and a 
Cremona transformation T' : P® --+ P* such that fo T =T" of. 
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In algebraic language, this definition is equivalent to T defining an automor- 
phism ® of the field of rational functions in 21,..., Zn of the form 


(z1,:--,2n) > (Rı,... , Rk, Re+1;:--, Rn), 


where Rı,..., Ry are rational functions in variables 21,..., 2; with coeffi- 
cients in C and Ry41,..., Rn are rational functions in variables z%41,..., Zn 
with coefficients in the field C(z1,..., Zk). 


A de Jonquiéres transformation obtained by dilating the identity map of 
P"=! is the special case when k = n—1 and T” is the identity. It is easy to com- 
pute its multidegree. Take a general linear k-codimensional subspace L of P”. 
We can write L as the intersection of k— 1 hyperplanes H; = V(l;(tı,...,tn)) 
containing the point o and one hyperplane Hg = V (Ix(to,.-.,tn)) which does 
not contain o. The preimage of the first k — 1 hyperplanes H; are reducible hy- 
persurfaces D; = V (t;Q) of degree m. The preimage of H;, is a hypersurface 
Dp of degree m. The intersection of the hypersurface V(Q) with Dx is con- 
tained in the base scheme of T. Thus the degree of the intersection D; --- Dk 
outside the base locus is equal to m. This shows that the multidegree of T 
is equal to (m,..., m). Note that the case m = 2 corresponds to quadratic 
transformations we studied in Subsection 7.2.1. In the notation from this Sub- 
section, the point o is the isolated base point and the submonoidal hypersurface 
in this case is a quadric hypersurface Q such that the quadric component Qo 
of the base locus is equal to the intersection Q N P, (Q). 


7.3 Planar Cremona transformations 


7.3.1 Exceptional configurations 


From now on we will study birational maps between algebraic surfaces. We 
know (see [282], Chapter V, 85) that any birational morphism 7 : Y — X of 
nonsingular projective surfaces can be factored into a composition of blow-ups 
with centers at closed points. Let 








miY =Yy BS Yy a. 73 Y, 74 Y =X (7.28) 


be such a factorization. Here m; : Y; — Y;-ı is the blow-up of a point x; € 
Y;_ı. Set 
Tki = Ti419--.0TR: Yk >Y, ki. 
Let 
E; =m, (xi), Keil). (7.29) 
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The divisors €; are called the exceptional configurations of the birational 
morphism m : Y — X. Note that E; should be considered as an effective 
divisor, not necessarily reduced. 

For any effective divisor D Æ 0 on X let mult,, D be defined inductively in 
the following way. We set mult,, D to be the usual multiplicity of Dat x1. It is 
defined as the largest integer m such that the local equation of D at x; belongs 
to the m-th power of the maximal ideal mx .„,. So, the multiplicity mult,, D 
is defined. Next, we take the proper inverse transform m; '(D) of Din X; and 


define mult,.,,,(D) = mult,,,, 7; '(D). It follows from the definition that 


N 
n1(D) = n*(D)— >> mi£i, 


where m; = mult,, D. Now suppose 7 : Y — X is a resolution of a rational 
dominant map f : X — X’ of algebraic surfaces given by the linear system 
|V| < |£], the inverse image of the complete linear system |£’| defining a 
closed embedding X’ — P”. Let 


m; = min mult,,D,i=1,...,N. 
De|V| 
If Do,..., Dx are divisors corresponding to a basis of V, then 
m; = min{mult,,Do,...,mult,,D,}, i=1,...,N. 

It is clear that 

N 
a IV) =a*(|V]) — So mii. (7.30) 

i=1 


Let 
N 
i=1 


Then m!(|V|) < |x*(L)(—E)|. Let 6 = b(|V|). The ideal sheaf 7~1(b) = 
b - Oy is the base locus of m !(|V|) and hence coincides with Oy (—E). The 
complete linear system |7*(L) & Oy (—E)| has no base points and defines a 
morphism o : Y — X’. The preimage of a general m — 2-dimensional linear 
space in Y consists of m deg X’ points, where m is the degree of the rational 
map f : X — X’ and deg X’ is the degree of X’ in the embedding X’ > P”. 
It is also equal to the self-intersection [D — E]?, where £ S Ox(D). Thus, 
we obtain that f is a birational map onto X’ if and only if 


D? — F? = deg X’. (7.31) 
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From now on we use the intersection theory on smooth surfaces and use the 
notation D - D’ for the intersection of the divisor classes [D] - [D’]. 


Lemma 7.3.1 Leta: Y — X be a birational morphism of nonsingular 


surfaces and let €;,1 =1,...,.N, be its exceptional configurations. Then 
E; i Ej = —Oij, 
E: Ky =-1. 


Proof This follows from the standard properties of the intersection theory on 
surfaces. For any morphism of nonsingular projective surfaces ¢ : X’ > X 
and two divisors D, D’ on X, we have 


$*(D) - #*(D') = deg(¢)D - D’. (7.32) 
Also, if C is a curve such that ¢(C') is a point, we have 
C. ¢*(D)=0. (7.33) 
Applying (7.32), we have 
-1 = E? = wh, (Bi)? = €?. 
Assume i < j. Applying (7.33) by taking C = E; and D = Ej, we obtain 
0 = Ej -m3,(Ei) = nhy (Ej) niu (Ei) =) Ei. 


This proves the first assertion. 
To prove the second assertion, we use that 


Kr. = ti (Ky,) + Ei. 


By induction, this implies that 


N 
Ky = n*(Ky)+ VE: (7.34) 


i=1 


Intersecting with both sides and using (7.33), we get 














Assume now that f : X --+ X’ is a birational map of nonsingular projective 
algebraic surfaces. By Bertini’s Theorem ([282], Chapter II, Theorem 8.18), a 
general hyperplane section H’ of X’ is a nonsingular irreducible curve of some 
genus g. Since f—'(|V|) has no base points, by another Bertini’s Theorem 
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([282], Chapter II, Corollary 10.9), its general member H is a nonsingular 
irreducible curve. Since H € |o*(H’)|, we obtain that H is of genus g and 
the map o : H — o(H) is an isomorphism. Using the adjunction formula, we 
obtain 


H - Ky = 2g — 2 — H? =H"? + H' - Kx — H’. 
Write H = n*(D) — E and apply the projection formula, to obtain 
H:Ky=D:Kx-E:Ky. 
Applying (7.31) and the previous Lemma, we obtain the following. 


Proposition 7.3.2 Suppose f : X --+ X’ is a birational rational map of 
nonsingular projective algebraic surfaces. Let De |L|. Then 


(i) D? — DN, m? = H”? = deg X’; 


1 


(ii) D-Kx — Lm =H'- Ky. 
Let us apply all of this to the case of a Cremona transformation T : P? --+ 


P?. Let L = Op2(d). Of course, we take L’ = Op2(1), then £ = Ope(d), 
where d is the algebraic degree of T. By the previous Proposition, 


N 
1=@—-S mij, (7.35) 
i=1 


N 
3=3d- Som. 
i=1 
Let b be the base ideal of |V|. We know that 7,(Oy(—£)) is equal to the 
integral closure b of b, and we have a bijection 


H°(P?, £@b) = H? (Y, 1*Op2(d)(—E)) & H°(Y,0*Op2(1)) = C°. 


Subtracting the two equalities from (7.35), and applying the Postulation for- 
mula from Corollary 7.1.6, we find 


N 
h? (Op2/b) = 4) mi(mi +1). (7.36) 


This also follows from the Hoskin-Deligne formula (see [158], Th’eoreme 2.13 
and [303]). The vector (d; mı,..., my) is called the characteristic of the 
homaloidal net, or, of a Cremona transformation defined by this net. 

Of course, not every vector (d;mı,..., my) satisfying equalities (7.35) is 
realized as the characteristic vector of a homaloidal net. There are other neces- 
sary conditions for a vector to be realized as the characteristic (d;mı,..., my) 
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for a homaloidal net. For example, if mı, ma correspond to points of largest 
multiplicity, a line through the points should intersect a general member of the 
net non-negatively. This gives the inequality 


d > mı + ma. 
Next we take a conic through five points with maximal multiplicities. We get 
2d > mı +: + ms. 


Then we take cubics through none points, quartics through 14 points and so 
on. The first case that can be ruled out in this way is (5; 3,3,1,1, 1,1,1). It 
satisfies the equalities from the Theorem but does not satisfy the condition 
m > mı + ma. We will discuss the description of characteristic vectors later 
in this Chapter. 


7.3.2 The bubble space of a surface 


Consider a factorization (7.28) of a birational morphism of nonsingular sur- 
faces. Note that, if the morphism rı 0---o m; : Y; — X is an isomorphism on 
a Zariski open neighborhood of the point x;+1, the points x; can be identified 
with its image in X. Other points are called infinitely near points in X. To 
make this notion more precise one introduces the notion of the bubble space 
of a surface X. 

Let Bx be the category of birational morphisms m : X’ — X of nonsingular 
projective surfaces. Recall that a morphism from (X’ ku X) to (X” 2 X)in 
this category is a regular map ¢ : X’ — X” such that rt od =. 


Definition 7.3.3 The bubble space X®™® of a nonsingular surface X is the 


factor set 
at U XIe 
(X'S. X)eBx 


where R is the following equivalence relation: x! € X’ is equivalent to x” € 


n—1 o 


X" if the rational map r T’ : X' --» X" maps isomorphically an open 


neighborhood of x' to an open neighborhood of x". 


It is clear that for any 7 : X’ — X from Bx we have an injective map ix: : 
X’ — XP, We will identify points of X’ with their images. If 6: X” — X’ 
is a morphism in Bx which is isomorphic in Bx, to the blow-up of a point 
x € X’, any point x” € &”!(x’) is called a point infinitely near x’ of the 
first order. This is denoted by x” > x’. By induction, one defines an infinitely 
near point of order k, denoted by x” >p x’. This puts a partial order on X®P, 
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where x > y if x is infinitely near y. When we do not specify the order of an 
infinitely near point we write x’ > x. 

We say that a point x € X°? is of height k, if x +; £o for some xp € X. 
This defines the height function on the bubble space 


ht: XP — N. 


Clearly, X = ht~'(0). Points of height zero are called proper points of the 
bubble space. They will be identified with points in X. They are minimal points 
with respect to the partial order on X®. 


Let ZX” be the free abelian group generated by the set X®. Its elements are 
integer valued functions on XP with finite support. They added up as func- 
tions with values in Z. We write elements of ZX” as finite linear combinations 
>, m(x)x, where x € X™ and m(x) € Z (similar to divisors on curves). Here 
m(x) is the value of the corresponding function at x. 


Definition 7.3.4 A bubble cycle is an element n = X` m(a)a of ZX” satis- 
fying the following additional properties: 


(i) m(x) > 0 for any x € X®; 
(ii) en Mar < Meg: 
We denote the subgroup of bubble cycles by Zı(X®). 


Clearly, any bubble cycle 7 can be written in a unique way as a sum of 
bubble cycles Z;, such that the support of ny is contained in ht”! (k). 

We can describe a bubble cycle by a weighted oriented graph, called the 
Enriques diagram, by assigning to each point from its support a vertex, and 
joining two vertices by an oriented edge if one of the points is infinitely near 
another point of the first order. The arrow points to the vertex of lower height. 
We weight each vertex by the corresponding multiplicity. 

Let n = > m. be a bubble cycle. We order the points from the support of 
n such that x; > x; implies 7 < i. We refer to such an order as an admissible 
order. We write 7 = ae Mixi. Then we represent x; by a point on X and 
define mı : X; — X to be the blow-up of X with center at xı. Then x2 can 
be represented by a point on X; as either infinitely near of order 1 to xı or as 
a point equivalent to a point on X. We blow up x2. Continuing in this way, we 
get a sequence of birational morphisms: 





T: Y= Yn > mia. 74 Y, 75 Hy =X, (7.37) 


where 7341 : Yi41 — Y; is the blow-up of a point x; € Y;-ı. Clearly, the 
bubble cycle n is equal to the bubble cycle an MX. 
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Let €; = mx;(E;) be the exceptional configurations and E = ),m;E.. 
The ideal a = m,(Oy(—E)) is an integrally closed ideal associated to 7. The 
Deligne-Hoskin formula we mentioned before asserts that 


h’(Ox/a)=3) mi(m; +1). (7.38) 


Conversely, any integrally closed ideal a defining a 0-dimensional closed sub- 
scheme of X defines a bubble cycle 7, as follows. First we blow-up a to get 
a morphism X’ — X. By a result of O. Zariski (see [608], Appendix 5), the 
blow-up of an integrally closed ideal on a smooth surface is a normal surface 
(this is specific to the 2-dimensional case). Then we take a minimal resolution 
of singularities Y — X’. Then we factor the composition 7 : Y > X’ > X 
as in (7.28). The corresponding bubble cycle is a,,. 


Definition 7.3.5 The bubble cycle n corresponding to the integral closure 
of the base ideal of the linear system |V| defining a Cremona transformation 
T : P? — P? is called the fundamental bubble cycle. Its points are called 
fundamental points of T. 


Let 7 be the bubble cycle corresponding to b(|V |). We set 
|dh — n| := |Op2(d) ® 6(|V])]. 


Example 7.3.6 Suppose n = ` m,2;, where all points x; are proper. Then 
the integrally closed ideal corresponding to n is equal to the product of the 
ideal sheaves m}. In fact, the blow-up of this ideal has the exceptional divisor 
>> m;£;, and the same exceptional divisor is defined by 7. One immediately 
checks the Deligne-Hoskin formula in this case. If 7) is the fundamental bubble 
cycle of a homaloidal linear system |V |, then b = b(|V |) is generated at each 
point x; by three elements g1, g2, 93, the local equations of a basis of the linear 
system. Certainly, 6 is not integrally closed if m; > 3, and its integral closure 
is equal to mi. 





Remark 7.3.7 An ideal I in the formal power series ring C[[z, y]] of length 
n such that / is not contained in the square of the maximal ideal can be all ex- 
plicitly described (see [312]). Every such ideal has one or both of the following 
forms: 


I = (x + aoy +. +an,_iy™ *,y”), 
or, 
I = (y + boz +- +an_10" 1, x”). 


If x is a base point of a homaloidal linear system of multiplicity 1, then the 
completion of the localization b,. of the base ideal is an ideal of the above 
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form. The number n is equal to the number of irreducible components in the 
exceptional curve over x. The coefficients (a;,b;) determine the correspond- 
ing pointt of the bubble cycle. Thus the first point x; >, & infinitely near x 
corresponds to the tangent direction defined by the ideal (x + agy) or (y + bo). 
The next infinitely near point xı > x1 is determined by the coefficient aı or 
bı, and so on. 

It follows from this that the blow-up of the ideal J is a normal surface with 
one singularity locally isomorphic to the singularity at the origin of the surface 
V (uv + w”) c C. 


7.3.3 Nets of isologues and fixed points 


Let T : P? --> P? be a Cremona transformation. Let p be a point in the 
plane. Consider the locus of points Cr (p) such that x, (x), p are collinear. 
This locus is called the isologue of p, the point p is called its center. In terms 
of equations, if T is given by polynomials (fo(t), fi (t), f2(t)) of degree d and 
p = (ao, a1, a2], then Cr (p) is given by equation 


ao ay ag 
det to tı tə =0. (7.39) 
fo(t) AO fe(t) 


It follows immediately that deg Cr(p) = d + 1 unless Cr(p) = P?. This 
always happens for de Jonquiéres transformation if we take p to be the base 
point o of maximal multiplicity. 

From now on we assume that Cr (p) # P? for any point p. Then Cr (p) is a 
curve of degree d + 1. It passes through the fundamental points of T (because 
the last row in the determinant is identically zero for such point) and it passes 
through the fixed points of T, i.e. points x € dom(T) such that T(x) = x 
(because the last two rows are proportional). Also Cy (p) contains its center p 
(because the first two rows are proportional). 

One more observation is that 


Cr(p) = Cr-ı(p). 


When p varies in the plane we obtain a net of isologues. If F is the 1-dimensional 
component of the set of fixed points, then F is a fixed component of the net of 
isologues. 


Remark 7.3.8 It follows from the definition that the isologue curve Cr(p) 
is projectively generated by the pencil of lines £ through p and the pencil of 
curves T!(£). Recall that given two pencils P and P’ of plane curves of 
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degree dı and dz and a projective isomorphism a : P — P’, the union of 
points Q N a(Q), Q € P, is a plane curve C. Assuming that the pencils have 
no common base points, C is a plane curve of degree dı + da. To see this we 
take a general line £ and restrict P and P’ to it. We obtain two linear series 
g} and gi, on £. The intersection C N £ consists of points common to divisors 
from g} and g},. The number of such points is equal to the intersection of the 
diagonal of Pt x Pt with a curve of bidegree (d, d’), hence it is equal to d+d’. It 
follows from the definition that C contains the base points of the both pencils. 


Proposition 7.3.9 Assume that T has no infinitely near fundamental points. 
Then the multiplicity of a general isologue curve at a fundamental point x of 
multiplicity m is equal to m. 


Proof Letu,v be local affine parameters at x. For each homogeneous polyno- 
mial $(to, tı, t2) vanishing at x with multiplicity > m, let [¢], := [$] (u, v) 
be the degree k homogeneous term in the Taylor expansion at x. If V(f) is a 
general member of the homaloidal net, then [f], = 0 for k < mand [fm] 4 0. 
Let Bm be the space of binary forms of degree m in variables u, v. Consider 
the linear map a : C? — B, defined by 


(a, b, c) b> [(bta = ctı) folt) + (cto = ata) fi (t) + (atı = bto) fo(t)|m- 


The map is the composition of the linear map C? — C? defined by (a, b,c) + 
([bt2 — ctı]o, [cto — at2]o, [atı — bto]o) and the linear map C? — Bm defined 
by (a,b,c) + [afo + bfi + cfalm. The rank of the first map is equal to 2, the 
kernel is generated by [to]o, [ti]o, [t2]o). Since no infinitely near point is a base 
point of the homaloidal net, the rank of the second map is greater than or equal 
to 2. This implies that the map «a is not the zero map. Hence there exists an 
isologue curve of multiplicity equal to m. 














Remark 7.3.10 Coolidge claims in [129], p. 460, that the assertion is true 
even in the case of infinitely near points. By a direct computation, one checks 
that the multiplicity of isologue curves of the degenerate standard Cremona 
transformation (7.7) at the unique base point is equal to 2. 


Corollary 7.3.11 Assume that the homaloidal net has no infinitely near base 
points and the net of isologues has no fixed component. Then the number of 
fixed points of T is equal to d + 2. 


Proof Take two general points p, q in the plane. In particular, we may assume 
that the line £ = pq does not pass through the base points of the homaloidal 
net and the fixed points. Also p ¢ Cr(q) and q ¢ Cr(p). Consider a point 
x in the intersection Cr(p) N Cg(q). Assume that it is neither a base point 
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nor a fixed point. Then p,q € xT(x), hence x, T(x), p,q lie on £. Conversely, 
if x € LN Cr(p) and x F p, then the points x, T(x), p are collinear and, 
since q € £, we get that x, T(x), q are collinear. This implies that x € C’r(g). 
This shows that the base points of the pencil of isologue curves Cr(p),p € £, 
consists of base points of the homaloidal net, fixed points and d points on £ 
(counted with multiplicities). The base points of the homaloidal net contribute 
> m? to the intersection. Applying Proposition 7.3.9, we obtain that fixed 
points contribute d + 2 = (d + 1)? — d — >, m? to the intersection. 














Note that the transformation from Remark 7.3.10 has no fixed points. 


Remark 7.3.12 The assumption that T has no infinitely near points implies 
that the graph T of T is a nonsingular surface in P? x P? isomorphic to the 
blow-up of the base scheme of the homaloidal net. Let h1, ha be the preimages 
of the cohomology classes of lines under the projections. They generate the 
cohomology ring H*(P? x P?, Z). Let [T] be the cohomology class of T and 
[A] be the cohomology class of the diagonal A. Write [T] = ah?+bhı ha+ch?. 
Since the preimage of a general point under T is a point, we have [I] - h3 = 1. 
Replacing & with T7}, we get [T] - h? = 1. Since a general line intersects the 
preimage of a general line at d points we get [T] - hi - ha = d. This gives 


[T] = h? + dhihe + hi. (7.40) 
Similarly, we get 
[A] = hî + hiho + hi. (7.41) 
This implies that 
T]-[Al=d+2. 


This confirms the assertion of the previous Corollary. In fact, one can use the 
argument for another proof of the Corollary if we assume (that follows from 
the Corollary) that no point in the intersection T N A lies on the exceptional 
curves of the projections. 


The net of isologue curves without fixed component is a special case of a 
Laguerre net. It is defined by one of the following three equivalent properties. 


Theorem 7.3.13 Let |V| be an irreducible net of plane curves of degree d. 
The following properties are equivalent. 


(i) There exists a basis fo, fi, fo such that 


to folt) + ti fi(t) + te fo(t) = 0. (7.42) 
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(ti) For any basis fo, fi, fo of V, there exist three linearly independent 
linear forms lı, l2, l3 such that 


lofo + hfi + lo fe = 0. 
(iii) There exists a basis fo, fi, f2 of V such that 
fo = t192 — t291, fı =tego—toge, f2=togi — t190, 


where go, 91, 92 are homogeneous forms of degree d — 1. 
(iv) The base locus of a general pencil in |V | is the union of the base locus 
of |V| and a set of d — 1 collinear points. 


Proof The equivalence of the fist two properties is obvious. Also property 
(iii) obviously implies property (i). Suppose (i) holds. The Koszul complex in 
the ring of polynomials S = C[to, t1, t2] is an exact sequence 


035% 594 53% 3 S/(to, ti, te) > 0, 





where a is defined by a > a(to, ti, t2). The map £ is defined by the matrix 


0 =t t 
t2 0 to], 
—tı to 0 


and the map y is defined by (a,b,c) > ato + btı + cta (see [208], 17.2). 
Property (i) says that (fo, fı, f2) belongs to the kernel of y. Thus it belongs to 
the image of ß, and hence (iii) holds. 

(i) > (iv) Take two general curves Cy, = V(Aofo + Ai fi + Aaf2) and 
Cy = V (uofo + vi fi + “2 fo) from the net. They intersect with multiplicity 
> 2 at a point x if and only if x belongs to the Jacobian curve of the net. 
This shows that the set of pencils which intersect non-transversally outside the 
base locus is a proper closed subset of |V |. So, we may assume that C(u) 
and C'(v) intersect transversally outside the base locus of the net. Let p = 
[a] belong to C, N C, but does not belong to the base locus of |V|. Then 
(fola), fı(a), f2(a)) is a nontrivial solution of the system of linear equations 
with the matrix of coefficients equal to 


ào à A2 


Ho Hi Ha 
ao a1 Q2 


This implies that the line spanned by the points A = [Ao, Az, Ag] and u = 
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[ko, H1, u2] contains the point p. Thus all base points of the pencil differ- 
ent from the base points of the net are collinear. Conversely, suppose a non- 
base point [a] Æ A, lies on a line Ax and belongs to the curve Cy. Then 
(fola), fı(a), f2(a)) is a nontrivial solution of 


Aoto + Aıtı + Agte = 0, aoto + aıtı + azt2 = 0, 


and hence satisfies the third equation oto + kıtı + Hata = 0. This shows that 
a € Ca N Cu. Thus we see that the intersection Cà N C, consists of d — 1 
non-base points. 

(iv) > (ii) We follow the proof from [129], p. 423. Let V (fo), V (f1) be two 
general members intersecting at d— 1 points on a line V (l) not passing through 
the base points. Let p; be the residual point on V(f;). Choose a general line 
V (lo) passing through pa and a general line V (l1) passing through pı. Then 
V (lo fo) and V(lı fi) contain the same set of d + 1 points on the line V (l), 
hence we can write 


lofo telifi =Ufe (7.43) 


for some polynomial f of degree d and some constant c. For any base point 
q of the net, we have lo(q) fo(q) + cli (q) fila) = Ia) f2(q). Since I(q) A 0 
and fo(q) = fı(q) = 0, we obtain that fo(q) = 0. Thus the curve V(f2) 
passes through each base point and hence belongs to the net |V|. This shows 
that fo, fı and fa define a basis of |V| satisfying property (ii). 














Corollary 7.3.14 Let b be the base ideal of a Laguerre net of curves of degree 
d. Then h°(Op2 /6) = d —d+1. 


Proof Itis clear that, any base-point, b is generated by two general members 
of the net. By Bezout’s Theorem h° (Op2 /b) = d? — (d — 1). 














Example 7.3.15 Take an irreducible net of cubic curves with seven base 
points. Then it is a Laguerre net since two residual intersection points of any 
two general members are on a line. Thus it is generated by the minors of the 


matrix 
© ty a 
go 9 9)’ 


where go, 91,92 are quadratic forms. Recall that the linear system of cubics 
with seven base points satisfying the conditions in Section 6.3.3 define a non- 
singular quartic curve. It is known that the quartic curve is a Lüroth quartic if 
and only if there exists a cubic curve V (f) such that g; = of (see [28], [422)). 
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7.3.4 Quadratic transformations 


Take d = 2. Formulas (7.35) give mı ma m3 1,N 3. The bi- 
rational transformation of this type is called a quadratic transformation. We 
have already encountered these transformations before, the standard quadratic 


7 7 „ 
transformations Tst, Ty, Ty. 








The homaloidal linear system is the net of conics |2h — n|. Since the net is 
irreducible |h— n| = Ø. Assume first that n consists of proper points £1, £2, £3. 
Let g : P? --+ P? be a projective automorphism which sends the points 
pı = [1,0,0],p2 = [0,1,0], p3 = [0,0,1] to the points 71, ca, 3. Then the 
composition T o g has base points at pı, p2,p3. The linear system of conics 
through these points consists of conics V (atotı + btot + ctıta). If we choose 
a basis formed by the conics V (tıt2), V (tot2), V (totı), this amounts to com- 
posing T o g with some g’ € Aut(P?) on the left, and we obtain the standard 
quadratic transformation Ts from Example 7.1.9. It has the special property 
that Tu = Tg". 

Next we assume that the bubble cycle 7) has two proper points x1, 2 and an 
infinitely near point x3 > £2. The base ideal b of the homaloidal linear system 
is integrally closed and coincides with the ideal mz, N ao, where az, C Mz, 
with dim Mgs, /dz, = 1. If we choose local parameters u, v at £2, then ay, = 
(au + bu, v7), where au + bv = 0 is the tangent direction defining the point 
x3. Let g be an automorphism of P? which sends pı to xı, pa to x2 and the 
tangent direction tı = 0 at pə to the tangent direction au + bv = 0 at po. 
Then the composition T o g is given by the linear system of conics passing 
through the points pı and pa and tangent to the line V (to) at the point p2. The 
equation of a conic from this linear system is at3 + btotı +ctot2 = 0. A choice 
of a basis of this linear system defines a quadratic Cremona transformation. 
The special choice of a basis formed by V(t7), V (totı), V(tot2) defines the 
standard quadratic transformation TY, from Example 7.1.9 with T = T} t. 

Assume now that 73 > 22 > 21. Let b be the ideal of the base scheme. 
Applying a linear transformation g, we obtain that the base point of T o g is 
equal to pı. Let x = tı/to,y = ta/to be local parameters at xı. By Remark 
7.3.7, we may assume that b = (x + ay + by?, y’) or (y + ax + bx?, x). It 
is easy to see that one can find another linear transformation g’ which fixes pı 
such that the base ideal of T o go g’ is equal to (—x + y?, y?). The homaloidal 
linear system generated by conics V (t2 — totı), V(t?), V (tıt2). In this basis, 
the transformation coincides with the involutorial standard quadratic transfor- 
mation TY’ from Example 7.1.9. 


Example 7.3.16 The first historical example of a Cremona transformation is 
the inversion map. Recall the inversion transformation from the plane geome- 
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try. Given a circle of radius R, a point x € R? with distance r from the center 
of the circle is mapped to the point on the same ray at the distance R/r (as in 
the picture below). 


R 


Tr 


EAN 


In the affine plane C? the transformation is given by the formula 


Rx Ry ) 
22 +y’ x+y? ` 


> ( 
In projective coordinates, the transformation is given by the formula 
(to, ti, te) > (Hi + t3, Rtıto, Rt2to). 


Note that the transformation has three fundamental points [1, 0, 0], [0, 1, ¿], and 
[0,1,-i]. It is an involution and transforms lines not passing through the fun- 
damental points to conics (circles in the real affine plane). The lines passing 
though one of the fundamental points are transformed to lines. The lines pass- 
ing through the origin (1,0,0) are invariant under the transformation. The 
conic t? + t3 — Rt? = 0 is the closure of the set of fixed points. 


Example 7.3.17 Let Cı and Ca be two conics intersecting at four distinct 
points. For each general point x in the plane let T(x) be the intersection of 
the polar lines P, (C1) and P, (C2). Let us see that this defines an involutorial 
quadratic transformation with fundamental points equal to the singular points 
of three reducible conics in the pencil generated by C and Co. It is clear that 
the transformation T is given by three quadratic polynomials. Since P, (C1) N 
P,(C2) is equal to P(C) N P(C”) for any two different members of the 
pencil, taking C to be a reducible conic and zx to be its singular point, we obtain 
that 7’ is not defined at x. Since the pencil contains three reducible members, 
we obtain that T has three base points, hence T is given by a homaloidal net 
and hence is a birational map. Obviously, x € Pr(z)(C1) N Prix) (C2), hence 
T is an involution. 
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7.3.5 Symmetric Cremona transformations 


Assume that the fundamental bubble cycle 7 of a Cremona transformation T 
consists of points taken with equal multiplicity m. In this case the Cremona 
transformations is called symmetric. We must have 


d—Nm*=1, 3d—Nm=3. 


Multiplying the second equality by m and subtracting from the first one, we 
obtain d? — 3dm = 1 — 3m. This gives (d— 1)(d +1) = 3m(d- 1). The case 
d = 1 corresponds to a projective transformation. Assume d > 1. Then we get 
d = 3m — 1 and hence 3(3m — 1) — Nm = 3. Finally, we obtain 


(9-N)m=6, d=3m-1. 
This gives us four cases: 


(1) m=1,N=3,d=2; 
(2) m=2,N =6,d=5; 
3) m=3,N =7,d=8; 
(4) m=6,N =8,d=17. 


The first case is obviously realized by a quadratic transformation with three 
fundamental points. 

The second case is realized by the linear system of plane curves of degree 5 
with six double points. Take a bubble cycle 7 = 2%; + --- + 2x6, where the 
points x; in the bubble space do not lie on a proper transforms of a conic and 
no three lie on the proper transforms of a line. I claim that the linear system 
|V| = |Op2 (2) — n| is homaloidal. The space of plane quintics is of dimension 
20. The number of conditions for passing through a point with multiplicity > 2 
is equal to 3. Thus dim |Op2(2)— n| > 2. It is easy to see that the linear system 
does not have fixed components. For example, if the fixed component is a line, 
it cannot pass through more than two points, hence the residual components 
are quartics with four double points, obviously reducible. If the fixed compo- 
nent is a conic, then it passes through at most five points, hence the residual 
components are cubics with at least one double point and passing through the 
remaining points. It is easy to see that the dimension of such linear system is 
at most 1. If the fixed component is a cubic, then by the previous analysis we 
may assume that it is irreducible. Since it has at most one singular point, the 
residual conics pass through at least five points and the dimension of the linear 
system is equal to zero (or it is empty). Finally, if the fixed component is a 
quartic, then the residual components are lines passing through three points, 
again a contradiction. 
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Applying Bezout’s Theorem, we see that two general members of our linear 
system intersect at one point outside the base locus, also their genus is equal 
to 0. Thus the linear system is a homaloidal. 

Assume that all base points are proper points in the plane. Then the P-locus 
of the transformation consists of six conics, each passing through five of the 
six base points. 

The third case is realized by a Geiser involution. We consider an irreducible 
net N of cubic curves through seven points 71,...,27 in the plane. The ex- 
istence of such a net puts some conditions on the seven points. For example, 
no four points must be collinear, and no seven points lie on a conic. We leave 
it to the reader to check that these conditions are sufficient that such a net ex- 
ists. Now consider the transformation 6 that assigns to a general point x in the 
plane the base point of the pencil of cubics from the net which pass through «. 
If points 71,..., £7 satisfy condition (*) from Subsection 6.3.3, then the net 
of cubics defines a rational map of degree 2 to the plane with a nonsingular 
quartic curve as the branch curve. The Geiser involution G is the rational deck 
transformation of this cover. Under weaker conditions on the seven points, the 
same is true. The only difference is that the branch curve may acquire simple 
singularities. 

Let us confirm that the degree of the transformation 6 is equal to 8. The 
image of a general line £ under the map given by N is a cubic curve L. Its 
preimage is a curve of degree 9 passing through the points x; with multiplic- 
ity 3. Thus the union @ + L is invariant under T, hence T(l) = L. Since 
T = T~1, this shows that the degree of T is equal to 8. It also shows that the 
homaloidal linear system consists of curves of degree 8 passing through the 
base points with multiplicities > 3. In other words, the homaloidal linear sys- 
tem is |8h —3n|, where 7 = 21 +---+27. If one composes 6 with a projective 
transformation we obtain a transformation given by the same homaloidal lin- 
ear system but not necessarily involutorial. Also, the bubble cycle 7 may not 
consist of only proper points, as soon as we continue to require that the linear 
system |3h — ņ| has no fixed components. All admissible 17’s will be classified 
in the next Chapter. 

The last case is realized by a Bertini involution. We consider an irreducible 
pencil of cubic curves through a general set of 8 points 71,...,2g. Let q be 
its ninth base point (it could be infinitely near one of the points x;). For any 
general point x in the plane, let F(x) be the member of the pencil containing 
x. Let B(x) be the residual point in the intersection of F(x) with the line 
zq (it could be the tangent line to F(x) if q > x;). The transformation x — 
B(x) is the Bertini involution. If we take q as the origin in the group law on a 
nonsingular cubic F(p), then B(x) = —x. 
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Consider the web N of curves of degree 6 and genus 2 whose general mem- 
ber passes through each point x; with multiplicity 2. The restriction of N to 
any F(x) is a pencil with a fixed part 27; +--- + 2£g and a moving part g4. 
One of the members of this g4 is the divisor 2q cut out by 2F(x’),x # x’. As 
we have seen in Subsection 6.3.3, the members of this pencil are cut out by 
lines through the coresidual point on F(x). This point must coincide with the 
point q. Thus members of the g3 are divisors x + B(x). We will see in the next 
Chapter that the net N defines a degree 2 rational map f : P? --+ Q c P’, 
where Q is a singular irreducible quadric in P?. The image of q is the vertex 
of the cone. The images of the curves F(x) are lines on Q. Consider a general 
line £ in the plane. It is mapped to a curve of degree 6 on Q not passing through 
the vertex of Q. A curve on Q not passing through the vertex is always cut out 
by a cubic surface. In our case the curve f(£) is cut out by a cubic surface. The 
preimage of this curve is a curve of degree 18 passing through the points x; 
with multiplicities 6. As in the case of the Geiser involution, this shows that 
(L) is a curve of degree 17 with 6-tuple points x,,...,2g. Thus the homa- 
loidal linear system defining the Bertini involution is equal to |17h—67|, where 
n = zı +---+ £g. Again, we may consider 7) not necessarily consisting of 
proper points. All admissible n’s will be classified in the next Chapter. 


7.3.6 de Jonquieres transformations and hyperelliptic curves 


A planar de Jonquiéres transformation J is obtained by dilation from the iden- 
tity transformation of P+. It follows from Subsection 7.2.3 that such a transfor- 
mation is given by the formulae 


to = tobm—1(t1, t2) + bm (tr, t2), (7.44) 
ty = tıltoam-2(tı,t2) + am-ıltı,t2)), 
ty = taltoam-altı,t2) + Gm—1(t1, t2)). 


Here it is assumed that the polynomials Fm = tobm—1 + bm and Qm-ı = 
toQm—2 + Am-ı are coprime and bm—14m-—1 # bmam_2.- 
In affine coordinates x = tı /t2, y = to/t2, the transformation is given by 


(7.45) 





Ybm-ıla) + Bin (a) ) 
"Yin —9(®) + Ay (a) 


(x,y) = (« 


Let us consider the closure of fixed points of this transformation. It is given by 
the affine equation 


Ym —1 (2) + Bin (2) = yYam-2(2) + am-1(2)). 
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Going back to our projective coordinates, the equation becomes 
tĉam-2(t1, t2) + to(lam-ı(tı,t2) — bm—1(t1, t2)) — dm(tı,t2) = 0. (7.46) 


This a plane curve Hm of degree m with the point o = [1, 0, 0] of multiplicity 
m — 2. The pencil of lines through x, defines a g4 on the curve. So, if H, has 
no other singularities, it must be a rational curve if m = 2, an elliptic curve if 
m = 3, and a hyperelliptic curve of genus m — 2 if m > 4. 

The homaloidal linear system defining the de Jonquières transformation J 
is generated by the curves D1, Da, D3 whose equations are given by the right- 
hand sides in (7.44). The point o = [1,0,0] is a base point of multiplicity 
m — 2. Let us find other base points. Let x = |a, 3,7] be a base point different 
from o. Then either 3 or y is not zero. Hence 


abm-1(B,Y) F On (8,77) = Q0m—2(8,7) + Qm-1(8,7) =0. 


If a Æ 0 this happens if and only if 


(bm—14m—1 = bm@m—2)(B, y) =0. 


If a = 0, then the condition is bm (8, Y) = am-ı(8,Y) = 0, hence the point 
still satisfies the previous equation. Under some generality condition, this gives 
2m — 2 base points x1, ...,£2m—2. Obviously, the points x; lie on Hm. They 
also lie on the curve 


T= V (toam-2(t1, t2) + Am-ı(tı, t2)). (7.47) 


This is amonoidal curve of degree m — 1 with singular point o of multiplicity 
m — 1. It has the same tangent cone at o as the curve Hm. Thus one expects to 
find m(m — 1) — (m — 2)? — (m — 2) = 2m — 2 points of intersection outside 
0. 

Note that a general member D of the homaloidal linear system intersects 
the line v;o with multiplicity m — 1 at o and multiplicity 1 at x;. This implies 
that each line belongs to the P-locus of J. Also D intersects the curve I’ at 
o with multiplicity (m — 1)? and at the points x; with multiplicity 1. Since 
D.T = m(m — 1) = (m — 1)? + 2m — 2, this implies that T belongs to the 
P-locus two. The degree of the Jacobian is equal to 3(m—1) = m-1+2m-2, 
thus there is nothing more in the P-locus. 

Let us record what we have found so far. 








Proposition 7.3.18 Let J be the de Jonquiéres transformation given by (7.44). 
Assume that the binary form by,—1Am—1 — bmam-—2 of degree 2m — 2 has no 
multiple roots. Then J has 2m—1 proper fundamental points 0, £1, ...,Z2m—2- 
The point o is of multiplicity m — 2, the remaining ones are of multiplicity 1. 
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The characteristic vector is (m,m — 2,1,...,1). The P-locus consists of a 
monoidal curve I given by Equation (7.47) and 2m — 2 lines 2,0. 


If we drop the condition on the binary form bm—14&m-—1 — bm@m—2, some of 
the fundamental points become infinitely near. 
Let us see when J satisfies J = J~1. The affine equation shows that this 
b by i 
mi m) is equal to 0. 


/ / 
m—2 mı 


happens if and only if the trace of the matrix ( 


Thus the condition is 
Am-ı(tı,ta) + bm—1(ti, t2) = 0. (7.48) 
In this case the hyperelliptic curve has the equation 
tam-2(ltı,t2) + 2todm—1(t1, t2) — bm (tı, t2) = 0. (7.49) 


The curve I coincides with the first polar of Hm. The fundamental points are 
the ramification points of the projection of Hm from the point o. The trans- 
formation J is the de Jonquières involution described in Subsection 7.2.3. It is 
clear that the curve H, is nonsingular if and only if we have 2m — 2 distinct 
fundamental points of multiplicity 1. 

A space construction of a de Jonquiéres transformation is due to L. Cremona 
[143]. Consider a rational curve R of bidegree (1,m — 2) on a nonsingular 
quadric Q in P?. Let £ be a line on Q which intersects R at m — 2 distinct 
points. For each point x in the space, there exists a unique line joining a point 
on £ and on R. In fact, the plane spanned by x and £ intersects R at a unique 
point r outside RN £ and the line ZF intersects £ at a unique point s. Take two 
general planes II and II’ and consider the following birational transformation 
f : Il -->+ IV. Take a general point p € II, find the unique line joining a point 
r € Randa point s € £. It intersects Il’ at the point f(p). For a general line 
L in II the union of lines rs,r € R,s € L, that intersect @ is a ruled surface 
of degree m. Its intersection with II’ is a curve of degree m. This shows that 
the transformation f is of degree m. It has 2m — 2 simple base points. They 
are m — 1 points in I!’ N R and m — 1 points which are common to the line 
II 7 Il’ and the m — 1 lines joining the point £ N II with the points in the 
intersection II N R. Finally, the point £ II’ is a base point of multiplicity 
m — 1. Identifying II and Il’ by means of an isomorphism, we obtain a de 
Jonquières transformation. 
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7.4.1 Minimal rational ruled surfaces 


First let us recall the definition of a minimal rational ruled surface F„. If n = 0 
this is the surface P! x Pt. If n = 1 it is isomorphic to the blow-up of one point 
in P? with the ruling 7 : F, — P! defined by the pencil of lines through the 
point. If m > 1, we consider the cone in P"+1 over a Veronese curve VE c P”, 
i.e. we identify P”—! with a hyperplane in P” and consider the union of lines 
joining a fixed point po not on the hyperplane with all points in V}. The surface 
Fn is a minimal resolution of the vertex po of the cone. The exceptional curve 
of the resolution is a smooth rational curve E,, with E2 = —n. The projection 
from the vertex of the cone extends to a morphism p : F,, — P! which defines 
a ruling. The curve E,, is its section, called the exceptional section. In the case 
n = 1, the exceptional curve E of the blow-up Fı — P? is also a section of 
the corresponding ruling p : Fı — P!. It is also called the exceptional section. 

Recall from [282] some facts about vector and projective bundles that we 
will need next and later on. For any locally free sheaf € of rank r + 1 over a 
scheme S one defines the vector bundle Y (E) as the scheme Spec(Sym(E)). 
A local section U — V(E) is defined by a homomorphism Sym(E) > O(U) 
of O(U)-algebras, and hence by a linear map €|U — O(U). Thus the sheaf 
of local sections of the vector bundle V(E) is isomorphic to the sheaf €Y. The 
fiber V(E),, over a point x € X is equal to Spec Sym(E(x)) = E(x)”, where 
E(x) = E Ox, K(x) is the fiber of E at x considered as a vector space over 
the residue field x(x) of the point z. 

The projective bundle associated with a vector bundle V(E) (or a locally 
free sheaf €) is the scheme P(E) = Proj(Sym(E)). It comes with the natural 
morphism p : P(E) — S. In the same notation as above, 


P(E)|U = Proj(Sym(O7,*")) = Proj(O(U)|to, ..., tr]) = Pr. 


For any point x € X, the fiber P(E), over x is equal to P(E(x)). 

By definition of the projective spectrum, it comes with an invertible sheaf 
Ope) (1). Its sections over p~'(U) are homogeneous elements of degree 1 in 
Sym(07;+'). This gives, for any k > 0, 


px Opre)(k) & Sym*(E). 


Note that, for any invertible sheaf £ over S, we have P(E & £) = P(E) as 
schemes; however, the sheaf Op(g)(1) has to be replaced with Opie) (1) @p*L. 

For any scheme m : X — S over S, a morphism of S-schemes f : X — 
P(E) is defined by an invertible sheaf £ over X and a surjection ¢ : TE > £. 
When we trivialize P(E) over U, the surjection & defines r + 1 sections of 
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L\x—!(U). This gives a local map x +> [so(x),...,8,(ax)] from m "!(U) to 
p (U) = Pf,. These maps are glued together to define a global map. We have 
£ = FO). 

Example 7.4.1 Let us take X = S. Then an S-morphism S — P(E) is a 
section s : S — P(E). It is defined by an invertible sheaf £ on S and a 
surjection ġ : E — L. We have £ = s*Op(e) (1). 

Another special case is when we take i : x = Spec(K(x)) > S' to be a 
closed point in 5. Then an invertible sheaf on a point is the constant sheaf Ky 
and i*E = E, = E/m,€ = E(x) is the fiber of the sheaf £. The corresponding 
morphism x — P(E) is defined by a surjection E(x) — Kz, i.e. by a point in 
the projective space P(E(x)). This agrees with the description of fibres of a 
projective bundle from above. 


Lemma 7.4.2 Lets : S — P(E) be a section, L = s*Opre)(1) and let 
K = Ker(E — L). Let us identify S with s(S). Then KY & £ is isomorphic to 
the normal sheaf of s(S) in P(E). 


Proof We use exact sequence (7.9) to compute the normal sheaf. Recall that 
the sheaf 93, of regular 1-forms on projective space can be defined by the 
exact sequence (the Euler exact sequence) 





0 0b > Opr (=1)"" > Opr > 0. 


More generally, we have a similar exact sequence on any projective bundle 
P(E) over a scheme S: 


0 + ejs > PE ® Opcey(-1) > Ore) > 0. (7.50) 


Here the homomorphism p*€ ® Opie)(—1) — Ope) is equal to the homo- 
morphism p*€ — Ope) (1) after twisting by —1. Thus 


Ope) 5(1) = Ker(p*E > Opey(1)). (7.51) 
Applying s* to both sides we get 
K & s*Qpe)/s(1)- 
Since 24.4), = {0}, we get from (7.9) 


8" (Nei) /r(e) = eys KOL. 











Passing to the duals, we get the formula for the normal sheaf of the section. 





Let us apply this to minimal ruled surfaces F„. It is known that any locally 
free sheaf over P! is isomorphic to the direct sum of invertible sheaves. Sup- 
pose £ is of rank 2. Then € ~ Opı(a) © Op: (b) for some integers a, b. Since 
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the projective bundle P(E) does not change if we tensor € with an invertible 
sheaf, we may assume that a = 0 and b = —n < 0 (this corresponds to the 
normalization taken in [282], Chapter V, §2, Proposition 2.8). 


Proposition 7.4.3 Letn : X — Pt be a morphism of a nonsingular surface 
such that all fibres are isomorphic to P+. Suppose 7 has a section whose image 
E satisfies E? = —n for some n > 0. Then X =F yn. 


Proof Let f be the divisor class of a fiber of m and let e be the divisor class 
of the section E. For any divisor class D on X such that D - f = a, we obtain 
(D — ae) -f = 0. If D represents an irreducible curve C, this implies that 7(C) 
is a point, and hence C is a fibre. Writing every divisor as a linear combination 
of irreducible curves, we obtain that any divisor class is equal to af + be for 
some integers a,b. Let us write Kx = af + be. By the adjunction formula, 
applied to a fiber and the section E, we get 


—2 = (af + be): f, -2+n=(af+be)-e=a-2nb. 
This gives 
Kx = (-2—n)f—2e. (1.52) 
Assume n > 0. Consider the linear system |nf + e|. We have 


(nf +e)? =n, (nf +e)-((—2—n)f — 2e) = —2 — n. 





By Riemann-Roch, dim |nf + e| > n + 1. The linear system |nf + e| has no 
base points because it contains the linear system |nf| with no base points. Thus 
it defines a regular map P(E) > P”. Since (nf + e) - e = 0, it blows down the 
section E to a point p. Since(nf + e) - f = a, it maps fibres to lines passing 
through p. The degree of the image is (nf + e)? = n. Thus the image of the 
map is a surface of degree n equal to the union of lines through a point. It must 
be a cone over the Veronese curve V} if n > 1 and P? if n = 1. The map is its 
minimal resolution of singularities. This proves the assertion in this case. 
Assume n = 0. We leave it to the reader to check that the linear system 
|f + e| maps X isomorphically to a quadric surface in P?. 














Corollary 7.4.4 
P(Opi & Opı (—n)) = Ere 


Proof The assertion is obvious if E = Op: © Opı. Assume n > 0. Consider 
the section of P(E) defined by the surjection 


(0) C= Op. p Op: (—n) +L= Op. (=n), (7.53) 
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nm 


corresponding to the projection to the second factor. Obviously, N = Ker(¢) S 
Op:. Applying Lemma 7.4.2, we get 


N5(P1)/P(E) =~ Opi(—n). 
Now, if C is any curve ona surface X, its ideal sheaf is isomorphic to Ox (—C) 
and hence the conormal sheaf is isomorphic to Ox (—C)/Ox(—2C). This 
easily implies that 


Nox = Ox(C)® Oc. (7.54) 


In particular, we see that the degree of the invertible sheaf Nc, x on the curve 
C is equal to the self-intersection C?. 

Thus we obtain that the self-intersection of the section s defined by the sur- 
jection (7.53) is equal to —n. It remains for us for us to apply the previous 
Proposition. 














7.4.2 Elementary transformations 


Let m : F, — P! be a ruling of F, (the unique one if n 4 0). Let x € Fn 
and F, be the fiber of the ruling containing x. If we blow up x, the proper 
transform F, of F, is an exceptional curve of the first kind. We can blow it 
down to obtain a nonsingular surface X. The projection m induces a morphism 
n’ : X — P! with any fiber isomorphic to P!. Let So be the exceptional 
section or any section with the self-intersection 0 if n = 0 (such a section is 
of course equal to a fiber of the second ruling of Fo). Assume that x ¢ So. 
The proper transform So of So on the blow-up has the self-intersection equal 
to —n, and its image in X has the self-intersection equal to —n + 1. Applying 
Proposition 7.4.3, we obtain that X = F„_ı. This defines a birational map 


elm, : En --* Fy_1. 


| 
un 
5 | 

| 
ni 
l 
& 


























Figure 7.4 Elementary transformation 


Here in Figure 7.4, on the left, we blow down F, to obtain F,,_1, and, on 
the right, we blow down F, to obtain Fy41. 
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Assume that x € En. Then the proper inverse transform of So on the blow- 
up has self-intersection —n — 1 and its image in X has the self-intersection 
equal to —n — 1. Applying Proposition 7.4.3, we obtain that X = F„+1. This 
defines a birational map 


elm, : En --> Fy41. 


A birational map elm, is called an elementary transformation. 


Remark 7.4.5 Let E be a locally free sheaf over a nonsingular curve B. As 
we explained in Example 7.4.1, a point x € P(E) is defined by a surjection 
E(x) — K(x), where x(x) is considered as the structure sheaf of the closed 
point x. Composing this surjection with the natural surjection E > E(x), we 
get a surjective morphism of sheaves ¢, : E — K(x). Its kernel Ker(¢,.) is a 
subsheaf of € which has no torsion. Since the base is a regular 1-dimensional 
scheme, the sheaf €’ = Ker(@,,) is locally free. Thus we have defined an oper- 
ation on locally free sheaves. It is also called an elementary transformation. 

Consider the special case when B = Pt and € = Op: © Op: (~n). We have 
an exact sequence 


032 4 To (=n) É> ke > 0. 





The point x belongs to the exceptional section So if and only if ¢, factors 
through Opı (—n) > Kz. Then E’ S Op: 8 Opı(-n — 1) and P(E’) = En41- 
The inclusion of sheaves €’ C E gives rise to a rational map P(E) --» P(E’) 
which coincides with elm,. If x ¢ So, then ¢, factors through Opı, and we ob- 
tain E” S Op:(—1) 6 Op: (—n). In this case P(E’) = P(Opı @Op1 (—n+1)) S 
F,„-ı and again, the inclusion €’ C E defines a rational map P(E) --» P(E’) 
which coincides with elm,,. We refer for this sheaf-theoretical interpretation 
of elementary transformation to [281]. A more general definition applied to 
projective bundles over any algebraic variety can be found in [25], [568]. 














Let x,y € Fn. Assume that x € So, y ¢ So and m(x) # r(y). Then the 
composition 


ex y = elm, o elm; : En --> Fn 


is a birational automorphism of F„. Here we identify the point y with its image 
in elm,(F,,). If n = 0, we have to fix one of the two structures of a projective 
bundle on Fo. Similarly, we get a birational automorphism e, , = elm, oelm, 
of F,,. We can also extend this definition to the case when y >, x, where 
y does not correspond to the tangent direction defined by the fiber passing 
through x or the exceptional section (or any section with self-intersection 0). 
We blow up x, then y, and then blow down the proper transform of the fiber 
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through x and the proper inverse transform of the exceptional curve blown up 
from z. 


7.4.3 Birational automorphisms of P! x P! 


Let X be a rational variety and let ¢ : X --+ P” be a birational isomorphism. 
It defines a homomorphism of the groups of birational automorphisms 


Bir(P”) > Bir(X), fœ tofo 
with the inverse 

Bir(X) > Bir(P”), grdogog’. 
Here we realize this simple observation by taking X = P! x Pt, identified 
with a nonsingular quadric Q in P3. We identify P? with a plane in P3 and take 
$ : Q --» P? to be the projection map p,, from a point xo. Let a,b be the 
images of the two lines on Q containing the point x9. The inverse map ¢~! is 


given by the linear system |2h — qi — q2| of conics through the points q1, q2, 
and a choice of an appropriate basis in the linear system. Let 


Pz : Bir(Q) > Bir(P?) 


be the corresponding isomorphism of groups. 

A birational automorphism of P! x P! is given by a linear system |mhı + 
kha — n|, where hı, ha are the divisor classes of fibres of the projection maps 
pr; : Pt x Pt — P!, and n is a bubble cycle on Q. If we fix coordinates 
(uo, u1), (vo, v1) on each factor of P! x P!, then a birational automorphism 
of the product is given by four bihomogeneous polynomials Ro, R1, Ro, Ri of 
bidegree (m, k): 


(lao, ai], [bo, bi]) > ([Rı (a, b), Rz(a, b], [Ro (a, b), R; (a, b)]). 
Explicitly, let us use an isomorphism 
iP x Pp > Q, (lao, ai], [bo, bı]) > [aobo, aobr, aıbo, abi], 


where Q = V (2023 — 2122). Take £o = [0, 0,0, 1]. The projection map pz, is 
given by [20, 21, Z2, 23] — [2o, 21, 22]. The inverse map Pre can be given by 
the formulas 
[to, ti, t2] + Io; totı, tote, tıt2]. 
It is not defined at the points q, = [0, 1,0] and q2 = [0, 0, 1]. 
If g is given by Ro, Ri, Ro, R}, then ®,, (g) is given by the formula 


[20, 21, 22] — [Ro(a, b) Ro (a, b), Ro(a, 6) Ri (a,b), Rı(a,b)Ry(a, b)], 
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where [Z0, Z1, za] = [aobo, aobı, abo] for some [ao, bo], [bo, bı] e Pt. 
If f : P? --» P? is given by the polynomials Po, Pı, P2, then ©; '(f) is 
given by the formula 


[20, 21, 22, 23] > [Po (2), Po(z') Pı(z’), Po(z’) Po(2’), Pi(z’) Po(2’)], 
(7.55) 
where Pi;(z') = P;(zo, 21; 22). 
Let Aut(Q) C Bir(Q) be the subgroup of biregular automorphisms of Q. 
It contains a subgroup Aut(Q)° of index 2 that leaves invariant each family 
of lines on Q. By acting on each factor of the product P! x P!, it becomes 
isomorphic to the product PGL(2) x PGL(2). 


Lemma 7.4.6 Leto € Aut(Q)°. If o(zo) 4 zo, then ®,, (a) is a quadratic 
transformation with fundamental points a,b, pr, (07+ (x0)). If o(z0o) = Zo, 
then z, (0) is a projective transformation. 


Proof If x = o(xo) # zo, then the F-locus of f = ®,,(c) consists of three 
points q1, q2 and p., (x). It follows from (7.35), that it must be a quadratic 
transformation. If o(xo) = zo, then the map f is not defined only at qı and 
q2. The rational map ¢ : P? --» Q can be resolved by blowing up the two 
points qı, q2 followed by blowing down the proper transform of the line 9192. 
It is clear that it does not have infinitely near fundamental points. Since any 
non-projective planar Cremona transformation has at least three fundamental 
points, we obtain that the map f extends to an automorphism of P?. 














Remark 7.4.7 The image ®,,(Aut(Q) consists of quadratic or projective 
transformations which leave invariant the linear system of conics through two 
points q1,q2. These are complex conics discussed in Subsection 2.2.3. Over 
reals, when we deal with real conics through the ideal points in the line at in- 
finity, the group ®,,, (Aut(Q)) is known as the Inversive group in dimension 2 
(see [394]). 

The subgroup ©,,,(Aut(Q)) of Cr(2) = Bir(P?) is an example of a linear 
algebraic subgroup of the Cremona group Cr(2). All such subgroups in Cr(2) 
were classified by F. Enriques [213]. In particular, he showed that any linear 
algebraic subgroup of rank 2 in Cr(2) is contained in a subgroup isomorphic 
to Aut(F,,) for some n. There is a generalization of this result to the group 
Cr(n) = Bir(P”) (see [164]). Instead of minimal ruled surfaces one considers 
smooth toric varieties of dimension n. 


Take two points x, y in Q which do not lie on a line and consider the bira- 
tional transformation ez y := elm, o elm, defined in the previous Subsection. 
Recall that to define ez y, we have to fix one of the two structures of a projec- 
tive bundle on Q. We do not exclude the case when there is only one proper 
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point among x and y, say y > x. It is easy to see that the linear system defining 
the transformation e, „is equal to |2h; + ha — x — y|, where hy is the class of 
a fiber of the projective bundle structure pr : Q > P!. 


Proposition 7.4.8 ©,,,(€z,,) is a product of quadratic transformations. More- 
over, if xo € {x,y}, then ®,, (tz y) is a quadratic transformation. Otherwise, 
zo (tx,y) is the product of two quadratic transformations. 


Proof Lett : X — Q be the blow-up of the bubble cycle x + y. It factors 
into the composition of the blow-up 7, : Qs — Q of x and the blow-up 
T2 : Q! > Qz of y. Suppose zo € {x,y}. Without loss of generality, we 
may assume that zo = x. The composition of rational maps 7 = pz, OT : 
Q' --+ P? is a regular map. Let a : X — Q be the blowing-down of the 
proper transforms of the fiber £, (resp. £y) of pr : Q — Pt containing x (resp. 
y). The composition o = Pr, 0 a : Q! + Q --+ P? is also a regular map. 
The two morphisms 7,0 : X — P? define a resolution of the birational map 
®,,(Ez,y). It is immediate that this resolution coincides with a resolution of a 
quadratic transformation with fundamental points q1, g2, Px, (y). Note that, if 
y > x, then pz, (y) > q2, where the line Ly is blown down to q2 under the map 
Qi, > P. 

If zo A x,y, we compose er, with an automorphism g of Q such that 
o(xo) = x. Then 


De OO) = Pro (exo,g9-1(y)) = 05, (Gz 4,) © Pro (9). 


By Lemma 7.4.6, ®z, (g) is a quadratic transformation. By the previous case, 
Pro (€29,0-1(y)) is a quadratic transformation. Also the inverse of a quadratic 
transformation is a quadratic transformation. Thus ©®,,,(€z,,) is a product of 
two quadratic transformations. 














Proposition 7.4.9 LetT : E, --» Em be a birational map. Assume that T 
commutes with the projections of the minimal ruled surfaces to P!. Then T is 
a composition of biregular maps and elementary transformations. 


Proof Let (X,7,o) be a resolution of T. The morphism 7 (resp. a) is the 
blow-up of an admissible ordered bubble cycle 7 = (a1,...,2n) (resp. € = 
(y1,---,yn))- Let pı : Fn — P! and pa : Fm — P! be the structure mor- 
phisms of the projective bundles. The two composition pı o 7 and pa © ø coin- 
cide and define a map 


$: X => P. 


Let a1,...,ap be points in P! such that F; = @~1(a;) = n* (pī (a;)) is a 
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reducible curve. We have m, (F;) = p] (ai) and o,(F;) = p3 '(a,). Let E; be 
the unique component of R; which is mapped surjectively to p] '(a;) and E! 
be the unique component of F; which is mapped surjectively to p3” (ai). The 
preimages in X of the maximal points in 7 and £ (with respect to the admissible 
order) are (—1)-curves Eı,..., Ep and E},...,E,,. Let E be a (—1)-curve 
component of F; that is different from E1,..., Ex and E1,..., Ep. We can 
reorder the order of the blow-ups to assume that 7(£) = xy ando(E) = yn. 
Let ty : X — Xyn-ı be the blow-up of xy and oy : X — Yn-ı be the 
blow-up of yy. Since my and oy blow down the same curve, there exists 
an isomorphism & : Xn-ı = Yn-ı. Thus, we can replace the resolution 
(X, 7,0) with 


(Xn-1,710...0oTN-1,019...00N-ı00). 


Continuing in this way, we may assume that x y and yy are the only maximal 
points of m and o such that pı (zn) = polyn) = a. Let E = m~! (£y) and 
E' = o"!(yn). Let R 4 E’ be a component of ¢~1(a;) which intersects F. 
Let x = r(R). Since zy > x, and no other points is infinitely near x, we get 
R? = —2. Blowing down E, we get that the image of R has self-intersection 
—1. Continuing in this way, we get two possibilities: 


(1) 
R=E+E, E? =E; = -—1, E; E=1, 


(2) 
F; = E,+ Ri + + Rg + El, E? = E? =-1, 


R? = =F Ry =... = Ri- Ripi = Rp- El = 1, 


and all other intersections are equal to zero. 

In the first case, T = elm,,,. In the second case, let g : X — X’ be the 
blow-down of E;, let x = r(RıNE;). Then T = T’ celm,, where T” satisfies 
the assumption of the proposition. Continuing in this way, we write T' as the 
composition of elementary transformations. 














Let J be a de Jonquières transformation of degree m with fundamental 
points 0, £1,..., £2m—2. We use the notation from Subsection 7.3.6. Let m : 
X — P? be the blow-up of the base points. We factor m as the composi- 
tion of the blow-up mı : Xı — Xo = P? of the point o and the blow-ups 
Ti : Xi41 > X; of the points x;. Let p : Xı —> P! be the map given by the 
pencil of lines through the point o. The composition ọ : X + X, > P! isa 
conic bundle. This means that its general fiber is isomorphic to P! and it has 
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2m-—2 singular fibres F; over the points a; corresponding to the lines £; = 02;. 
Each singular fiber is equal to the union of two (—1)-curves F? + F” intersect- 
ing transversally at one point x’. The curve FY is the proper transform of the 
line £;, and the curve F” is the proper transform of the exceptional curve F; 
of the blow-up X;41 — X;, i > 1. The proper transform E of the exceptional 
curve of X] — Xo is a section of the conic bundle ¢ : X — P!. It intersects 
the components F’. The proper transform T of the curve T is another section. 
It intersects the components FY’. Moreover, it intersects E at 2m — 2 points 
21,---,2%m—2 Corresponding to the common branches of I and the proper 
transform H/, of the hyperelliptic curve Hm at the point o. The curve H}, is 
a 2-section of the conic bundle (i.e. the restriction of the map ¢ to H/, is of 
degree 2). 

Recall that the curve T and the lines 4; form the P-locus of J. Leto: X — 
P? be the blow-down of the curves F/,..., F%,,,. and I. The morphisms 
n,o : X — P? define a resolution of the transformation J. We may assume 
that o is the composition of the blow-downs X > Yam-3 > ... > Yı > 
Yo = P?, where Yı — Yo is the blow-down of the image of T under the 
composition X — ... — Yj, and Ya — Y; is the blow-down of the image of 
Fi in Ya. 

The surfaces X} and Yı are isomorphic to F;. The morphisms X — Xı 
and X — Y; define a resolution of the birational map T” : Fı --» F; equal to 
the composition of 2m — 2 elementary transformations 


elm, elm, 


F, aa. Fo ==? F, S29 sa HS? Fo >) F. 


If we take zo to be the image of £ı under elm,,, and use it to define the iso- 
morphism ®z, : Bir(Fo) — Bir(P?), then we obtain that T = ®,(T), 
where T” is the composition of transformations Cx! xt, € Bir(Fo), where 
i = 3,5,...,2m — 3. Applying Proposition 7.4.8, we obtain the following. 


Theorem 7.4.10 A de Jonquiéres transformation is equal to a composition 
of quadratic transformations. 
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7.5 Noether’s Factorization Theorem 


7.5.1 Characteristic matrices 


Consider a resolution (7.1) of a Cremona transformation T of degree d 


Obviously, it gives a resolution of the inverse transformation T-!. The roles 
of m and ø are interchanged. Let 


1 


o: X = Xyu Ss Xua es Se P (1.56) 





be the factorization into a sequence of blow-ups similar to the one we had for 
n. It defines a bubble cycle € and the homaloidal net |d’h — £| defining T~! 
(it follows from Subsection 7.13 that d’ = d). Let €{,...,€}, be the corre- 
sponding exceptional configurations. We will always take for X a minimal 
resolution. It must be isomorphic to the minimal resolution of the graph of ¢. 


Lemma 7.5.1 Let Eı,...,En be the exceptional configurations for n and 
Ei,..., Ey be the exceptional configurations for o. Then 
N=M. 


Proof Let S be a nonsingular projective surface and m : S’ — S be a blow- 
up of a point. Then the Picard group Pic(S’) is generated by the preimage 
m*(Pic(S)) and the divisor class [E] of the exceptional curve. Also we know 
that [E] is orthogonal to any divisor class from 7*(Pic(.S)) and this implies 
that 


Pic(S’) = Z[E] @ r* (Pic(S)). 
In particular, taking S = P?, we obtain, by induction that 


N 
Pic(X) = r*(Pic(P?)) B Biel. 


This implies that Pic(X‘) is a free abelian group of rank N + 1. Replacing 7 
with o, we obtain that the rank is equal to 1 + M. Thus N = M. 














It could happen that all exceptional configurations of 7 are irreducible (i.e. 
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no infinitely points are used to define 7) but some of the exceptional configu- 
rations of o are reducible. This happens in the case of the transformation given 
in Exercise 7.2. 


Definition 7.5.2 An ordered resolution of a Cremona transformation is the 
diagram (7.1) together with an order of a sequence of the exceptional curves 
for o and T (equivalently, a choice of an admissible order on the bubble cycles 
defining T and o). 


Any ordered resolution of T defines two bases in Pic(X). The first basis is 
e ieg =a" (h), e= Eley = Eyl: 
The second basis is 


e : €o = n"(h), eı = [Ei],-- ‚en = [En]. 


Here, as always, h denotes the class of a line in the plane. 

We say that a resolution is minimal if e; # e; for any i,j. If e} = ej, 
then the exceptional configurations €; and E; are equal. We can change the 
admissible orders on the bubble cycles defining the maps 7 and o to assume 
that i = j = n — b, where b is the number of irreducible components in €;, 
the exceptional divisor of my_; : X — X; is equal to €; and the exceptional 
divisor of om; : X — Y; is equal to £}. By the universal property of the 
blow-up, this implies that there exists an isomorphism @ : X; — Y; such that 
ġo nyi = anj. Thus, we can replace X with X; and define a new resolution 
Tio : Xi > P?,0;90¢ : X; — P? of T. The old resolution factors through the 
new one. 

From now on, we assume that we chose a minimal resolution of T. Write 


N N 
t t . 
eo = deg — ) Miei, ej = djeo — ) Mijei, J > 0. 


i=1 i=1 
By the minimality property, we may assume that d,d,,...,dy > 0. The ma- 
trix 
d dı Bates dy 
mı =mi E —-MıN 
A= l ; ; (7.57) 
-mN —™MNIL ree —MNN 


is called the characteristic matrix of T with respect to an ordered resolution. It 
is the matrix of change of basis from e to e’. 
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Here (d;mı,..., mn) is the characteristic of T. In other columns the vec- 
tors (dj, Mij, .-., Myj) describe the divisor classes of the exceptional con- 
figurations E; of o. The image of E; in P? is a curve in the linear system 
\djh — yy mj; x;|. Its degree is equal to d;. It may not be irreducible or 
reduced. Let E be a unique (—1)-component of the exceptional configuration 
E H It corresponds to a minimal point in the bubble cycle n’ infinitely near x; of 
order equal to the number of irreducible components of E; minus one. By the 
minimality assumption, the image 7 (E) is an irreducible curve, and the image 
r(E,) contains 7(£) with multiplicity equal to bj. 

The image of €; under the map 7 is called a total principal curve of T. Its 
degree is equal to dj. The reduced union of total principal curves is equal to 
the P-locus of T. 

The characteristic matrix defines a homomorphism of free abelian groups 


ba : Z1+N = ZIN. 


We equip Z1+N with the standard hyperbolic inner product, where the norm 


v? of a vector v = (ao, @1,..., ay ) is defined by 
V =a —a? —---— a4. 


The group Z!+% equipped with this integral quadratic form is customary de- 
noted by J+. It is an example of a quadratic lattice, a free abelian group 
equipped with an integral valued quadratic form. We will discuss quadratic 
lattices in Chapter 8. Since both bases e and e’ are orthonormal with respect 
to the inner product, we obtain that the characteristic matrix is orthogonal, i.e. 
belongs to the group O(J1-") c O(1, N), where O(1, N) is the real orthog- 
onal group of the hyperbolic space R! with the hyperbolic norm defined by 
the quadratic form z? — x? —---— x2. 

Recall that the orthogonal group O(1, N) consists of (N + 1) x (N +1) 
matrices M such that 


M7! = Inyi'M Inia, (7.58) 


where Jn+ı is the diagonal matrix diag/1,—1,...,—1]. 
In particular, the characteristic matrix A-! of T7! satisfies 


d mı er My 
A N —dı —mıı acs —MN1 
AV = JAJ = ; ; . f ; (7.59) 
—dn —M1N oe. —MNN 


It follows that the vector (d;dı,..., dy ) is equal to the characteristic vector 
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of T71. In particular, we obtain again that the degree of T is equal to the degree 
of Tt, the fact specific to dimension 2. Also, (7.35) implies that dı + --- + 
dy = d- 3. This shows that the sum of the degrees of total principal curves of 
T is equal to the degree of the Jacobian J of the polynomials defining T. This 
explains the multiplicities of irreducible components of V (J). They are larger 
than one when not all fundamental points are proper. 

Let f : X’ — X be a rational map of irreducible varieties. For any closed 
irreducible subvariety Z of X’ with X’ N dom(f) 4 0, we denote by f(Z) the 
closure of the image of ZN dom(f) under f. 


Proposition 7.5.3 Let T : P? --» P? be a Cremona transformation with 
fundamental points xı,..., cn and fundamental points y1,...,yn of T~'. 
Let A be the characteristic matrix of T. Let C be an irreducible curve on P? 
of degree n which passes through the points y; with multiplicities n;. Let n’ be 
the degree of T(C) and let n’, be the multiplicity of T(C) at xi. Then the vector 
v = (n',—n),...,—nly) is equal to AT! - v, where v = (n, —nı,...,—NN). 


Proof Let (X,r,c) be a minimal resolution of T. The divisor class of the 
proper inverse transform m 1(C) in X is equal to v = neo — D> niei. If we 
rewrite it in terms of the basis (ep, e1, ..., ey) we obtain that it is equal to 
v! = n'eo — Yo niei, where v’ = Av. Now the image of 7~!(C) under o 
coincides with ¢(C). By definition of the curves €;, the curve ¢~1(C) is a 
curve of degree n’ passing through the fundamental points y; of T71 with 


multiplicities n}. 














Let C be a total principal curve of T and ceo — = G Cie; be the class of 
a—*(C). Let v = (c,—c1,..., en). Since T(C) is a point, A- v = —e’, for 
some j. 


Example 7.5.4 The following matrix is a characteristic matrix of the standard 
quadratic transformation Ty or its degenerations Tst, TW. 


2 1 1 4 
-i @ 1 <1 
A=] iao ali (7.60) 


—1 -1 -1 0 


This follows from Example 7.1.9. 
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The following is a characteristic matrix of a de Jonquiéres transformation 


m m-—1 1 1 
-m+1 -m+2 -1 —1 
—1 —1 —1 . 0 
A= —1 —1 0: wea. 0: J. (7.61) 
—1 —1 0 0 
—1 —1 0 —1 


Observe that the canonical class Kx is an element of Pic(X) which can be 
written in both bases as 


N n 
Kx = —3e9 + X€; = —3e + > eh. 
i=1 i=1 


This shows that the matrix A considered as an orthogonal transformation of 
IN leaves the vector 


ky = —3e9 +e, +--+» + en = (-3,1,...,1) 


invariant. Here, e; denotes the unit vector in Z!+N with (i + 1)-th coordinate 
equal to 1 and other coordinates equal to zero. 

The matrix A defines an orthogonal transformation of the orthogonal com- 
plement (Zky)+. 


Lemma 7.5.5 The following vectors form a basis of (Zk )+. 


N>3:a, = €o — €] — &2 — es, Qi = e;-1 — €; t = 2,..., N, 
N =2:0a = € — 361, Q2 = eı — €2, 
N=1:a = eo — 361. 
Proof Obviously, the vectors œ; are orthogonal to the vector ky. Suppose a 


vector v = (ao,a1,..., an) € (Zky)+. Thus 3ag + Da a; = 0, hence 
—an = 3a9 + See a;. Assume N > 3. We can write 


v= ao(€o —e;,—€2 — e3) + (ao +a1)(eı — e2) + (2ao +aı + az) (e2 = e3) 


N-1 
+ Bao + a1 +--+ + a;)(e; — e:41). 
=3 


a 


If N = 2, we write v = ao(eo — 3e1) + Bao + a1)(e1 — e2). EN = 1, 
v= ao(€o = 3e1). 
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It is easy to compute the matrix Qu = (a;;) of the restriction of the inner 
product to (Zk )+ with respect to the basis (a9, an—1). We have 


(-8), ifN=1, (3 „) re2 


If N > 3, we have 
2 ifi=j, 
1 if |¢—j| = l and i,j > 1, 
1 if7=0,7 = 3, 
0 otherwise. 


For N > 3 the matrix A+2Jy is the incidence matrix of the graph from Figure 
7.5 (the Coxeter-Dynkin diagram of type Ta 3, n—3). 


a2 Q3 Q4 Q4 QN-2 QN 
e © © ... © + 





Figure 7.5 Coxeter-Dynkin diagram of type T>,3,n -3 


For 3 < N < 8 this is the Coxeter-Dynkin diagram of the root system of 
the semi-simple Lie algebra sl3 ® slz of type A2 + Ai if N = 3, of sl; of type 
QM, if N = 4, of $010 of type Ds if N = 5 and of the exceptional simple Lie 
algebra of type En if N = 6,7, 8. 

We have 

kå =9-N. 
This shows that the matrix Qw is negative definite if N < 9, semi-negative 
definite with 1-dimensional null-space for N = 9, and of signature (1, N — 1) 


for N > 10. By a direct computation one checks that its determinant is equal 
to N — 9. 


Proposition 7.5.6 Assume N < 8. There are only finitely many possible char- 
acteristic matrices. In particular, there are only finitely many possible charac- 
teristics of a homaloidal net with < 8 base points. 


Proof Let 
G={M €GL(N):'MQnM = Qn}. 


Since Qy is negative definite for N < 8, the group G is isomorphic to the 
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orthogonal group O(N). The latter group is a compact Lie group. A character- 
istic matrix belongs to the subgroup O(Q.n) = GNGL(N, Z). Since the latter 
is discrete, it must be finite. 














There are further properties of characteristic matrices for which we refer to 
[2] for the modern proofs. The most important of these is the following Clebsch 
Theorem. 


Theorem 7.5.7 Let A be the characteristic matrix. There exists a bijection 
b : N > N such that for any set I of columns with d; = n,i € I, there exists 
a set of rows J with #I = #J such that u; = B(a),j € J. 


Note that subtracting two columns (or rows) with the same first entry, and 
taking the inner product square, we easily get that they differ only at two en- 
tries by +1. This implies a certain symmetry of the matrix if one reorders the 
columns and rows according to Clebsch’s Theorem. We refer for the details to 


[2]. 





7.5.2 The Weyl groups 


Let Ey = (Zky)+ = ZN equipped with the quadratic form obtained by 
the restriction of the inner product in J‘. Assume N > 3. For any vector 
a € Ey with a? = —2, we define the following element in O( Ey): 


Ta ve v + (v, a)a. 


It is called a reflection with respect to a. It leaves the orthogonal complement 
to a pointwisely fixed, and maps a to —a. 


Definition 7.5.8 The subgroup W (En) of O(En) generated by reflections 
Ta; is called the Weyl group of En. 


The following Proposition is stated without proof. It follows from the theory 
of groups generated by reflections (see, for example, [187], 4.3). 


Proposition 7.5.9 The Weyl group W (En) is of infinite index in O(Ey ) for 
N > 10. For N < 10, 


O(Ey) = W(Ey) x (7), 


where T? = 1 andt =1if N = 7,8, T = —1 if N = 9,10 and 7 is induced 
by the symmetry of the Coxeter-Dynkin diagram for N = 4,5, 6. 








Note that any reflection can be extended to an orthogonal transformation of 
the lattice I’ (use the same formula). The subgroup generated by reflections 
Tai, i Æ 1, acts as the permutation group Gy of the vectors e1,...,en. 
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Lemma 7.5.10 (Noether’s inequality) Let v = (d,mı,..., mn). Assume 
d>0,mı >... > my > 0, and 


(i) m? = d +a; 
(ii) YÈ; m; =3d-2+a, 


where a € {—1,0, 1}. Then 
mı + M2 + mM > d. 
Proof We have 
m+ +m =d, mt tm =3d-3. 
Multiplying equality (ii) by mg and subtracting it from equality (i), we obtain 


mı (mı -ms)-+ma(ma —- ms) -) ‚mi(m3—m;) = d? +a—3m3(d— 25%). 
i>4 


We can rewrite the previous equality in the form 








(d 2-4) (mı t ma t m3 d 272) = (mı ms)(d 254 mı)- 


mem ma) mn) 








Note that 274 < 1 < d unless a = —1 when 274 = 1. In any case, (i) 
and (ii) give that d — 274 — m; > 0. Thus all summands in the right-hand 
side are positive. In the left-hand side, the factor d — 274 is positive unless 
d = 1,a = —1. In the latter case, all m; = 0 contradicting our assumption that 
my > 0. Thus we obtain mı + ma + Mmg > d + 2, Since 4 = -3 if it 


is not positive, this implies mı + ma + M3 > d. 




















Corollary 7.5.11 
mı > d/3. 


We can apply Noether’s Lemma to the case when v = (d,mı,..., my) is 
the characteristic vector of ahomaloidal net or when deg — > me; is the class 
of an exceptional configuration. 


Definition 7.5.12 Letv = deo — Ae mie; € IN. We say that v is of 
homaloidal type (resp.conic bundle type, exceptional type) if it satisfies condi- 
tions (i) and (ii) from the above with a = —1 (resp. a = 0, resp. a = 1). We 
say that v is of proper homaloidal (exceptional type) if there exists a Cremona 
transformation whose characteristic matrix has v as the first (resp. second col- 
umn). 
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Lemma 7.5.13 Letv = deo — $`; mie; belong to the W (En )-orbit of e1. 
Then d > 0. Letn = Sn x; be a bubble cycle and a, : IN — Pic(Y,) 
be an isomorphism of lattices defined by choosing some admissible order of n. 





Then a,(v) is an effective divisor. 


Proof The assertion is true for v = eı. In fact, a,,(v) is the divisor class 
of the first exceptional configuration E1. Let w = sk 0---0 sı € W(Ey) 
be written as the product of simple reflections with minimal possible k. One 














can show that k is uniquely defined by w. It is called the length of w. Let 
v = w(e1) = (d’,m/,..., my). We prove the assertion by using induction on 
the length of w. The assertion is obvious if k = 1 since v’ = eg — e; — ej or 
differs from v by a permutation of the m;’s. Suppose the assertion is true for 
all w of length < k. Let w has length k + 1. Without loss of generality, we may 
assume that s.+1 is the reflection with respect to some root eg — e; — e2 — e3. 
Then d’ = 2d — mı — ma — ma < 0 implies Ad? < (mı + ma + m3)? < 
3(m?+m3+m2), hence d? - m? -m2—-m3 < a . If d > 2, this contradicts 
condition (i) of the exceptional type. If d = 1, we check the assertion directly 
by listing all exceptional types. 

To prove the second assertion, we use the Riemann-Roch Theorem applied 
to the divisor class a,(v). We have ap (v)? = —1,a,(v)- Ky, = —1, hence 
h? (an (v)) +h? (Ky, — an(v)) > 1. Assume h°( Ky, —a,(v)) > 0. Intersect- 
ing Ky — a,(v) with eg = a,(eo), we obtain a negative number. However, 
the divisor class eo is nef on Y,,. This shows that h°(a,,(v)) > 0 and we are 
done. 

















Lemma 7.5.14 Let v be a proper homaloidal type. Then it belongs to the 
W (En )-orbit of the vector eo. 














Proof Let v = deg — Sy m;e; be a proper homaloidal type and n be the 
corresponding homaloidal bubble cycle. Let w € W (Eyn) and v’ = w(v) = 
d'eo — Di, mie;. We have m} = e; - v! = w!(e,) - v. Since w~! (e;) 
represents an effective divisor on Y,, and v is the characteristic vector of the 














corresponding homaloidal net, we obtain wt (e;)-v > 0, hence m; > 0. 
Obviously, m; > 0. We may assume that v # eo, i.e. the homaloidal 
net has at least three base points. Applying the Noether inequality, we find 
Mi, Mj, mx Such that m; + m; + mp, > d. We choose the maximal possi- 
ble such m;, mj, Mmg. After reordering, we may assume that mı > ma > 
m3 >... > my. Note that this preserves the properness of the homaloidal 
type since the new order on n is still admissible. Applying the reflection s with 
respect to the vector eg — e; — e2 — e3, we obtain a new homaloidal type 
v = d'eo — en mie; with d’ = 2d — mı — mz — m3 < d. As we saw 
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above, each m; > 0. So, we can apply Noether’s inequality again until we get 
w € W (Ex) such that the number of nonzero coefficients m; of v’ = w(v) is 
at most 2 (i.e. we cannot apply Noether’s inequality anymore). A straightfor- 
ward computation shows that such vector must be equal to eo. 


























Remark 7.5.15 Observe that the characteristic matrix of a quadratic transfor- 
mation with fundamental points x1, £2, 73 is the matrix of the reflection Sao 
with respect to the vector a1 = eg — €1 — €2 — e3. So, the previous Proposition 
seems to prove that by applying a sequence of quadratic transformation we ob- 
tain a Cremona transformation with characteristic vector (1,0,...,0). It must 
be a projective transformation. In other words, any Cremona transformation is 
the composition of quadratic and projective transformations. This is the content 
of Noether’s Factorization Theorem, which we will prove later in this section. 
The original proof by Noether was along these lines, where he wrongly pre- 
sumed that one can always perform a standard quadratic transformation with 
fundamental points equal to the highest multiplicities, say mı, ma, m3. The 
problem here is that the three points 71, £2, £3 may not represent the funda- 
mental points of a standard Cremona transformation when one of the following 
cases happens for the three fundamental points £1, £2, x3 of highest multiplic- 
ities: 


G) 22 > 21,23 > T1; 
(ii) the base ideal in an affine neighborhood of x; is equal to (u, v?) (cus- 
pidal case). 


Theorem 7.5.16 Let A be a characteristic matrix of a homaloidal net. Then 
A belongs to the Weyl group W (En). 


Proof Let Ay = (d, —mı,...,—mn) be the first column of A. Applying the 
previous lemma, we obtain w € W (Ex), identified with a (N +1) x (N +1)- 
matrix, such that the w - Aı = eg. Thus the matrix A’ = w - A has the first 
column equal to the vector (1,0,..., 0). Since A’ is an orthogonal matrix (with 
respect to the hyperbolic inner product), it must be the block matrix of the unit 
matrix J; of size 1 and an orthogonal matrix O of size n— 1. Since O has integer 
entries, it is equal to the product of a permutation matrix P and the diagonal 
matrix with +1 at the diagonal. Since A - ky = ky and ‘w-ky = ky, 
this easily implies that O is the identity matrix In. Thus w- A = In 41 and 
AE W( un): 


















































Proposition 7.5.17 Every vector v in the W (En )-orbit of eo is a proper 
homaloidal type. 

















Proof Letv = w(eo) for some w € W(En). Write w as the composition of 
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simple reflections sx 0 --- o sı. Choose an open subset U of (P?)% such that 
an ordered set of points (x1,..., £n) € U satisfies the following conditions: 

(i) x; A x; fori Æ j; 

(ii) if $1 = Sen-e;-e;—e,, then z4, £j, £k are not collinear; 

(iii) let T be the involutive quadratic transformation with the fundamental 
points £i, £j, £k and let (y1,..., yn) be the set of points with y; = xi, yj = 
Lj,Yk = ty and yn = T(x) for h F i,j,k. Then (y,..., yn) satisfies 
conditions (i) and (ii) for sı is replaced with s2. Next do it again by taking s3 
and so on. 

It is easy to see that in this way U is a non-empty Zariski open subset of 
(P?)% such that w(eo) represents the characteristic vector of a homaloidal 
net. 























Corollary 7.5.18 Every vector v in the W (En )-orbit of e; can be realized 
as a proper exceptional type. 














Proof Letv = w(eı) for some w € W(Ex). Then let 7 be a bubble cy- 
cle realizing the homaloidal type w(e,) and T be the corresponding Cremona 
transformation with characteristic matrix A. Then v is its second column, and 
hence corresponds to the first exceptional configuration Ef for 6". 

















7.5.3 Noether-Fano inequality 


First we generalize Corollary 7.5.11 to birational maps of any rational surfaces. 

The same idea works even for higher-dimensional varieties. Let T : S --+ S” 

be a birational map of surfaces. Let 7 : X — S,a: X — S" be its resolution. 

Let H’ be a linear system on X’ without base points. For any H’ € H’, H € H, 
o*(H’) ~ n*(H) — 5 mie; 


t 


where E; are the exceptional configurations of the map 7. Since H’ has no 
base points, o*(H’) has no base points. Thus any divisor o* (H’) intersects 
non-negatively any curve on X. In particular, 


o*(H') - E&i = -m&=m>0. (7.62) 


This can be interpreted by saying that T~'(H’) belongs to the linear system 
|H — n|, where 7 = ` miz; is the bubble cycle on S defined by z. 


Theorem 7.5.19 (Noether-Fano inequality) Assume that there exists some 
integer mo > 0 such that |H' + mKs| = 0 form > mo. For any m > mo 
such that |H + mK | 4 Ö there exists i such that 


Mmi > m. 
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Moreover, we may assume that x; is a proper point in S. 


Proof We know that Kx = n"(Ks) + >, E:. Thus we have the equality in 
Pic(X) 


o*(H’) +mKx = (n*(H +mKs)) +) (m - mi)&. 


Applying o, to the left-hand side we get the divisor class H’ + mK s which, 
by assumption cannot be effective. Since |7*(H +mKs)| 4 0, applying cx to 
the right-hand side, we get the sum of an effective divisor and the image of the 
divisor Xm — m;)E;. If all m — m; are non-negative, it is also an effective 
divisor, and we get a contradiction. Thus there exists ¿ such that m — m; < 0. 

The last assertion follows from the fact that m; > m; if £j > zi. 














Example 7.5.20 Assume S = S’ = P?, [H] = dh and [H’] = h. We have 
|H + Ks| = | — 2h| = 0. Thus we can take mo = 1. If d > 3, we have for 
any 1 < a < d/3, |H' + aKs| = |(d — 3a)h| # 0. This gives m; > d/3 for 
some 2. This is Corollary 7.5.11. 

Example 7.5.21 Let S = F, and S’ = F, be the minimal rational ruled 
surfaces. Let H’ = |f|, where f’ is the divisor class of a fiber of the fixed 
projective bundle structure on S’. The linear system |f’| is a pencil without 
base points. So we can write o*(H’) = |m*(af + be) — n| for some bubble 
cycle, where f, e are the divisor classes of a fiber and the exceptional section 
on S. Here (X, 7, ø) is a resolution of T. Thus H C |af + bel. 

By (??), 


Kg = —(2+ n)f — 2e, Kg: =-(2+r)f — 2e. (7.63) 
Thus |H’ + Kg-| = |(—1 — n)f — 2e| = Ø. We take mo = 1. We have 
|af + be + mK s| = |(a — m(2 + n))f + (b — 2m)el. 


Assume that 





1<b< ; 
< =2+n 


If m = [b/2], then m > mg and both coefficients a — m(2 + n) and b — 2m 
are non-negative. Thus we can apply Theorem 7.5.19 to find an index 7 such 
that m; > m > b/2. 

In the special case, when n = 0, i.e. S = P! x Pt, the inequality b < a 
implies that there exists ö such that m; > b/2. 

Similar argument can be also applied to the case $ = P?, S’ = F,.. In this 
case, H = |ah| and |h + mK's| = |(a — 3m)h|. Thus, we can take m = [a/3] 
and find ö such that m; > a/3. 
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7.5.4 Noether’s Factorization Theorem 
We shall prove the following. 


Theorem 7.5.22 The group Bir(F 0) is generated by biregular automorphisms 
and a birational automorphism ez y for some pair of points x, y. 


Applying Proposition 7.4.8, we obtain the following Noether’s Factorization 
Theorem. 


Corollary 7.5.23 The group Bir(P?) is generated by projective automor- 
phisms and quadratic transformations. 


Now let us prove Theorem 7.5.22. Let T : F, --» Fm be a birational map. 
Let 
Pic(F,) = Zf+ Ze, Pic(Fm) = Zf + Ze’, 
where we use the notation from the previous Subsection. We have two bases in 
Pic(X) 
: N); n*(e), e= [Ei], t=1,... ‚N, 


I 


For simplicity of notation, let us identify f, e, f’, e’ with their inverse transforms 
in Pic(X). Similar to the case of birational maps of projective plane, we can 
use an ordered resolution (X, 7, o) of T to define its characteristic matrix A. 


Lemma 7.5.24 Let T be a quadratic transformation with two (resp. one) 
proper base points. Then T is equal to the composition of two (resp. four or 
less) quadratic transformations with proper base points. 


Proof Composing the transformation T with a projective transformation, we 
may assume that T is either T% or T = T (see Example 7.1.9). In the first 
case, we compose T with the quadratic transformation T” with fundamental 
points [1, 0, 0], [0, 1, 0], [1, 0, 1] given by the formula: 

lto; t1; t2] = [t1t2, tı (to — t2), ta(to — t2)]. 
The composition 7’ o T% is given by the formula 


lto, t1, t2] = [tötıta, tot2(ta — to), totıta(ta — to)] = [tot1, t2(t2 — to), tı (t2 — to). 


It is a quadratic transformation with three fundamental points [0, 1, 0], [1, 0, 0], 
and [1, 0, 1]. 
In the second case, we let T” be the quadratic transformation 


[to, ti» tal == [otı, titz, t2] 
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with two proper fundamental points [1, 0, 0], [0, 1, 0]. The composition T” o Ty 
is given by 


lto #4, t] = [il — tots), titz titz] = [t3 — tots, tate, t2) 


It is a quadratic transformation with two proper base points. By the above, 
T’ and T” o T are equal to the composition of two quadratic transformations 
with three proper points. Thus T’ is a composition of four, or less, quadratic 
transformations with three proper base points. 














Lemma 7.5.25 Let T : Fo --+ Fo be a birational automorphism equal to a 
composition of elementary transformations. Then T is equal to a composition 
of biregular automorphisms of Fo and a transformation ez y for a fixed pair of 
points x,y, where y is not infinitely near x. 


Proof It follows from Proposition 7.4.8 and the previous Lemma that ez y, 
where y >, x can be written as a composition of two transformations of type 
€x’ y’ With no infinitely near points. Now notice that the transformations ez y 
and ez y for different pairs of points differ by an automorphism of Fo which 
sends x to x’ and y to y’. Suppose we have a composition T of elementary 
transformations 


Fo ==> Fy SER a OSS 1 --+ Fo. 


If no Fo occurs among the surfaces F, here, then T is a composition of even 
number k of elementary transformations preserving the projections to P!. It 
is clear that not all points x; are images of points in Fo lying on the same 
exceptional section as xı. Let x; be such a point (maybe infinitely near x1). 
Then we compose T with ev, x, to obtain a birational map T’ : Fo --+ Fo 
which is a composition of k — 2 elementary transformations. Continuing in this 
way we write T as a composition of transformations ey y’. 


elms; elmz, à 
IfF; --+ Fo --> F; occurs, then elm,, may be defined with respect to 


another projection to P+. Then we write this as a composition of the automor- 
phism 7 of P! x Pt which switches the factors and the elementary transforma- 
tion with respect to the first projection. Then we repeat this if such (Fo, elm,,, ) 
occurs again. 














Let T : Fo --> Fo be a birational transformation. Assume the image of |f| is 
equal to |af + be — }* m,a|. Applying the automorphism 7, if needed, we may 
assume that b < a. Thus, by using Example 7.5.21, we can find a point x with 
Mz, > b/2. Composing T with elm,, we obtain that the image of |f| in F4 is the 
linear system |a’f’ + be’ — mya! — Ber myy|, where Mz: = b— m. < Mz. 
Continuing in this way, we get a map T” : Fo --+ F, such that the image of 
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|f| is the linear system |a’f’ + be’ — X` m.x|, where all my < b/2. If b = 1, we 
get all m; = 0. Thus T” is everywhere defined and hence q = 0. The assertion 
of the Theorem is verified. 

Assume b > 2. Since all m; < b/2, we must have, by Example 7.5.21, 


2a’ 
2+q 





b> 


Since the linear system |a’ f’ + bs’| has no fixed components, we get 
(a'f + be’) -e =a’ — bq > 0. 


Thus q < a’/b < (2 + q)/2, and hence q < 1. If q = 0, we get b > a’. 
Applying T, we will decrease b and will start our algorithm again until we 
either arrive at the case b = 1, and we are done, or arrive at the case q = 1, and 
b > 2a’/3 and all my < b/2. 

Let m : Fı — P? be the blowing down the exceptional section to a point q. 
Then the image of a fiber |f| on F; under 7 is equal to |h — q|. Hence the image 
of our linear system in P? is equal to |a’h—(a’ —b)q— pt pl. Obviously, 
we may assume that a’ > b, hence the coefficient at q is non-negative. Since 
b > 2a’/3, we get a’ — b < a’/3. By Example 7.5.21, there exists a point 
p # q such that m, > a’ /3. Let r(x) = p and E, be the exceptional curve 
corresponding to x and s be the exceptional section in F4. If x € S, the divisor 
class e — e; is effective and is represented by the proper inverse transform of s 
in the blow-up of x. Then 


(a'f + be — me - ) miei) -(e-e1) <a —b- m, <0. 
i>1 

This is impossible because the linear system |a’f + be — maz — 7,4, Y| on 
F ;has no fixed part. Thus x does not lie on the exceptional section. If we apply 
elm,, we arrive at Fy and may assume that the new coefficient at f’ is equal 
to a’ — m/,. Since m/, > a’/3 and a’ < 3b/2, we see that a’ — m’, < b. Now 
we apply the switch automorphism 7 to decrease b. Continuing in this way, 
we obtain that T is equal to a product of elementary transformations and auto- 
morphisms of Fo. We finish the proof of Theorem 7.5.22 by applying Lemma 
a? 

Applying Lemma 7.4.6, Proposition 7.4.8 and Lemma 7.5.25, we obtain the 
following. 


Corollary 7.5.26 The group Cr(2) of Cremona transformations of P? is gen- 
erated by projective automorphisms and the standard Cremona transformation 
Ts. 
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Remark 7.5.27 It is known that for n > 2, the Cremona groups Cr(n) := 
Bir(P”) cannot be generated by the subgroup of projective transformations 
and a countable set of other transformations. For n = 3, this is a classical 
result of Hilda Hudson [307]. A modern, and different, proof for n > 3 can be 
found in [428]. 


Exercises 


7.1 Show that Cremona transformations with reduced O-dimensional base scheme exist 
only in dimension 2. 


7.2 Find all possible Cremona transformations of P? with base scheme equal to the 
union of skew lines. Describe their P-loci. 


7.3 Prove that the base scheme of a Cremona transformation is not a complete intersec- 
tion of hypersurfaces. 


7.4 Let Z be the union of four 4 skew lines in P? and two lines intersecting them. Show 
that the linear system of cubic surfaces through Z defines a Cremona transformation. 
Find its P-locus, as well as the base scheme and the P-locus of the inverse Cremona 
transformation. 


7.5 A Cremona transformation T of P” is called regularizable if there exists a rational 
variety X, a birational morphism & : X — P”, and an automorphism g of X such that 
T = po go 7t. Show that any T of finite order in Cr(n) is regularizable. On the other 
hand, a general quadratic transformation is not regularizable. 


7.6 Consider a minimal resolution X of the standard quadratic transformation Ts with 
three proper base points. Show that Ty lifts to an automorphism o of X. Show that o 
has four fixed points and the orbit space X/(c) is isomorphic to the cubic surface with 
four nodes given by the equation totıta + totit3 + titet3 + totet3 = 0. 


7.7 Consider the rational map defined by 
lto, t1, t2] + [tite (to — te) (to — 2t1), tote (ti — te) (to — 2t1), totı (tı — te) (to — t2)]. 


Show that it is a Cremona transformation and find the Enriques diagram of the corre- 
sponding bubble cycle. 


7.8 Let C be a plane curve of degree d with a singular point p. Let r : X — P? bea 
sequence of blow-ups which resolves the singularity. Define the bubble cycle n(C, p) = 


mix: as follows: xı = p and mı = mult,C, x2,..., £p are infinitely near points 
to p of order 1 such that the proper transform C” of C under the blow-up at p contains 
these points, m; = multz,C’,i = 2,...,k, and so on. 


(i) Show that the arithmetic genus of the proper transform of C in X is equal to 
id- 1)(4—2) — 3, mim — 1). 

(ii) Describe the Enriques diagram of n(C, p), where C = vn + t), p = 
[1,0,0], and a < b are positive integers. 


7.9 Show that two hyperelliptic plane curves Hm and H/, of degree m and genus m— 2 
are birationally isomorphic if and only if there exists a de Jonquières transformation 
which transforms one curve to another. 
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7.10 Consider a set of five points 0, £1, £2, £3, za such that the last three points are 
collinear. Consider a de Joinquiéres transformation of degreee 3 with fundamental point 
o of multiplicity 2 and simple fundamental points at the points xi. Show that one of five 
total principal curves is reducible. 


7.11 Let Hg+2 be a hyperelliptic curve given by Equation (7.46). Consider the linear 
system of hyperelliptic curves Hy+2 = V (t3gq(to, t1) +2t29q+1 (to, t1) +9q+2(to, tı)) 
such that fggg+2 — 2fg+19g+1 + fg+29q = 0. Show that 


(i) the curves H,+2 exist if q > (g — 2)/2; 

(ii) the branch points of Hg+2 belong to H,+2 and vice versa; 

(iii) the curve H,+2 is invariant with respect to the de Jonquières involution [H,+2 
defined by the curve H,+2 and the curve H,+2 is invariant with respect to the de 
Jonquières involution I H,+2 defined by the curve H,+2; 

(iv) the involutions [1H +2 and 1H +42 commute with each other; 

(v) the fixed locus of the composition H,,2 © H,+2 is given by the equation 


fo fo+1 Jo+2 
fotat3 = det | 9q Gat+1 9a+2 | =0; 
i -b 8 








(vi) the de Jonquières transformations that leave the curve Hg+2 invariant form a 
group. It contains an abelian subgroup of index 2 that consists of transformations 
which leave H,+2 pointwisely fixed. 


7.12 Consider the linear system La,» = |af + bs| on Fn, where s is the divisor class 
of the exceptional section, and f is the divisor class of a fibre. Assume a, b > 0. Show 
that 


(i) La,» has no fixed part if and only if a > nb; 

(ii) La,» has no base points if and only if a > nb; 

(iii) Assume b = 1 anda > n. Show that the linear system La,ı maps Fn in 
p?e=n+1 onto a surface Xa,n of degree 2a — n; 

(iv) show that the surface Xa,n is isomorphic to the union of lines va (X)vVa-n (X), 
where va : P! > PY van: Pp! — Pe~” are the Veronese maps, and P® and 
P@=" are identified with two disjoint projective subspaces of P""+1, 














7.13 Find the automorphism group of the surface F». 


7.14 Compute characteristic matrices of symmetric Cremona transformations of degree 
5,8 and 17. 


7.15 Let C be an irreducible plane curve of degree d > 1 passing through the points 
%1,..-,%n With multiplicities mı >... > Mn. Assume that its proper inverse trans- 
form under the blowing up the points 21,...,2n is a smooth rational curve C with 
©? = —1. Show that mı + m2 + m3 > d. 


7.16 Let (m, mı,..., Mn ) be the characteristic vector of a Cremona transformation. 
Show that the number of fundamental points with m; > m / 3 is less than 9. 


7.17 Compute the characteristic matrix of the composition T o T’ of a de Jonquières 
transformation T with fundamental points 0,71, 2%2,...,£2a—2 and a quadratic trans- 
formation T’ with fundamental points 0, £1, £2. 


7.18 Leto : A? — A? be an automorphism of the affine plane given by a formula 
(x,y) > (x+ P(y), y), where P is a polynomial of degree d in one variable. Consider 
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o as a Cremona transformation. Compute its characteristic matrix. In the case d = 3 
write as a composition of projective transformations and quadratic transformations. 


7.19 Show that every Cremona transformation is a composition of the following maps 
(“links”): 


(i) the switch involution r : Fo — Fo; 

(ii) the blow-up o : F; > P?; 

(iii) the inverse 0! : P? --> Fy; 

(iv) an elementary transformation elm, : F, --+ F441. 





7.20 Show that any planar Cremona transformation is a composition of de Jonquiéres 
transformations and projective automorphisms. 

7.21 Let zo = [0,1] x [1,0] € Pt x Pt, yo = T(to), where r : Pt — P! is the 
switch of the factors. Show that e,,,., is given by the formula [uo, u1] x [vo, vı] > 
[uo, ui] x [uov1, u2v0]. Check that the composition T = T © €yp,x9 satisfies T? = id. 


7.22 Let P be a linear pencil of plane curves whose general member is a curve of 
geometric genus 1 and f : P? --+ P! be a rational map it defines. 


(i) Show that there exist birational morphisms 7 : X — P?,¢ : X — Pt with 
f = dor! such that ¢ : X — P! is a relatively minimal rational elliptic 
surface. 

(ii) Use the formula for the canonical class of an elliptic surface to show that the 
divisor class of a fiber is equal to -mK x for some positive integer m. 

(iii) Show that there exists a birational morphism ø : X — P? such that the image of 
the elliptic fibration is an Halphen pencil of index m, i.e. a linear pencil of curves 
of degree 3m with nine m-multiple base points (including infinitely near). 

(iv) Conclude by deducing Bertini’s Theorem, which states that any linear pencil 
of plane elliptic curves can be reduced by a plane Cremona transformation to an 
Halphen pencil. 


7.23 Find all possible characteristic vectors of planar Cremona transformations with 
N < 8 base points. 


Historical Notes 


A comprehensive history of the theory of Cremona transformations can be 
found in several sources [128], [307], and [535]. Here we give only a brief 
sketch. 

The general study of plane Cremona transformations was first initiated by L. 
Cremona in his two papers [142] and [143] published in 1863 and 1864. How- 
ever, examples of birational transformations have been known since the an- 
tiquity, for example, the inversion transformation. The example of a quadratic 
transformation, which we presented in Example 7.3.17 goes back to Poncelet 
[452], although the first idea of a general quadratic transformation must be 
credited to C. MacLaurin [374]. It was generally believed that all birational 
transformations must be quadratic and much work was done in developing 
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the general theory of quadratic transformations. The first transformation of ar- 
bitrary degree was constructed in 1859 by E. de Jonquiéres in [161], the de 
Jonquiéres transformations. His memoir remained unpublished until 1885 al- 
though an abstract was published in 1864 [160]. In his first memoir [142] Cre- 
mona gives a construction of a general de Jonquiéres transformation without 
reference to de Jonquieres. We reproduced his construction in Section 7.3.6. 
Cremona gives the credit to de Jonquiéres in his second paper. Symmetric 
transformations of order 5 were first studied by R. Sturm [550], of order 8 by C. 
Geiser [238], and of order 17 much later by E. Bertini [40]. In his second paper 
Cremona lays the foundation of the general theory of plane birational transfor- 
mations. He introduces the notion of fundamental points and principal curves, 
establishes the equalities (7.35), proves that the numbers of fundamental points 
of the transformation and its inverse coincide, proves that principal curves are 
rational and computes all possible characteristic vectors up to degree 10. The 
notion of a homaloidal linear system was introduced by Cremona later, first 
for space transformations in [146] and then for plane transformations in [147]. 
The word “homaloid” means flat and was used by J. Sylvester to mean a linear 
subspace of a projective space. More generally, it was applied by A. Cayley to 
rational curves and surfaces. Cremona also introduced the net of isologues and 
proved that the number of fixed points of a general transformation of degree d 
is equal to d + 2. In the special case of de Jonquiére transformations this was 
also done by de Jonquiére in [161]. The notion of isologue curves belongs to 
him as well as the formula for the number of fixed points. 

Many special Cremona transformations in P? are discussed in Hudson’s 
book [307]. In her words, the most interesting space transformation is the bi- 
linear cubo-cubic transformation with base curve of genus 3 and degree 6. It 
was first obtained by L. Magnus in 1837 [376]. In modern times bilinear trans- 
formations, under the name determinantal transformations, were studied by I. 
Pan [430], [429] and by G. Gonzales-Sprinberg [251]. 

The first major result in the theory of plane Cremona transformations af- 
ter Cremona’s work was Noether’s Theorem. The statement of the Theorem 
was guessed by W. Clifford in 1869 [115]. The original proof of M. Noether 
in [415] based on Noether’s inequality contained a gap which we explained 
in Remark 7.5.15. Independently, J. Rosanes found the same proof and made 
the same mistake [477]. In [416] Noether tried to correct his mistake, taking 
into account the presence of infinitely near fundamental points of highest mul- 
tiplicities where one cannot apply a quadratic transformation. He took into 
account the case of infinitely near points with different tangent direction but 
overlooked the cuspidal case. The result was accepted for thirty years, until in 
1901, C. Segre pointed out that the cuspidal case was overlooked [516]. In the 
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same year, G. Castelnuovo [67] gave a complete proof along the same lines 
as used in this chapter. In 1916, J. Alexander [4] raised objections to Castel- 
nuovo’s proof and gives a proof without using de Jonquiéres transformations 
[4]. This seems to be a still accepted proof. It is reproduced, for example, in 
[3]. 

The characteristic matrices of Cremona transformation were used by S. Kan- 
tor [327] and later by P. Du Val [195]. The latter clearly understood the connec- 
tion to reflection groups. The description of proper homaloidal and exceptional 
types as orbits of the Weyl groups were essentially known to H. Hudson. There 
are numerous modern treatments; these started from M. Nagata [408] and cul- 
minated in the monograph of M. Alberich-Carraminana [2]. A modern account 
of Clebsch’s Theorem and its history can be also found there. Theorem 7.5.16 
is usually attributed to Nagata, although it was known to S. Kantor and A. 
Coble. 

The original proof of Bertini’s Theorem on elliptic pencils discussed in Ex- 
ercise 7.20 can be found in [40]. The Halphen pencils were studied by G. 
Halphen in [276]. A modern proof of Bertini’s Theorem can be found in [174]. 
A survey of results about reducing other linear system of plane curves by pla- 
nar Cremona transformation to linear systems of curves of lower degree can 
be found in [535] and in [250]. The formalism of bubble spaces originated 
from the classical notion of infinitely near points first introduced by Yu. Manin 
[377]. 

The theory of decomposition of Cremona transformation via composition 
of elementary birational isomorphisms between minimal ruled surfaces has a 
vast generalization to higher dimensions under the name Sarkisov program 
(see [131)). 

We intentionally omitted the discussion of finite subgroups of the Cremona 
group Cr(2); the modern account of this classification and the history can be 
found in [188]. 


8 


Del Pezzo surfaces 


8.1 First properties 
8.1.1 Surfaces of degree d in P? 


Recall that a subvariety X C P” is called nondegenerate if it is not contained 
in a proper linear subspace. All varieties we consider here are assumed to be 
reduced. Let d = deg(X). We have the following well-known (i.e., can be 
found in modern text-books, e.g. [267], [278]) result. 


Theorem 8.1.1 Let X be an irreducible nondegenerate subvariety of P” of 
dimension k and degree d. Then d > n — k + 1, and the equality holds only in 
one of the following cases: 


(i) X is a quadric hypersurface; 
(ii) X is a Veronese surface V4 in P3; 
(iii) X is a cone over a Veronese surface V4 in P5; 


(iv) X is a rational normal scroll. 


Recall that a rational normal scroll is defined as follows. Choose k disjoint 
linear subspaces L1,..., Lp in P” which together span the space. Let a; = 
dim L;. We have sar a; = n—k+1. Consider Veronese maps s fva; : pi 
L; and define Sq, ....,a,;n to be the union of linear subspaces spanned by the 
points vq, (£), .. ‚va, (£), where x € P!. It is clear that dim Sa, ay: 
and it is easy to see that deg So, apin = Q1 +: +a, and dim Saz... apin = 
k. In this notation, it is assumed that ay < ag < ... < ap. 

A rational normal scroll Sa; ‚as,n of dimension 2 with aj = a,az = n—1—a 
will be redenoted by Sn. Its degree is n — 1 and it lies in P”. For example, 
S13 is a nonsingular quadric in P? and So,3 is an irreducible quadric cone. 


Corollary 8.1.2 Let S be an irreducible nondegenerate surface of degree d 
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in P”. Then d > n — 1 and the equality holds only in one of the following 
cases: 


(i) X is a nonsingular quadric in P’; 
(ii) X is a quadric cone in P°; 
(iii) X is a Veronese surface va(P?) in P°; 


(iv) X is a rational normal scroll San C P”. 


The del Pezzo surfaces come next. Let X be an irreducible nondegenerate 
surface of degree d in P. A general hyperplane section H of X is an irre- 
ducible curve of degree d. Let pa = ht (X, Ox) denote its arithmetic genus. 
There are two possibilities: pa = 0 or pa = 1. In fact, projecting to P? from 
a general set of d — 3 nonsingular points, we get an irreducible curve H’ 
of degree 4 in P?. Taking nine general points in H’, we find an irreducible 
quadric surface Q containing H’. If Q is singular, then its singular point lies 
outside H’. We assume that Q is nonsingular, the other case is considered sim- 
ilarly. Let fı and fa be the divisor classes of the two rulings generating Pic(Q). 
Then H’ € lafı + bf2| with a,b > 0 and a + b = deg H’ = 4. This gives 
(a,b) = (3,1), (1, 3), or (2, 2). In the first two cases pa( H’) = 0, in the third 
case pa( H’) = 1. 


Proposition 8.1.3 An irreducible nondegenerate surface X of degree d in 
P@ with hyperplane sections of arithmetic genus equal to 0 is isomorphic to a 
projection of a surface of degree d in P+}, 


Proof Obviously, X is a rational surface. Assume that X is embedded in P? 
by a complete linear system, otherwise it is a projection from a surface of the 
same degree in PN*+!. A birational map f : P? --» X is given by a linear 
system |mh — n| for some bubble cycle n = >> mixi. By Proposition 7.3.2, 
we have 


N 
d= deg X =m? — Sm, 


i=l 


r = dim|mh-n| > 3 m(m + 3) mim +1) 


Since hyperplane sections of X are curves of arithmetic genus 0, we get 


8.1 First properties 385 
Combining all this together, we easily get 
r>d-+l. 


Since X is nondegenerate, we must get the equality r = d+ 1. Thus X isa 
surface of degree d in P¢+", and we get a contradiction. 














Recall that an irreducible reduced curve of arithmetic genus pa = 0 is a 
nonsingular rational curve. It follows from the Proposition that every surface X 
embedded in P” by a complete linear system with rational hyperplane sections 
has degree n + 1. By Corollary 8.1.2, it must be either a scroll or a Veronese 
surface. For example, if we take m = 4, N = 3,mı ma ms 2, we 
obtain a surface of degree 4 in P°. It is a Veronese surface in disguise. Indeed, if 
we compose the map with a quadratic transformation with fundamental points 
at £1, £2, £3, we obtain the result that the image is given by the linear system 
of conics in the plane, so the image is a Veronese surface. On the hand, if we 
take m = 3, N = 1,m = 2, we get a surface X of degree 5 in P®. The family 
of lines through the point xı is mapped to a ruling of lines on X, so X is a 
scroll. 














Proposition 8.1.4 Suppose X is a scroll of degree d in P?, d > 3, that is not 
a cone. Then X is a projection of a scroll of degree d in P¢+?, 


Proof Projecting a scroll from a point on the surface we get a surface of 
degree d’ in P@-! satisfying 


d=kd +1, (8.1) 


where k is the degree of the rational map defined by the projection. Since the 
image of the projection is a nondegenerate surface, we obtain d’ > d — 2, the 
only solution is k = 1 and d = d — 1. Continuing in this way, we arrive at 
a cubic surface in P’. By Proposition 8.1.6, it is a cone, hence it is a rational 
surface. We will see later, in Chapter 10, that a rational scroll is a projection of 
a normal rational scroll S4 n of degree n — 1 in P”. 














The classical definition of a del Pezzo surface is the following. 


Definition 8.1.5 A del Pezzo surface is a nondegenerate irreducible surface 
of degree d in P? that is not a cone and not isomorphic to a projection of a 
surface of degree d in P+}, 


According to a classical definition (see [526], 4.5.2), a subvariety X is called 
normal subvariety if it is not a projection of a subvariety of the same degree. 
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Recall that a closed nondegenerate subvariety X of degree d in P” is called 
linearly normal if the restriction map 


r: H°(P",Ox(1)) + H°(X, Ox(1)) (8.2) 
is bijective. 
The relation between the two definitions is the following one. 
Proposition 8.1.6 Suppose X is a normal nondegenerate subvariety in P”. 


Then X is linearly normal. Conversely, if X is linearly normal and normal 
(i.e. coincides with its normalization), then it is anormal subvariety. 


Proof Itis clear that X is nondegenerate if and only if r is injective. If it is 
not surjective, then linear system |O x (1)| embeds X in P™ with m > n with 
the image X’ of the same degree, and X is a projection of X. 

Conversely, suppose the restriction map r is surjective and X is a projection 
of X’ of the same degree. The center of the projection does not belong to X’, 
so the projection is a regular map p : X’ — X. We have p*Ox(1) = Ox (1). 
By the projection formula p4 p*0 x: (1) = Ox (1)8&r,0 x. Since X is normal, 
pxOx: = Ox (see [282]). Thus the canonical homomorphism 


H(X, Ox(1)) > H°(X', Ox (1)) S H? (X, pep*Ox (1) (8.3) 
is bijective. Since r is bijective, 
dim H°(X,Ox(1)) = dim H? (X' Ox (1))=n +1. 


Since X’ is nondegenerate, dim H°(X’, Ox: (1)) > n + 2. This contradiction 
proves the assertion. 














Let Sy C P? be a del Pezzo surface. Assume d > 4. As in the proof of 
Proposition 8.1.4, we project Sq from a general subset of d — 3 nonsingular 
points to obtain a cubic surface S3 in P’. Suppose $3 is a cone over a cubic 
curve with vertex zo. A general plane section of Sg is the union of three con- 
current lines. Its preimage in S4 is the union of four lines passing through the 
preimage xp of xo. This means that the point x, is a singular point of multi- 
plicity 4 equal to the degree of S4. Clearly, it must be a cone. Proceeding in 
this way back to Sq, we obtain that Sq is a cone, a possibility which we have 
excluded. Next assume that S3 is not a normal surface. We will see later that it 
must be a scroll. A general hyperplane section of S4 passing through the center 
of the projection S4 --» S3 is a curve of degree 4 and arithmetic genus 1. Its 
image in S3 is a curve of degree 3 and arithmetic genus 1. So, it is not a line. 
The preimage of a general line on S3 must be a line on S4. Thus Sy is a scroll. 
Going back to Sg, we obtain that S4 is a scroll. This has been also excluded. 
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Thus, we obtain that a general projection of S4 from a set of d— 3 nonsingular 
points is a normal cubic surface. 
Let us derive immediate corollaries of this. 


Proposition 8.1.7 The degree d of a del Pezzo surface Sq is less than or equal 
to 9. 


Proof We follow the original argument of del Pezzo. Let Sa --» Sa_1 be the 
projection from a general point pı € Sq. It extends to a regular map S} > 
Sa-ı, where S% is the blow-up of pı. The image of the exceptional curve Eı 
of the blow-up is a line 41 in 57. Let Sa_1 — Sa_2 be the projection from a 
general point in Sa-ı. We may assume that the projection map Sa --+ Sa-ı 
is an isomorphism over pa and that pa does not lie on £41. Continuing in this 
way, we arrive at a normal cubic surface S3, and the images of lines £;, and so 
on, will be a set of disjoint lines on 53. We will see later that a normal cubic 
surface does not have more than six skew lines. This shows that d < 9. 














Proposition 8.1.8 A del Pezzo surface Sq is a normal surface (i.e. coincides 
with its normalization in the field of rational functions). 


Proof We follow the same projection procedure as in the previous proof. The 
assertion is true for d = 3. The map S/, — 53 is birational map onto a normal 
surface. Since we may assume that the center p of the projection S4 --+ Ss 
does not lie on a line, the map is finite and of degree 1. Since S3 is normal, it 
must be an isomorphism. In fact, the local ring A of a point x € S’, is integral 
over the local ring A’ point of its image x’ and both rings have the same fraction 
field Q. Thus the integral closure of A in Q is contained in the integral closure 
of A’ equal to A’. This shows that A coincides with A’. Thus we see that S4 
is anormal surface. Continuing in this way, we get that S5,..., Sq are normal 











surfaces. 





8.1.2 Rational double points 


Here we recall without proofs some facts about rational double points (RDP) 
singularities which we will often use later. The proofs can be found in many 
sources [16], [458], [441]. 

Recall that we say that a variety X has rational singularities if there exists 
a resolution of singularities 7 : Y — X such that Rin.Oy = 0,i > 0. One 
can show that, if there exists one resolution with this property, any resolution 
of singularities satisfies this property. Also, one can give a local definition of a 
rational singularity x € X by requiring that the stalk (R'z,Oy ), vanishes for 
i > 0. Note that a nonsingular points is, by definition, a rational singularity. 
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We will be interested in rational singularities of normal algebraic surfaces. 
Let 7: Y — X be a resolution of singularities. We can always choose it to be 
minimal in the sense that it does not factor nontrivially through another reso- 
lution of singularities. This is equivalent to that the fibres of 7 do not contain 
(—1)-curves. A minimal resolution always exists and is unique, up to isomor- 
phism. A curve in the fiber 7~!(a) is called an exceptional curve. 

Let Z = So n;E;, where n; > 0 and E; are irreducible components of 
rn 1(a), called exceptional components. We say that Z is a fundamental cycle 
if Z-E; < 0 for all BE, and Z is minimal (in terms of order on the set of effective 
divisors) with this property. A fundamental cycle always exists unique. 


Proposition 8.1.9 The following properties are equivalent: 


(i) x is a rational singularity; 

(ii) the canonical maps n* : H'(X,Ox) > H’ (Y, Oy) are bijective; 

(iii) for every curve (not necessarily reduced) Z supported in x—! (x), one 
has H'(Z,Oz) =0; 

(iv) for every curve Z supported inn \(x), pa(Z) :=1+3Z-(Z+Ky) < 
0. 


Recall that the multiplicity of a point x on a variety X is the multiplicity 
of the maximal ideal mx „ defined in any text-book in Commutative Algebra. 
If X is a hypersurface, then the multiplicity is the degree of the first nonzero 
homogeneous part in the Taylor expansion of the affine equation of X at the 
point z. 

If x is a rational surface singularity, then — Z? is equal to its multiplicity, 
and —Z? + 1 is equal to the embedding dimension of x (the dimension of 
mMx,2/ tis) [16], Corollary 6. It follows that a rational double point is locally 
isomorphic to a hypersurface singularity, and hence is a Gorenstein singularity. 
The converse is also true, a rational Gorenstein singularity has multiplicity 2. 

Suppose now that z is a rational double point of a normal surface X. Then 
each exceptional component E satisfies H!(E, Og) = 0. This implies that 
E = P!. Since the resolution is minimal, Æ? < —2. By the adjunction formula, 
E? +E. Ky =-2 implies E£ - Ky > 0. Let Z = X` n;E; be a fundamental 
cycle. Then, by (iii) from above, 


0=2+2°<-Z:.Ky=-) ni(E;-Ky). 


This gives E;- Ky = 0 for every Ej. By the adjunction formula, E? = —2. 
Let Kx be a canonical divisor on X. This is a Wey] divisor, the closure of a 
canonical divisor on the open subset of nonsingular points. Let 7* (Kx) be its 
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preimage on Y. We can write 
Ky = 1* (Kx) +A, 


where A is a divisor supported in m7! (x). Suppose x is a Gorenstein singular- 
ity. This means that wx is locally free at x, i.e. one can choose a representative 
of Kx which is a Cartier divisor in an open neighborhood of x. Thus, we can 
choose a representative of m*(Kx) which is disjoint from 7~'(a). For any 
exceptional component E;, we have 


It is known that the intersection matrix (E; - E;) of exceptional components is 
negative definite [403]. This implies that A = 0. 
To sum up, we have the following. 


Proposition 8.1.10 Leta: Y — X be a minimal resolution of a rational 
double point x on a normal surface X. Then each exceptional component of n 
is a (—2)-curve and Ky = n*(Kx). 


8.1.3 A blow-up model of a del Pezzo surface 


Let us show that a del Pezzo surface satisfies the following properties that we 
will take for a more general definition of a del Pezzo surface. 


Theorem 8.1.11 Let S be a del Pezzo surface of degree d in P®. Then all its 
singularities are rational double points and wg! is an ample invertible sheaf. 


Proof The assertion is true if d = 3. It follows from the proof of Proposition 
8.1.8 that S is isomorphic to the blow-up of a cubic surface at d — 3 nonsin- 
gular points. Thus the singularities of S are isomorphic to singularities of a 
cubic surface which are RDP. In particular, the canonical sheaf ws of S is an 
invertible sheaf. 

Let C be a general hyperplane section. It defines an exact sequence 


0-> Os =} Os(l) — Oc(1) > 0. 


Tensoring by wg, and applying the adjunction formula for C, we obtain an 
exact sequence 





0> ws > ws(1) > wc > 0. 
Applying Serre’s duality and Proposition 8.1.9, we obtain 
H’ (S, ws) = H' (S, Os) = 0. 


Since C is an elliptic curve, wo = Og. The exact sequence implies that 
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H°(S,ws(1)) # 0. Let D be an effective divisor defined by a nonzero sec- 
tion of ws(1). By the adjunction formula, its restriction to a general hyper- 
plane section is zero. Thus D is zero. This shows that ws(1) = Os, hence 
wg = Os(—1). In particular, ig” = Og(1) is ample (in fact, very ample). 














Definition 8.1.12 A normal algebraic surface S is called a del Pezzo surface 
if its canonical sheaf wg is invertible, we is ample and all singularities are 
rational double points. 


By the previous Theorem and by Propositions 8.1.8, a del Pezzo surface 
of degree d in P@ is a del Pezzo surface in this new definition. Note that one 
takes a more general definition of a del Pezzo surface without assuming the 
normality property (see [459]). However, we will not pursue this. 

Let 7 : X — S be a minimal resolution of singularities of a del Pezzo 
surface. Our goal is to show that X is a rational surface isomorphic either to 
a minimal rational surface Fo, or F9, or is obtained from P? by blowing up a 
bubble cycle of length < 8. 


Lemma 8.1.13 Any irreducible reduced curve C on X with negative self- 
intersection is either a (—1)-curve or (—2)-curve. 


Proof By the adjunction 
C? +C- Ks = degwc = 2dim H! (C, Oc) — 2 > —2. 


By Proposition 8.1.10, the assertion is true if C is an exceptional curve of 
the resolution of singularities 7 : X — S. Suppose (C) = C’ is a curve. 
Since — Ks is ample, there exists some m > 0 such that | — mK s| defines an 
isomorphism of S' onto a surface S’ in P”. Thus | — mK x| defines a morphism 
X — S’ which is an isomorphism outside the exceptional divisor of 7. Taking 
a general section in P”, we obtain that -mK x -C > 0. By the adjunction 
formula, the only possibility is C? = —1, and H! (C, Oc) = 0. 














Recall that a divisor class D on a nonsingular surface X is called nef if 
D.C > 0 for any curve C on X. It is called big if D? > 0. It follows from 
the proof of the previous Lemma that — K x is nef and big. 


Lemma 8.1.14 Let X be a minimal resolution of a del Pezzo surface S. Then 
H*(X,Ox) =0, +40. 


Proof Since S has rational double points, by Proposition 8.1.10, the sheaf ws 
is an invertible ample sheaf and 


wx =n" (wg). (8.4) 
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Since, ws =~ Og(—A) for some ample divisor A, we have wx 2 Ox(—A’), 
where A’ = 7*(A) is nef and big. We write 0 = Kx + A and apply Ramanu- 
jam’s Vanishing Theorem ([453], [355], vol. I, Theorem 4.3.1): for any nef 
and big divisor D on a nonsingular projective variety X 


H'(X,Ox(Kx + D)) =0, i> 0. 














Theorem 8.1.15 Let X be a minimal resolution of a del Pezzo surface. Then, 
either X S Fo, or X = Fo, or X is obtained from P? by blowing up N < 8 
points in the bubble space. 


Proof Let f : X — X’ be a morphism onto a minimal model of X. Since 
— Kx is nef and big, Kx’ = f«(Kx) is not nef but big. It follows from the 
classification of algebraic surfaces that X’ is a minimal ruled surface. Assume 
X’ is not a rational surface. By Lemma 8.1.14, H'(X',Ox) = 0. If p : 
X’ + B is a ruling of X’, we must have B & P! (use that the projection 
p : X' > B satisfies p,Ox: = Op and this defines a canonical injective map 
H'(B,Og) — H!(X’',Ox:)). Thus X’ = F, or P?. Assume X’ = F. If 
n > 2, the proper transform in X of the exceptional section of X’ has self- 
intersection —r < —n < —2. This contradicts Lemma 8.1.13. Thus n < 2. 
If n = 1, then composing the map X’ = F, — P?, we obtain a birational 
morphism X > X’ > P?, so the assertion is verified. 

Assume n = 2, and the birational morphism f : X — X’ = Fo is not 
an isomorphism. Then it is an isomorphism over the exceptional section (oth- 
erwise we get a curve on X with self-intersection < —2). Thus, it factors 
through a birational morphism f : X — Y — Fo, where Y is the blow- 
up of a point y € Fa not on the exceptional section. Let Y — Y’ be the 
blow-down morphism of the proper transform of a fiber of the ruling of Fa 
passing through the point y. Then Y” is isomorphic to F}, and the composition 
X + X' => Y > Y' > P?isabirational morphism to P?. 

Assume n = 0 and f : X — Fo is not an isomorphism. Again, we factor f 
as the composition X — Y — Fo, where Y — Fo is the blow-up of a point 
y € Fo. Blowing down the proper transforms of the lines through y, we get a 
morphism Y — P? and the composition X + Y — P?. 

The last assertion follows from the known behavior of the canonical class 
under a blow-up. If m : S — P? is a birational morphism which is a composi- 
tion of N blow-ups, then 





K% = Ke -N=9-N. (8.5) 


Since Kr > 0, we obtain N < 9. 
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Definition 8.1.16 The number d = Kẹ, is called the degree of a del Pezzo 
surface. 


It is easy to see that it does not depend on a minimal resolution of S. Note 
that this definition agrees with the definition of the degree of a del Pezzo sur- 
face S C PX in its classical definition. Indeed, let H be a hyperplane section 
of S, the intersection theory of Cartier divisors show that 


d= H? =5*(H)? = p (-Ks)}? = (-Kx)? = KX. 


Suppose S is a nonsingular del Pezzo surface. Since Kr, is not ample, we 
obtain the following. 


Corollary 8.1.17 Assume that S is a nonsingular del Pezzo surface. Then 
S = Fo or is obtained by blowing-up of a bubble cycle in P? of < 8 points. 


Definition 8.1.18 A weak del Pezzo surface is a nonsingular surface S with 
—Kg nef and big. 


So, we see that a minimal resolution of a singular del Pezzo surface is a 

weak del Pezzo surface. The proof of Theorem 8.1.15 shows that a weak del 
Pezzo surface is isomorphic to Fo, Fa or to the blow-up of a bubble cycle on 
P? that consists of < 8 points. 
Remark 8.1.19 Recall that a Fano variety is a nonsingular projective variety 
X with — K x ample. A quasi-Fano variety is a nonsingular variety with — K x 
big and nef. Thus a nonsingular del Pezzo surface is a Fano variety of dimen- 
sion 2, and a weak del Pezzo surface is a quasi-Fano variety of dimension 2. 


Definition 8.1.20 A blowing down structure on a weak del Pezzo surface S 
is a composition of birational morphisms 


T TN-1 T Tv 
£28 = Sy 25 Sya Sn Sy B P, 





where each m : Si — Si—1 is the blow-up a point x; in the bubble space of P?. 


Recall from Section 7.5.1 that a blowing-down structure of a weak del Pezzo 
surface defines a basis (eo, €1,. . . , en ) in Pic(.S), where eo is the class of the 
full preimage of a line and e; is the class of the exceptional configurations €; 
defined by the point x;. We call it a geometric basis. As we explained in the 
previous Chapter, a blowing-down structure defines an isomorphism of free 
abelian groups 


p: ZN+! > Pic(S) such that (kn) = Ks, 
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where ky = —3e9 +eı + ::: + en. The class eg is the full preimage of 
the class h of a line in the plane, and the classes e; are the divisor classes of 
the exceptional configurations €;. We call such an isomorphism a geometric 
marking. 


Definition 8.1.21 A pair (S,¢), where S is a weak del Pezzo surface and & 
is a marking (resp. geometric marking) ZN+! — Pic(S) is called a marked 
(resp. geometrically marked) weak del Pezzo surface. 


The bubble cycle ņ appearing in a blowing-up model of a weak del Pezzo 
surface must satisfy some restrictive conditions. Let us find them. 


Lemma 8.1.22 Let X be a nonsingular projective surface with H'(X,Ox) = 
0. Let C be an irreducible curve on X such that | — Kx — C| # and 
C ¢|—Kx|. Then C =P’. 


Proof We have —Kx ~ C + D for some nonzero effective divisor D, and 
hence Kx +C ~ —D # 0. This shows that | Kx +C| = 0. By Riemann-Roch, 


0 = h°(Ox(Kx +C)) = 3((Kx + C)? — (Kx +C)-Kx)+1 


=h! (Ox) +h?(Ox) > 1+ 4(C? + Kx -C) =h' (Oc). 





Thus H'(C,Oc) = 0, and, as we noted earlier, this implies that C & P+. 











Proposition 8.1.23 Let S be a weak del Pezzo surface. 


(i) Let f : S — S be a blowing down of a (—1)-curve E. Then S is a 
weak del Pezzo surface. 

(ii) Letn : S — S be the blowing-up with center at a point x not lying on 
any (—2)-curve. Assume K2 > 1. Then S' is a weak del Pezzo surface. 


Proof (i) We have Ks = f*(Kg) + E, and hence, for any curve C on S, we 
have 


Ke C = f* (K5) (Ce) = (Ken E) - f* (C) = ker FIDEL 


Also K? = K2 +1 > 0. Thus S is a weak del Pezzo surface. 
(ii) Since K? > 1, we have K2, = K? — 1 > 0. By Riemann-Roch, 


dim| — Kg| > $((—Ks)? — (Ks - Kg’)) = K4, > 0. 


Thus | — Ks| # 9, and hence, any irreducible curve C with -Ks : C < 
0 must be a proper component of some divisor from | — K s| (it cannot be 
linearly equivalent to —Ks because (—Ks)? > 0). Let E = m!(x). We 
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have - Ks : E = 1 > 0. So we may assume that C # E. Let C = f(C). We 
have 


-Ks -C=n*(-Ks)-C-E:C=-Ks-C —mult,(C). 


Since f,(Ks:) = Kg and C # E, the curve Č is a proper irreducible com- 
ponent of some divisor from | — Ks|. By Lemma 8.1.22, C = P!. Thus 
mult,C < 1 and hence 0 > -Kg-C > -Kg-C -1. This gives —Kg-C = 0 
and x € C and hence C is a (—2)-curve. Since x does not lie on any (—2)- 
curve we get a contradiction. 














Corollary 8.1.24 Letn = X`. x; be a bubble cycle on P? and S} be its 
blow-up. Then Sņ is a weak del Pezzo surface if and only if 


(i) r < 8; 

(ii) the Enriques diagram of n is the disjoint union of chains; 
(iii) |Op2(1) — | = for any 7! C q consisting of four points; 
(iv) |Op2(2) — | = 0 for any n! C y consisting of seven points. 


Proof The necessity of condition (i) is clear. We know that S' does not contain 
curves with self-intersection < —2. In particular, any exceptional cycle £; of 
the birational morphism 7 : S — P? contains only smooth rational curves Æ 
with Æ? = —1 or —2. This easily implies that the bubble points corresponding 
to each exceptional configuration €; represent a totally ordered chain. This 
checks condition (ii). 

Suppose (iii) does not hold. Let D be an effective divisor from the linear 
system |Op2(1) — 7'|. We can change the admissible order on 7) to assume that 
yf = £1 + £2 + £3 + x4. Then the divisor class of the proper transform of D 
in Y, is equal to eg — €1 — eg — €3 — €4 Dos Miei. Its self-intersection is 
obviously < —3. 7 

Suppose (iv) does not hold. Let D € |Op2(2) — 7'|. Arguing as above, 
we find that the divisor class of the proper transform of D is equal to 2e9 — 
So ei — J ;>y Miei. Its self-intersection is again < —3. 





Let us prove the sufficiency. Let Ey = Ty (zn) be the last exceptional 
configuration of the blow-down Y, — P?. It is an irreducible (—1)-curve. 
Obviously, 7’ = 7 — xy satisfies conditions (i)-(iv). By induction, we may as- 
sume that S” = S, is a weak del Pezzo surface. Applying Proposition 8.1.23, 
we have to show that xy does not lie on any (—2)-curve on S”. Condition 
(ii) implies that it does not lie on any irreducible component of the exceptional 
configurations &;,ö # N. We will show in the next section that any (—2)-curve 
on a week del Pezzo surface 9” of degree < 7 is either blown down to a point 
under the canonical map Sy — P? or equal to the proper inverse transform 
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of a line through three points, or a conic through five points. If xy lies on 
the proper inverse transform of such a line (resp. a conic), then condition (iii) 
(resp. (iv)) is not satisfied. This proves the assertion. 














A set of bubble points satisfying conditions (i)-(iv) above is called a set of 
points in almost general position. 
We say that the points are in general position if the following hold: 


(i) all points are proper points; 

(ii) no three points are on a line; 

(iii) no six points on a conic; 

(iv) no cubic passes through the points with one of the point being a singular 
point. 


Proposition 8.1.25 The blow-up of N < 8 points in P? is a del Pezzo surface 
if and only if the points are in general position. 


8.2 The E y-lattice 


8.2.1 Quadratic lattices 


A (quadratic) lattice is a free abelian group M = Z” equipped with a sym- 
metric bilinear form M x M — Z. A relevant example of a lattice is the 
second cohomology group modulo torsion of a compact smooth 4-manifold 
(e.g. a nonsingular projective surface) with respect to the cup-product. An- 
other relevant example is the Picard group modulo numerical equivalence of a 
nonsingular projective surface equipped with the intersection pairing. 

The values of the symmetric bilinear form will be often denoted by (x, y) or 
x - y. We write x? = (x, x). The map x — x? is an integer valued quadratic 
form on M. Conversely, such a quadratic form q : M — Z defines a symmetric 
bilinear form by the formula (x,y) = q(x + y) — q(x) — q(y). Note that 
x? = q(x). 

Let MY = Homz (M, Z) and 


im: M—>MY, tm(a)(y)=2-y. 


We say that M is nondegenerate if the homomorphism +m is injective. In this 
case the group 

Disc(M) = MY /tm (M) 
is a finite abelian group. It is called the discriminant group of M. If we choose 
a basis to represent the symmetric bilinear form by a matrix A, then the order 
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of Disc(M) is equal to | det( A)|. The number disc(M) = det(A) is called the 
discriminant of M. A different choice of a basis changes A to 'C'AC for some 
C € GL(n, Z), so it does not change det(A). A lattice is called unimodular if 
\disc(M)| = 1. 

Tensoring M with reals, we get areal symmetric bilinear form on Mr = R". 
We can identify M with an abelian subgroup of the inner product space R” 
generated by a basis in R”. The Sylvester signature (t,,t_,to) of the in- 
ner product space Mg is called the signature of M. We write (t+,t_) if 
to = 0. For example, the signature of H?(X,Z)/Torsion > Z? for a non- 
singular projective surface X is equal to (2p, + 1,b2 — 2p, — 1), where 
Dg = dim H? (X, Ox(Kx)). This follows from the Hodge Theory (see [267]). 
The signature on the lattice of divisor classes modulo numerical equivalence 
Num(X) = Pic(X)/= = Z” is equal to (1, p — 1) (this is called the Hodge 
Index Theorem, see [282], Chapter 5, Theorem 1.9). 

Let N C M bea subgroup of M. The restriction of the bilinear form to N 
defines a structure of a lattice on N. We say that N together with this form is 
a sublattice of M. We say that N is of finite index m if M/N is a finite group 
of order m. Let 


Nt ={2eM:a-y=0,Vy E€ N}. 


Note that N C (N+)+ and the equality takes place if and only if N is a 
primitive sublattice (i.e. M/N is torsion-free). 
We will need the following Lemmas. 


Lemma 8.2.1 Let M be a nondegenerate lattice and let N be its nondegen- 
erate sublattice of finite index m. Then 


|disc(N)| = m?|disc(M)]|. 


Proof Since N is of finite index in M, the restriction homomorphism MY — 
NY is injective. We will identify MV with its image in NY. We will also 
identify M with its image tm (M) in MY. Consider the chain of subgroups 


NCMCMY CNY. 


Choose a basis in M, a basis in N, and the dual bases in MY and NY. The 
inclusion homomorphism N — M is given by a matrix A and the inclusion 
NY — MY is given by its transpose ‘A. The order m of the quotient M/N is 
equal to | det( A)|. The order of NY /MY is equal to | det(‘A)|. They are equal. 
Now the chain of lattices from the above has the first and the last quotient of 
order equal to m, and the middle quotient is of order |disc(M)|. The total 
quotient NY /N is of order |disc(NV)|. The assertion follows. 
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Lemma 8.2.2 Let M be a unimodular lattice and N be its nondegenerate 
primitive sublattice. Then 


Idisc(N+)| = |disc(N)|. 


Proof Consider the restriction homomorphism r : M — NY, where we 
identify M with MY by means of ım. Its kernel is equal to N+. Composing r 
with the projection NY /ın (N) we obtain an injective homomorphism 


M/(N + N+) > NY /tn(N). 


Notice that N+ N N = {0} because N is a nondegenerate sublattice. Thus 
N++N = N+8N is of finite index i in M. Also the sum is orthogonal, so that 
the matrix representing the symmetric bilinear form on N @ N+ can be chosen 
to be a block matrix. We denote the orthogonal direct sum of two lattices Mı 
and Mz by Mı ® Ma. This shows that disc(N L N+) = disc(N)disc(N +). 
Applying Lemma 8.2.1, we get 





#(M/N L N+) = y/|disc(N+)||dise(N)| < #(NY/N) = |disc(N)]. 


This gives |disc(N+)| < |disc(N)|. Since N = (N+)+, exchanging the roles 
of N and N+, we get the opposite inequality. 














Lemma 8.2.3 Let N be a nondegenerate sublattice of a unimodular lattice 
M. Then 
tm(N+) = Ann(N) := Ker(r : MY > NY) S (M/N)Y. 


Proof Under the isomorphism iy : M — MY the image of N+ is equal to 
Ann(N). Since the functor Homz(—, Z) is left exact, applying it to the exact 
sequence 





0>N>M->M/N 0, 





we obtain an isomorphism Ann(N) S (M/N)Y. 











A morphism of lattices o : M — N is ahomomorphism of abelian groups 
preserving the bilinear forms. If M is a nondegenerate lattice, then o is nec- 
essarily injective. We say in this case that o is an embedding of lattices. An 
embedding is called primitive if its image is a primitive sublattice. An invert- 
ible morphism of lattices is called an isometry. The group of isometries of a 
lattice M to itself is denoted by O(M) and is called the orthogonal group of 
M. 

Let Mg := M & Q = Q” with the symmetric bilinear form of M extended 
to asymmetric Q-valued bilinear form on Mg. The group MY can be identified 
with the subgroup of Mg consisting of vectors v such that (v,m) € Z for any 
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m € M. Suppose that M is nondegenerate lattice. The finite group Disc(M) 
can be equipped with a quadratic form defined by 


q(z) = (a,x) mod Z, 


where Z denotes a coset x + 11 (M). If M is an even lattice, i.e. m? € 2Z for 

allm € M, then we take values modulo 2Z. The group of automorphisms of 

Disc( M) leaving the quadratic form invariant is denoted by O(Disc(M)). 
The proof of the next Lemma can be found in [414]. 


Lemma 8.2.4 Let M C N be a sublattice of finite index. Then the inclusion 
M Cc N C NY C MY defines the subgroup N/M in Disc(M) = MY/M 
such that the restriction of the quadratic form of Disc(M) to it is equal to 
zero. Conversely, any such subgroup defines a lattice N containing M as a 
sublattice of finite index. 


The group O(M) acts naturally on the dual group MY preserving its bilin- 
ear form and leaving the subgroup ¿m (M) invariant. This defines a homomor- 
phism of groups 

am : O(M) > O(Disc(M)). 
Lemma 8.2.5 Let N be a primitive sublattice in a nondegenerate lattice M. 


Then an isometry o € O(N) extends to an isometry of M acting identically on 
N+ if and only ifo € Ker(an). 


8.2.2 The E,-lattice 


Let ILN = ZN+! equipped with the symmetric bilinear form defined by the 
diagonal matrix diag(1,—1,...,—1) with respect to the standard basis 


eo = (1,0,...,0), eı = (0,1,0,...,0),...,en = (0,...,0,1) 


of ZN+!, Any basis defining the same matrix will be called an orthonormal 
basis. The lattice I? is a unimodular lattice of signature (1, N). 
Consider the special vector in 7!’ defined by 


N 
kn = 12:1) =—3e +) ei. (8.6) 
i=1 


We define the E y-/lattice as a sublattice of [1 given by 


Ey = (Zky)*. 


Since kå, = 9 — N, it follows from Lemma 8.2.2, that Ey is a negative 
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definite lattice for N < 8. Its discriminant group is a cyclic group of order 
9 — N. Its quadratic form is given by the value on its generator equal to — 
mod Z (or 2Z if N is odd). 


tn 
9-N 


Lemma 8.2.6 Assume N > 3. The following vectors form a basis of En 





Qı = €o eı e3 e3, Q;=e;-1 — €; 1 = 2,..., N. 


The matrix of the symmetric bilinear form of En with respect to this basis is 


equal to 
-2 0 0 1 0 0 0 0 0 
0 =2 1 0 0 0 00 0 
0 1 —2 1 0 0 00 0 
1 0 1 -2 1 0 0 0 0 
N10 0o 0 1 2 1 00 0 (8.7) 
0 0 0 0 1 —2 1 0 0 
0 0 O ..... 0 00-2 1 
Proof By inspection, each a; is orthogonal to ky. Suppose (ao, a1,..., aN) 
is orthogonal to ky. Then 
3ao +a, +: +ayn =0. (8.8) 
We can write this vector as follows 
(Go, @1,...,an) = a0aı + (ao + aı)a2 + (2ao + a1 + a2)@3 


+(3ao + a1 + a2 + a3)a4 ++ (3ao + a1 + +an-ı)an. 


We use here that (8.8) implies that the last coefficient is equal to —an. We 
leave the computation of the matrix to the reader. 














One can express the matrix C'y by means of the incidence matrix Ay of the 
following graph with N vertices. 


2 3 4 5 N-1 N 
e * eo ... —— ə N>4 





1 


Figure 8.1 Coxeter-Dynkin diagram of type En 


We have Cy = -2In + An. 
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8.2.3 Roots 


A vector a € Ey is called a root if a? = —2. A vector (d,mı,...,mn) € 
IN is a root if and only if 
N N 
P-Y m? =-2, 3d-) m =0. (8.9) 
i=1 i=1 


Using the inequality (oa mi)” < NY, m?, it is easy to find all solu- 
tions. 





Proposition 8.2.7 Let N < 8 and 


ay=e,-—ej;,,l<i<g<QN, 
Qijk = €o — €i — €j — Cx, 1<i<j<k<N. 





Any root in En is equal to ta, where a is one of the following vectors: 


N= 3 : @;j, A123. Their number is 8. 
‘Qij, Qijk- Their number is 20. 


1 Qij, Qijk- Their number is 40. 


‘Qij, Aijk, 280 — €1 — +++ — eg. Their number is 72. 


zzz 
Nau a 





2 Qij, ijk, 280 — €1 — +++ — e7 — €;. Their number is 126. 





N= 8 ‘Qij, ijk, 280 eı oo. eg e; e;,3€9 —e1 —- +: — eg E;. 
Their number is 240. 


For N > 9, the number of roots is infinite. From now on we assume 


3<N <8. 
An ordered set B of roots {ß1,..., 8r } is called a root basis if they are linearly 
independent over Q and 

bi: By 20. 


A root basis is called irreducible if it is not equal to the union of non-empty 
subsets Bı and Bə such that 6;- 6; = 0 if 8; € Bı and 8; € Bo. The 
symmetric r x t-matrix C = (a;;), where a;; = b; - 3; is called the Cartan 
matrix of the root basis. 


Definition 8.2.8 A Cartan matrix is a symmetric integer matrix (a;;) with 
aii = —2 and a;; = 0, or such a matrix multiplied by —1. 


We will deal only with Cartan matrices C with a;; = —2. The matrix C+2/, 
where J is the identity matrix of the size equal to the size of C, can be taken as 
the incidence matrix of a non-oriented graph Ic with an ordered set of vertices 
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in which we put the number a;; — 2 at the edge corresponding to vertices 7 and 
j if this number is positive. The graph is called the Coxeter-Dynkin diagram of 
C. The Cartan matrix Cy for N = 6,7, 8 has the corresponding graph pictured 
in Figure 8.2. 

Cartan matrix is called irreducible if the graph I‘¢ is connected. 

If C is negative definite irreducible Cartan matrix, then its Coxeter-Dynkin 
diagram is one of the types indicated in Figure 8.2 (see [52]). A lattice with 
quadratic form defined by a negative (positive) definite Cartan matrix is called 
a root lattice. Thus the lattice En, N < 8, is an example of a root lattice. 

















1 2 n—1 n 
An e eo ... —o ry 
2 3 4 n— 1 n 
Dy e | . a ry 
1 
2 3 4 5 6 
Es e . ry . e 
el 
2 3 4 5 6 7 
Er e e ra 2 e. r] 
e1 
2 3 4 5 6 T 8 
Es e e e e e e ry 
eo) 





Figure 8.2 Coxeter-Dynkin diagrams of types A,D, E 


For 3 < n < 5, we will use E,, to denote the Coxeter-Dynkin diagrams of 
types Aa + Aı (N = 3), A4(N = 4) and D,(N = 5). 
Example 8.2.9 We know that exceptional components Æ; of a minimal reso- 
lution of a RDP are (—2)-curves. We have already used the fact that the inter- 
section matrix (Æ; - Ej) is negative definite. This implies that the intersection 
matrix is a Cartan matrix. 


Proposition 8.2.10 The Cartan matrix C of an irreducible root basis in Ex 
is equal to an irreducible Cartan matrix of type A,, Dy, Ey with r < N. 


Definition 8.2.11 A canonical root basis in Ey is a root basis with Cartan 
matrix (8.7) and the Coxeter-Dynkin diagram from Figure 8.1. 


An example of a canonical root basis is the basis (a1,...,@N). 
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Theorem 8.2.12 Any canonical root basis is obtained from a unique or- 


thonormal basis (vo, v1, ..-,Un) in IN such thatky = —3vo +1 +--+ +un 
by the formula 

By = Vo — V1 — Ve — U3, By = Vi-1 — Vi, i= 2,..., N. (8.10) 
Proof Given a canonical root basis (61, . . . , 8x) we solve for v; in the system 


of equations (8.10). We have 


N 
vi=vn +) bp i=1,...,N—1, 


i=2 


N 
vo = bı +01 +02 +03 = Bi + 3un +3) B; +283 + Ba, 








i=4 
N 
-ky = 30 - v1 — +++ — un = wy +9) bi + 683 + 382 
i=4 
N N 
-(un + 9 Bi) - (un + I Bi) — — (un + Bm) on: 
i=2 i=3 
This gives 
1 N 
un = on (kw + 3814 Aa + 4s + 2 (9-164) 


Taking the inner product of both sides with 6;, we find (vy, 8i) = 0,7 = 
1,...,N — 1, and (vy, Bn) = 1. Thus all v; belong to (ky L Eyn)“. The 
discriminant group of this lattice is isomorphic to (Z/(9 — N)Z) and the only 
isotropic subgroup of order 9 — N is the diagonal subgroup. This shows that 
E% is the only sublattice of (ky L En)’ of index 9 — N, hence v; € EX, for 
all i. It is immediately checked that (vo, v1,..., Un) is an orthonormal basis 
and ky = —3v9 + v1 +--+: + Un. 














Corollary 8.2.13 Let O(I!:N)«, be the stabilizer subgroup of kn. Then 
O(N )ky acts simply transitively on the set of canonical root bases in En. 


Each canonical root basis 8 = (81, .. . , 2n ) defines a partition of the set of 
roots R 


R=R+ ]IR-, 


where R is the set of non-negative linear combinations of (;. The roots from 
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R+ (R_) are called positive (negative) roots with respect to the root basis £. 
It is clear that R- = {-a:a€ R4}. 
For any canonical root basis Ø, the subset 


Ce = {x € I>” SR: (x, 6i) 2 0} 


is called a Weyl chamber with respect to 8. A subset of a Weyl chamber that 
consists of vectors such that (v, 8;) = 0 for some subset J C {1,..., N} is 
called a face. A face corresponding to the empty set is equal to the interior of 
the Weyl chamber. The face corresponding to the subset {1,..., N } is spanned 
by the vector ky. 

For any root a, let 


ra: PN > IN, vev (v, aa. 


It is immediately checked that ra € O(I" ky» rala) = —a and ra (v) = v 
if (v,a) = 0. The isometry ra is called the reflection in the root a. By linearity, 
Ta acts as an orthogonal transformation of the real inner product space REN := 
PN QR. 

The following is a basic fact from the theory of finite reflection groups. We 
refer for the proof to numerous text-books on this subject (e.g. [52], [326]). 


Theorem 8.2.14 Let C be a Weyl chamber defined by a canonical root basis 
b. Let W(En) be the subgroup of O(En) generated by reflections rg,. For 
any x € RÈN there exists w € W (En) such that w(x) € C. If x, w(x) € C, 
then x = w(x) and x belongs to a face of C. The union of Weyl chambers is 





equal to R!" . Two Weyl chambers intersect only along a common face. 


Corollary 8.2.15 The group W (En) acts simply transitively on canonical 
root bases, and Weyl chambers. It coincides with the group O(I” )x,.- 
The first assertion follows from the Theorem. The second assertion follows 
from Corollary 8.2.13 since W (Ew) is a subgroup of O(I” )ky. 
Corollary 8.2.16 
O(Ey) = W(En) x (7), 
where T is an isometry of En, which is realized by a permutation of roots in a 


canonical basis leaving invariant the Coxeter-Dynkin diagram. We have T = 1 


for N =7,8and T? =1 for N #7,8 
Proof By Lemma 8.2.5, the image of the restriction homomorphism 
OlUDN ky => O(En) 


is equal to the kernel of the homomorphism a : O(Ev) — O(Disc(Ew)). It 
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is easy to compute O(Disc(Ex)) and find that it is isomorphic to Z/TZ. Also 
it can be checked that « is surjective and the image of the symmetry of the 
Coxeter-Dynkin diagram is the generator of O(Disc(Ey )). It remains for us to 
apply the previous Corollary. 











The definition of the group W (Eyn) does not depend on the choice of a 
canonical basis and hence coincides with the definition of Weyl groups W (Ew 
from Chapter 7. Note that Corollary 8.2.15 also implies that W (E y ) is gener- 
ated by reflections ra for all roots a in Ey. This is true for N < 10 and is not 
true for N > 11. 





Proposition 8.2.17 If N > 4, the group W (En) acts transitively on the set 
of roots. 


Proof Let (81,..., 8n) be a canonical basis from (8.10). Observe that the 
subgroup of W (Eyn) generated by the reflections with respect to the roots 





Ba,...,Pm is isomorphic to the permutation group Gy. It acts on the set 
feı,...,en} by permuting its elements and leaves ep invariant. This implies 
that Gy acts on the roots @;;, @;jr, Via its action on the set of subsets of 
{1,..., N} of cardinality 2 and 3. Thus it acts transitively on the set of roots 
Qij and on the set of roots a;;,. Similarly, we see that it acts transitively on 
the set of roots 2e9 — e; — --- — e;, and —kg — e; if N = 8. Also applying 
Tq to a we get —a. Now the assertion follows from the following computation 
[By (—kg = eg) = 2eo ei e4 aes eg, 
ra, (2e9 — e1 — +++ — e6) = Ass, 


rg, (@124) = 034. 














A sublattice R of En isomorphic to a root lattice is called a root sublattice. 
By definition, it has a root basis (61, .. . , 8,) such that the matrix (8; - 6;) is 
a Cartan matrix. Each such sublattice is isomorphic to the orthogonal sum of 
root lattices with irreducible Cartan matrices. 

The types of root sublattices in the lattice Ey can be classified in terms of 
their root bases by the following procedure due to A. Borel and J. de Siebenthal 
[48] and, independently by E. Dynkin [198]. 

Let D be the Coxeter-Dynkin diagram. Consider the extended diagram by 
adding one more vertex which is connected to other edges as shown on the 
following extended Coxeter-Dynkin diagrams. Consider the following set of 
elementary operations over the diagrams D and their disconnected sums Di + 
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- - -+ Dp. Extend one of the components D; to get the extended diagram. Con- 
sider its subdiagram obtained by deleting subset of vertices. Now all possible 
root bases are obtained by applying recursively the elementary operations to 
the initial Coxeter-Dynkin diagram oftype En and all its descendants. 




















Figure 8.3 Extended Coxeter-Dynkin diagrams of types A,D,E 


8.2.4 Fundamental weights 


Let 6 = (61, ßa,..., dm) be a canonical root basis (8.10) in Ey. Consider 
its dual basis (Bis. -, 8%) in EX ® Q. Its elements are called fundamental 
weights. We use the expressions for 3; from Theorem 8.2.12. Let us identify 
EX, with (kx)Y = I! /Zky. Then we can take for representatives of BF the 
following vectors from I": 


By = vo, 

By = vo — U1, 

b3 = 2vo — v1 — va, 

BF =v +e vy, i= 4, N. 
Definition 8.2.18 A vector in I‘ is called an exceptional vector if it belongs 
to the W(En)-orbit of Bx. 
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Proposition 8.2.19 A vector v € IN 


—1 and v? = —1. The set of exceptional vectors is the following 


is exceptional if and only if ky -v = 


N = 3,4 : €;, €o — €; — €j; 








N =5:€j,e€9 — e; — €j, 260 -e1 — ++ — 5; 

N =6: €;,e€9 — ej — €j, 2€9 — e1 — = — €g + Ei; 

N =7:ej,€9 — e; — ej, 2e9 — €1 — +++ —e7 +e; + ej; —k7 — ei; 

N = 8 : &;, €o — €; — €;,2€9 — €1 — ++» — €g +e; + ej + ek; —kg +e; — ej 
—kg + €o e; ej ek, kg i 2eo €i; kai Cig, 2kg Ci. 


The number of exceptional vectors is given by Table 8.1. 





N{3} 4] 5| 6] 7| 8 
# | 6 | 10 | 16 | 27 | 56 | 240 





























Table 8.1 Number of exceptional vectors 


Proof Similarly to the case of roots, we solve the equations 


N N 
& —S m =-1, 3d-) mi=1. 
i=1 i=1 


First we immediately get the inequality (3d — 1)? < N(d? + 1) which gives 
0 < d < 4. If d = 0, the condition X` m? = d? + 1 and ky -v = —1 gives the 
vectors e;. If d = 1, this gives the vectors eg — e; — e;, and so on. Now we use 
the idea of Noether’s inequality from Chapter 7 to show that all these vectors 
(d, Mı, ..., mn) belong to the same orbit of W (E y). We apply permutations 
from Gy to assume mı > ma > mg, then use the reflection ra, to decrease 
d. 














Corollary 8.2.20 The orders of the Weyl groups W (En) are given by Table 
8.2. 





N| 3] 4 5 6 7 8 
#W (En) | 12 | 5! | 27-5! | 2.3.0 | 25.37.71 | 27.3°.5.81 





























Table 8.2 Orders of the Weyl groups 


Proof Observe that the orthogonal complement of ey in IN 


to IY=!, Since ei, = —1, by Lemma 8.2.5, the stabilizer subgroup of ey in 


is isomorphic 


o] 
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O(I} ) is equal to O(7'N-!). This implies that the stabilizer subgroup of 
en in W(En) is equal to W(En-ı). Obviously, W (E3) S G3 x Ge and 
W (E14) & Gs. Thus 














Proposition 8.2.21 Let N < 8. For any two different exceptional vectors 
v,w E€ En, such that v + w + 2kg 4 0, 


(v,w) € {0, 1, 2}. 


Proof This can be seen directly from the list, however we prefer to give a 
proof independent of the classification. Obviously, we may assume that n = 8. 
It is immediately seen that all vectors e; are exceptional. Because (v, kg) = 
(w, kg), we have v — w € Eg. Because Eg is a negative definite even lattice 
we have (v—w,v—w) = —2— 2(v, w) < —2. This gives (v, w) > 0. Assume 
(v, w) > 2. Leth = 2kg + v + w. We have (v + w)? = —2+2(v,w) > 4 and 
h? = 4—8+(v+w)? > 0, h-kg = 0. Thus 718 contains two non-proportional 
orthogonal nonzero vectors h and kg with non-negative norm square. Since the 
signature of I’ is equal to (1, N), we get a contradiction. 

















8.2.5 Gosset polytopes 


Consider the real vector space R^! = RY+! with the inner product (,) de- 
fined by the quadratic form on I! multiplied by —1. All exceptional vectors 
lie in the affine space Vy = {x € R! : (ky,x) = 1} and belong to the 
unit sphere SY. Let £y be the convex hull of the exceptional vectors. For any 
two vectors w, w’ € S%, the vector w — w’ belongs to the even quadratic lat- 
tice Ey, hence 2 < (w — w’,w — w’) = 2 — 2(w,w’). This shows that the 
1/2 between two vertices is equal to v2 
and occurs only when the vectors w and w’ are orthogonal. This implies that 


minimal distance (w — w’, w — w’) 


the edges of iy correspond to pairs of orthogonal exceptional vectors. The 
difference of such vectors is a root œ = w — w’ such that (a, w) = 1. The re- 
flections Sa : £ > x — (x, a)a sends w to w’. Thus the reflection hyperplane 
Ha = {x € Vy : (x, a) = 0} intersects the edge at the midpoint. It permutes 
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two adjacent vertices. The Weyl group W (Ex) acts on U y with the set of ver- 
tices forming one orbit. The edges coming out of a fixed vertex correspond to 
exceptional vectors orthogonal to the vertex. For example, if we take the ver- 
tex corresponding to the vector ey, then the edges correspond to exceptional 
vectors for the root system E,_,. Thus the vertex figure at each vertex (i.e. 
the convex hull of midpoints of edges coming from the vertex) is isomorphic 
to X y—1. A convex polytope with isomorphic vertex figures is called a semi- 
regular polytope (a regular polytope satisfies the additional property that all 
facets are isomorphic). 

The polytopes iy are Gosset polytopes discovered by T. Gosset in 1900 
[257]. Following Gosset they are denoted by (N — 4).,. We refer to [135], 
p. 202, for their following facts about their combinatorics. Each polytope in 
has two W (Ex )-orbits on the set of facets. One of them is represented by the 
convex hull of exceptional vectors eı,...,en orthogonal to the vector eo. It 
is a (N — 1)-simplex ay_1. The second one is represented by the convex hull 
of exceptional vectors orthogonal to eg — e1. It is a cross-polytope Bn-ı (a 
cross-polytope (3; is the bi-pyramide over ß;_ı with G2 being a square). The 
number of facets is equal to the index of the stabilizer group of eg or eo — e1 in 
the Weyl group. The rest of faces are obtained by induction on N. The number 
of k-faces in iy is given in Table 8.3 (see [135], 11.8). 












































K/N 3 4 5 6 7 8 
0 6 10 16 27 56 240 
I || 3a + 6a 30 80 216 756 6720 
2 | 2a +38 | 10a + 20a 160 720 4032 60480 
3 5a +58 | 40a + 80a 1080 10080 | 241020 
4 16a + 108 | 4320+ 12096 | 483840 

216a 
5 72a5s+ | 20l6a+ | 483840 
278 | 40320 
6 576a+ | 69120a+ 
1268 | 138240« 
7 172800-+ 
+21608 
































Table 8.3 Gosset polytopes 


The Weyl group W (Ex) acts transitively on the set of k-faces when k < 
N — 2. Othwerwise there are two orbits, their cardinality can be found in the 
table. The dual (reciprocal) polytopes are not semi-regular anymore since the 
group of symmetries has two orbits on the set of vertices. One is represented 
by the vector eo and another by eo — eı. 
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8.2.6 (—1)-curves on del Pezzo surfaces 


Let ¢ : ILN — Pic(S) be a geometric marking of a weak del Pezzo surface S. 
The intersection form on Pic(.S) equips it with a structure of a lattice. Since & 
sends an orthonormal basis of 7" to an orthonormal basis of Pic( S), the iso- 
morphism ¢ is an isomorphism of lattices. The image K = of Ex is isomorphic 
to the lattice En. 

The image of an exceptional vector is the divisor class E such that E? = 
E:Ks = —1. By Riemann-Roch, F is an effective divisor class. Write it as a 
sum of irreducible components E = Rı +-+- + Rx. Intersecting with Ks, we 
obtain that there exists a unique component, say R, such that Ry - Ks = -1. 
For all other components we have R; - Kg = 0. It follows from the adjunction 
formula that any such component is a (—2)-curve. So, if S is a nonsingular 
del Pezzo surface, the image of any exceptional divisor is a (—1)-curve on 
S, and we have a bijection between the set of exceptional vectors in En and 
(—1)-curves on S. If S is a weak del Pezzo surface, we use the following. 


Lemma 8.2.22 Let D be a divisor class with D? = D: Kg = —1. Then 
D=E+R, where R is a non-negative sum of (—2)-curves, and E is either a 
(—1)-curve or K2 = 1 and E € |- Ks| and E-R = 0, R? = —2. Moreover D 
is a (—1)-curve if and only if for each (—2)-curve R; on S we have D- R; > 0. 


Proof Fix a geometric basis eo, €1,...,en in Pic(S). We know that eĝ = 
l,eo: Ks = —3. Thus ((D- eo) Kg + 3D) - eo = 0 and hence 


((D - e9)Ks +3D)” = —6D - eo — 9 + (D - e0)? K2 < 0. 


Thus —6D - eg — 9 < 0 and hence D- eg > —9/6 > —2. This shows that 
(Ks — D) -eo = —3 — D:e& < 0, and since eo is nef, we obtain that 
|Ks — D| = Ø. Applying Riemann-Roch, we get dim|D| > 0. Write an 
effective representative of D as a sum of irreducible components and use that 
D:(-Ks) = 1. Since — Kgs is nef, there is only one component F entering 
with coefficient 1 and satisfying E- Ks = —1, all other components are (—2)- 
curves. If D ~ F, then D? = E? = —1 and F is a (—1)-curve. Let r : S’ + S 
be a birational morphism of a weak del Pezzo surface of degree 1 (obtained by 
blowing up 8 — k points on S in general position not lying on E). We identify 
E with its preimage in S”. Then (E + Kg): Ks = —1 + 1 = 0, hence, by 
Hodge Index Theorem, either S’ = Sand E € | — Kgl, or 


(E + Kg)? = E? +2E. Kg + K2, = E?-1<0. 


Since E - Ks = —1, E? is odd. Thus, the only possibility is E? = —1. If 
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E e|- Ks|, we have E - R; = 0 for any (—2)-curve R;, hence E - R = 
0, R? = -2. 

Assume R # 0. Since —1 = E? + 2E-R+ R? and E? < 1, R? < -2, we 
get E- R > 0, where the equality take place only if Æ? = 1. In both cases we 
get 


-1=(E£+R) =(E+R)-R+(E+R)-E>(E+R)-R. 


Thus if D 4 E, we get D- R; < 0 for some irreducible component of R. This 
proves the assertion. 














The number of (—1)-curves on a nonsingular del Pezzo surface is given in 
Table 8.1. It is also can be found in Table 8.3. It is the number of vertices of 
the Gosset polytope. Other faces give additional information about the combi- 
natorics of the set of (—1)-curves. For example, the number of k-faces of type 
a is equal to the number of sets of k + 1 non-intersecting (—1)-curves. 

We can also see the geometric realization of the fundamental weights: 


Wi = eo, W2 = €g—-€1, W = 2e9—e1—€2, Wi = eF: “Fen, i= 4, wies ‚N. 


The image of wı under a geometric marking represents the divisor class eo. 
The image of wə represents eg — eı. The image of wz is 2e9 — e1 — e2. Finally, 
the images of the remaining fundamental weights represent the classes of the 
sums of disjoint (—1)-curves. 

Recall the usual attributes of the minimal model program. Let Eff(S) be 
the effective cone of a smooth projective surface S, i.e. the open subcone in 
Pic(S) & R spanned by effective divisor classes. Let Eff(S) be its closure. The 
Cone Theorem [343] states that 


Eff(S) = Ef(S)xs>0 + > RICi], 


where Eff(S)xs>0 = {x € Eff(S) : x: Ks > 0} and [C;] are extremal rays 
spanned by classes of smooth rational curves C; such that —C,- Kx < 3. 

Recall that a subcone 7 of a cone K is extremal if there exists a linear func- 
tion @ such that d(K) > 0 and 6~1(0) N K = 7. In the case when K is a 
polyhedral cone, an extremal subcone is a face of K. 


Theorem 8.2.23 Let S be a nonsingular del Pezzo surface of degree d. Then 
k 
Ef(S) = XC RICi], 
i=1 
where the set of curves C; is equal to the set of (—1)-curves if d # 8,9. If 
d = 8 and S is isomorphic to P! x P!, then k = 2, and the |C;]’s are the 
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classes of the two rulings on S. If d = 8 and S = F,, then k = 2 and [C4] is 
the class of the exceptional section, and [Ca] is the class of a fibre. If d = 9, 
then k = 1 and [Ci] is the class of a line. 


Proof Since S is a del Pezzo surface, Eff( S) xs>0 = {0}, so it suffices to find 
the extremal rays. It is clear that E - Ks = —1 implies that any (—1)-curve 
generates an extremal ray. Choose a geometric marking on S to identify Pic($) 
with J^. Let C be a smooth rational curve such that c = —C - Kg < 3. By 
the adjunction formula, C? = —2 + c. If c = 1, C is a (—1)-curve. If ¢ = 2, 
applying Lemma 7.5.10, we follow the proof of Proposition 8.2.19 to obtain 
that all vectors with v € I" satisfying v -ky = —2 and (v, v) = 0 belong to 
the same orbit of W (Ex). Thus, if d < 8, we may assume that v = ep — €, 
but then v = (eg — e1 — e2) + ea is equal to the sum of two exceptional 
vectors, hence [C] is not extremal. If c = 3, then C? = 1,C: Kg = -3. 
Again, we can apply Noether’s inequality and the proof of Lemma 7.5.14 to 
obtain that all such vectors belong to the same orbit. Take v = eg and write 
eo = (en — €1 + €2) + €1 + eo to obtain that [C] is not extremal if d < 8. We 
leave the cases d = 8, 9 to the reader. 














Corollary 8.2.24 Assume d < 8. Let & : IN — Pic(S) be a geometric 
marking of a nonsingular del Pezzo surface. Then 6 + (Eff(S)) is equal to the 
Gosset polytope. 


Recall from [343] that any extremal face F of Eff( S) defines a contraction 
morphism dr : S — Z. The two types of extremal faces of a Gosset polytope 
define two types of contraction morphisms: a;-type and (;,-type. The contrac- 
tion of the a;,-type blows down the set of disjoint (—1)-curves that are the 
vertices of the set. The contraction of the ß,-type defines a conic bundle struc- 
ture on S. It is a morphism onto Pt with general fiber isomorphic to P! and 
singular fibres equal to the union of two (—1)-curves intersecting transversally 
at one point. Thus the number of facets of type 8 of the Gosset polytope is 
equal to the number of conic bundle structures on S. 

Another attribute of the minimal model program is the nef cone Nef( S) in 
Pic(S) R spanned by divisor classes D such that D - C > 0 for any effective 
divisor class C. The nef cone is the dual of Eff( S). Under a geometric marking 
it becomes isomorphic to the dual of the Gosset polytope. It has two types of 
vertices represented by the normal vectors to facets. One type is represented 
by the Wey] group orbit of the vector eg and another by the vector eo — e1. 
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8.2.7 Effective roots 


Let ¢ : ILN — Pic($) be a geometric marking of a weak del Pezzo surface 
of degree d = 9 — N. The image of a root a € Ey is a divisor class D such 
that D? = —2 and D- Ks = 0. We say that a is an effective root if $(a) 
is an effective divisor class. An effective root representing a (—2)-curve will 
be called a nodal root. Let Br rniR;i be its effective representative. Since 
—Kg is nef, we obtain that R; - Ks = 0. Since K? > 0, we also get R? < 0. 
Together with the adjunction formula this implies that each R; is a (—2)-curve. 
Since a (—2)-curve does not move, we will identify it with its divisor class. 


Proposition 8.2.25 Let S be a weak del Pezzo surface of degree d = 9 — N. 
The number r of (—2)-curves on S is less than or equal to N. The sublattice 
Ns of Pic(S) generated by (—2)-curves is a root lattice of rank r. 


Proof Since each nodal curve is contained in K4 and R; - R; > Ofori Æ j, 
it suffices to prove that the set of (—2)-curves is linearly independent over 
Q. Suppose that this is not true. Then we can find two disjoint sets of curves 
Ri,i € I, and Rj, j € J, such that 

5 ni Ri m >> m;R;, 

ier jet 
where n;, m; are some non-negative rational numbers. Taking the intersection 
of both sides with R; we obtain that 

ier jet 
This implies that 
sel viel viel 

Since (ZKs)- is negative definite, this could happen only if Xey niRi ~ 0. 
Since all coefficients are non-negative, this happens only if all n; = 0. For the 
same reason each m; is equal to 0. 














Let n = xı +--+ zn be the bubble cycle defined by the blowing down 
structure S = Sy — Sy_1 > ... S1 — So = P? defining the geometric 
marking. It is clear that 6(a;;) = e; — e; is effective if and only if x; >;_; £3. 
It is a nodal root if and only if i = j + 1. 

A root @;jx is effective if and only if there exists a line whose proper trans- 
form on the surfaces Si—1, Sj—1, Sk—1 pass through the x;, £j, xx. Itis a nodal 
root if and only if all roots ay j’ k with ty > £i, £j! > £j, £k’ > £p are not 
effective. 
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The root 2e9 — e;, —- - + — ei is nodal if and only if its image in Pic(S) is the 
divisor class of the proper transform of an irreducible conic passing through 
the points 7;,,..., Zis- 

The root 3eg — e1 — - - - — eg — €; is nodal if and only if its image in Pic(S) 


is the divisor class of the proper transform of an irreducible cubic with double 
points at x; and passing through the rest of the points. 


Definition 8.2.26 A Dynkin curve is a reduced connected curve R on a pro- 
jective nonsingular surface X such that its irreducible components R; are —2- 
curves and the matrix (R; - R;) is a Cartan matrix. The type of a Dynkin curve 
is the type of the corresponding root system. 


Under a geometric marking a Dynkin curve on a weak del Pezzo surface S' 
corresponds to an irreducible root base in the lattice Ey. We use the Borel-de 
Siebenthal-Dynkin procedure to determine all possible root bases in Ey. 


Theorem 8.2.27 Let R be a Dynkin curve on a projective nonsingular surface 
X. There is a birational morphism f : X — Y, where Y is a normal surface 
satisfying the following properties: 


(i) f(R) is a point; 
(ii) the restriction of f to X \ R is an isomorphism; 
(iii) ffwy = wx. 
Proof Let H be a very ample divisor on X. Since the intersection matrix of 
components of R = 5+", Ri has nonzero determinant, we can find rational 
numbers r; such that 
n 
(XC riRi) Rj =—H- Rj, est: 
i=1 
It is known and that the entries of the inverse of a Cartan matrix are non- 
positive. Thus all r;’s are non-negative numbers. Replacing H by some mul- 
tiple mH, we may assume that all r; are non-negative integers. Let D = 
X riRi. Since H + D is an effective divisor and (H + D) - R; = 0 for each å, 
we have Ox (H + D) ® Or, = ORr,. Consider the standard exact sequence 


0> Ox(H) > Ox(H+ D)> Op > 0. 


Replacing H by mH, we may assume, by Serre’s Duality, that h1(Ox(H)) = 
0 and Ox(H) is generated by global sections. Let so,...,sn_ı be sections 
of Ox (H) which define an embedding of X in P-t. Consider them as sec- 
tions of Ox(H + D). Let sn be a section of Ox(H + D) which maps to 
1 € H°(X,Op). Consider the map f’ : X — PN defined by the sections 
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(So,---; $n). Then f’(D) = [0,...,0,1] and f’|X c D is an embedding. So 
we obtain a map f : X — P^ satisfying properties (i) and (ii). Since X is 
normal, f’ factors through a map f : X — Y, where Y is normal. Let wy 
be the canonical sheaf of Y (it is defined to be equal to the sheaf j.wy\ ¢/(R), 
where j : Y \ f’(R) > Y is the natural open embedding). We have 


wx = f*wy ® Ox(A) 


for some divisor A. Since Ky - R; = 0 for each i, and f*wy ® Or, = Or, 
we get A- R; = 0. Since the intersection matrix of R is negative definite we 
obtain A = 0. 














Applying the projection formula and property (iii), we obtain 
wy = frwx. 


Since f is a resolution of singularities and Y is a normal surface, and hence 
Cohen-Macaulay, this property is equivalent to that Y has rational singularities 
[343], Lemma 5.12. For any canonical root basis ßı,..., Øy in a root system 
of type Ey, N < 8, there exists a positive root Bmax satisfying the property 
Bmax i < 0,2 = 1,...,N. For an irreducible root system, it is equal to the 
following vector 


An : Bmax = Bi +-+: + Bn; 

Dn : Bmax = Pı + b2 + 283 +--+ +28n-1 + Br; 

Es : Bmax = 281 + b2 + 283 + 384 + 285 + Be; 

Er : Bmax = 281 + 282 + 383 + 484 + 385 + 286 + Pr; 

Es : Bmax = 381 + 282 + 483 + 684 + 585 + 486 + 387 + 2ps. 


In the root sublattice defined by a Dynkin curve it represents the fundamental 
cycle Z. Since 82ax = —2, we see that there the singular point f(R) admits a 


fundamental cycle Z with Z? = —2. Thus f(R) is a RDP. As we already ob- 
served in Example 8.2.9 the exceptional components of a RDP form a Dynkin 


curve. 














An example of a RDP is the singularity of the orbit of the origin of the orbit 
space V = C?/T, where T is a finite subgroup of SL(2). The orbit space is 
isomorphic to the affine spectrum of the algebra of invariant polynomials A = 
C[X, Y]". It has been known since F. Klein that the algebra A is generated 
by three elements u,v, w with one single basic relation F(u, v, w) = 0. The 
origin (0,0, 0) of the surface V(F) C C? is a RDP with the Dynkin diagram 
of type An, Dn, En dependent on T in the following way. A nontrivial cyclic 
group of order n + 1 corresponds to type An, a binary dihedral group of order 
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An,n > 2, corresponds to type Dn+2, a binary tetrahedral group of order 24 
corresponds to type Es, a binary octahedron group of order 48 corresponds to 
type £7, and binary icosahedral group of order 120 corresponds to type Es. It 
is known that the local analytic isomorphism class of a RDP is determined by 
the Dynkin diagram (see [440]). This gives the following. 


Theorem 8.2.28 A RDP is locally analytically isomorphic to one of the fol- 
lowing singularities 
Ani 2? +r? +y" =0, n>1, (8.11) 
Dn : 2° +y? +y?) =0, n>4, 
Eg: z2? +2? +y4 = 0, 
Ez : 2? +x? + ay? = 0, 
Eg : z2? +z? +y = 0. 





The corresponding Dynkin curve is of respective type An, Dn, En. 


Comparing this list with the list of simple singularities of plane curves from 
definition 4.2.16, we find that a surface singularity is a RDP if and only if it is 
locally analytically isomorphic to a singularity at the origin of the double cover 
of C? branched along a curve F(x, y) with simple singularity at the origin. The 
types match. 


Remark 8.2.29 ARDP is often named an ADE-singularity for the reason clear 
from above. Also it is often called a Du Val singularity in honor of P. Du Val 
who was the first to characterize them by property (iii) from Theorem 8.2.2. 
They are also called Klein singularities for the reason explained in above. 


8.2.8 Cremona isometries 


Definition 8.2.30 Let S be a weak del Pezzo surface. An orthogonal transfor- 
mation o of Pic(.S) is called a Cremona isometry if o( Ks) = Ks and o sends 
any effective class to an effective class. The group of Cremona isometries will 


be denoted by Cris(S). 
It follows from Corollary 8.2.15 that Cris(S) is a subgroup of W (S). 
Lemma 8.2.31 Let 
C” = {Dé Pic(S) : D- R > 0 for any (—2)-curve R}. 


For any D € Pic(S) there exists w € W(S)" such that w(D) € C”. If 
D € C” and w(D) € C” for some w € W(S)", then w(D) = D. In other 
words, C™ is a fundamental domain for the action of W(S)" in Pic(S). 
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Proof The set of (—2)-curves form a root basis in the Picard lattice Pic( S) 
and W (S)" is its Weyl group. The set C” is a chamber defined by the root ba- 
sis. Now the assertion follows from the theory of finite reflection groups which 
we have already employed for a similar assertion in the case of a canonical 











root basis in Ey. 





Proposition 8.2.32 An isometry o of Pic(S') is a Cremona isometry if and 
only if it preserves the canonical class and sends a (—2)-curve to a (—2)- 
curve. 


Proof Clearly, any Cremona isometry sends the class of an irreducible curve 
to the class of an irreducible curve. Since it also preserves the intersection 
form, it sends a (—2)-curve to a (—2)-curve. 

Let us prove the converse. Let D be an effective class in Pic($) with D? > 
0. Then —Kg-D > Oand (Ks — D)- D < 0. This gives -Ks - o(D) > 
0, o(D)? > 0. Since (Ks — o(D)) - (-Ks) = -K2 + 0(D)- Ks < 0, we 
have |Ks — o(D)| = 0. By Riemann-Roch, |o(D)| 4 0. 

So it remains to show that o sends any (—1)-curve E to an effective divisor 
class. By the previous Lemma, for any (—2)-curve R, we have 0 < E. R= 
o(F)- a(R). Since o(R) is a (—2)-curve, and any (—2) curve is obtained in 
this way, we see that o(E) € C”. Hence o(E) is a (—1)-curve. 

















Corollary 8.2.33 Let R be the set of effective roots of a marked del Pezzo 
surface (S,@). Then the group of Cremona isometries Cris( S) is isomorphic 
to the subgroup of the Weyl group of En that leaves the subset R invariant. 


Let W(S)” be the subgroup of W (S) generated by reflections with respect 
to (—2)-curves. It acts on a marking y : IN — Pic($) by composing on the 
left. 

By Lemma 8.2.22, a divisor D with D? = D-Kg = —1 belongs to C” if and 
only if it is a (—1)-curve. This and the previous Lemma imply the following. 














Proposition 8.2.34 Let 6: W(S) — W(En) be an isomorphism of groups 
defined by a geometric marking on S. There is a natural bijection 


(—1)-curves on S <> W(S)"\¢~1(Exen), 
where Excn is the set of exceptional vectors in Ib, 


Theorem 8.2.35 For any marked weak del Pezzo surface (S, p), there exists 
w € W(S)” such that (S,w o p) is geometrically marked weak del Pezzo 
surface. 
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Proof We use inductionon N = 9—K2. Let e; = $(e;),i = 0,..., N. It fol- 
lows from the proof of Lemma 8.2.22, that each e; is an effective class. Assume 
en is the class of a (—1)-curve E. Let my : S — Syx-ı be the blowing down 
of E. Then eu, €1,...,e€n—1 are equal to the preimages of the divisor classes 
eb, €4>-++3€y_—1 on Sn-ı which define a marking of Sy-ı. By induction, 
there exists an element we W (Sn -ı)" such that w(ey), w(e{),..., w(en_1) 
defines a geometric marking. Since my (en) does not lie on any (—2)-curve 
(otherwise S' is not a weak del Pezzo surface), we see that for any (—2)-curve 
Ron Sn-ı, Ty (R) is a (—2)-curve on S. Thus, under the canonical isomor- 
phism Pic(S) = rý (Pic(Sn-ı)) L Zen, we can identify W(S'y_1)” with a 
subgroup of W(S)”. Applying w to (eo,...,en_ı) we get a geometric mark- 
ing of S. 

If ex is not a (—1)-curve, then we apply an element w € W(S)” such that 
w(en) € C”. By Lemma 8.2.22, w(en) is a (—1)-curve. Now we have a basis 
w(eo),...,w(en) satisfying the previous assumption. 














Corollary 8.2.36 There is a bijection from the set of geometric markings on 
S and the set of left cosets W(S)/W(S)”. 


Proof The group W (S) acts simply transitively on the set of markings. By 
Theorem 8.2.35, each orbit of W(S)” contains a unique geometric marking. 














Corollary 8.2.37 The group Cris($) acts on the set of geometric markings 
of S. 


Proof Let (eo,...,en) defines a geometric marking, and ø € Cris(.S). Then 
there exists w € W(S)” such that w(a(e9)),...,w(o(en)) defines a geomet- 
ric marking. By Proposition 8.2.32, ø (ex ) is the divisor class of a (—1)-curve 
E, hence it belongs to C”. By Lemma 8.2.31, we get w(o(en)) = o(eı). This 
shows that w € W"(S), where S — $ is the blow-down o(E). Continuing in 
this way, we see that w € W(P?)” = {1}. Thus w = 1 and we obtain that o 
sends a geometric marking to a geometric marking. 














Let y : ILN — Pic(S) and y’ : IN — Pic($) be two geometric markings 
corresponding to two blowing-down structures 7 = 7,0...07y and 7’ = 
T| o... ony. Then T = 7’ om! is a Cremona transformation of P? and 
w = yoy’! e W(En) is its characteristic matrix. Conversely, if T is a 
Cremona transformation with fundamental points x1,..., xm such that their 
blow-up is a weak del Pezzo surface S, a characteristic matrix of T defines a 
pair of geometric markings y, y’ of S and an element w E€ W (Ey) such that 


py=yow. 
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Example 8.2.38 Let S be a nonsingular del Pezzo surface of degree 3 and let 


m : S — P? be the blow-up of six points. Let eo, e1,..., eg be the geometric 
marking and a = 2e9—eı —- --— eg. The reflection w = sq transforms the ge- 
ometric marking eo, €1,..., €e to the geometric marking eu, e},..., €g, where 


eb = 5e9 — 2(e1 +--+: +€6), €; = 2eo — (e1 +:-- +6) +e; i = 1,...,6. The 
corresponding Cremona transformation is the symmetric involutorial transfor- 
mation of degree 5 with characteristic matrix equal to 


5 2 2 2 2 2 2 
20°70) 0 St. 2h hol 
et Sh ei) Sh a 
2. DR eh rel (8.12) 
J k 25 4295: he er 
1 
1 











2 = 1 -1 0 -1 
2 —1 1-1 -1 0 








Let S be a weak del Pezzo surface of degree d and Aut(S) be its group of 
biregular automorphisms. By functoriality Aut( S) acts on Pic(.S') leaving the 
canonical class Kg invariant. Thus Aut($) acts on the lattice K = (ZKs)* 
preserving the intersection form. Let 


p: Aut(S) > O(Kx), oro", 
be the corresponding homomorphism. 


Proposition 8.2.39 The image of p is contained in the group Cris(S). If S is 
a nonsingular del Pezzo surface, the kernel of p is trivial if d < 5. If d > 6, 
then the kernel is a linear algebraic group of dimension 2d — 10. 


Proof Clearly, any automorphism induces a Cremona isometry of Pic(S). We 
know that it is contained in the Weyl group. An element in the kernel does not 
change any geometric basis of Pic(S). Thus it descends to an automorphism 
of P? which fixes an ordered set of k = 9 — d points in general linear position. 
If k > 4 it must be the identity transformation. Assume k < 3. The assertion 
is obvious when k = 0. 

If k = 1, the surface S is the blow-up of one point. Each automorphism 
leaves the unique exceptional curve invariant and acts trivially on the Picard 
group. The group Aut(.$) is the subgroup of Aut(P?) fixing a point. It is a 
connected linear algebraic group of dimension 6 isomorphic to the semi-direct 
product C? x GL(2). 

If k = 2, the surface S' is the blow-up of two distinct points p;,p2. Each 
automorphism leaves the proper inverse transform of the line 9192 invariant. 
It either leaves the exceptional curves / and Es invariant, or switches them. 
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The kernel of the Weyl representation consists of elements that do not switch 
E; and Eb. It is isomorphic to the subgroup of Aut(P?) which fixes two points 
in P? and is isomorphic to the group G of invertible matrices of the form 


10 x 
0 x 
0 0 > 
Its dimension is equal to 4. The image of the Weyl representation is a group of 
order 2. So Aut(S) = G x C2. 

If k = 3, the surface S is the blow-up of three, non-collinear points. The 
kernel of the Weyl representation is isomorphic to the group of invertible diag- 


onal 3 x 3 matrices modulo scalar matrices. It is isomorphic to the 2-dimension 
torus (C*)?. 














Corollary 8.2.40 Let S be a nonsingular del Pezzo surface of degree d < 5, 
then Aut(S) is isomorphic to a subgroup of the Weyl group W (E-a). 


We will see later examples of automorphisms of weak del Pezzo surfaces of 
degree 1 or 2 which act trivially on Pic(S). 


8.3 Anticanonical models 


8.3.1 Anticanonical linear systems 


In this Section we will show that any weak del Pezzo surface of degree d > 3 
is isomorphic to a minimal resolution of a del Pezzo surface of degree d in Pf. 
In particular, any nonsingular del Pezzo surface of degree d > 3 is isomorphic 
to a nonsingular surface of degree d in P. 


Lemma 8.3.1 Let S be a weak del Pezzo surface with K2 = d. Then 
dim H°(S,Os(-rKs)) =1+ $3r(r + 1)d. 


Proof By Ramanujam’s Vanishing Theorem, which we already used, for any 
r>0andi>0, 


H‘(S,Os(-rKs)) = H'(S,Os(Ks + (-r - 1)Ks)) = 0. (8.13) 


The Riemann-Roch Theorem gives 





dim H%(S,Os(-rKs)) = 4(-rKs- Ks): (-rKs)+1=1+3r(r+1)d. 
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Theorem 8.3.2 Let S be a weak del Pezzo surface of degree d and R be the 
union of (—2)-curves on S. Then we have the following. 


(i) | — Ks] has no fixed part. 

(ii) Ifd > 1, then | — Ks| has no base points. 

(iii) Ifd > 2, 
phism outside R. The image surface $ is a del Pezzo surface of degree d 
in Pt. The image of each connected component of R is a RDP of (S). 

(iv) Ifd = 2, | — Ks| defines a regular map 6 : S — P?. It factors as a 
birational morphism f : S — Š onto a normal surface and a finite map 


— Ks| defines a regular map & to P? which is an isomor- 








r : S — P? of degree 2 branched along a curve B of degree 4. The image 
of each connected component of N is a RDP of S. The curve B is either 
nonsingular or has only simple singularities. 

(v) Ifd = 1, | — 2K¢| defines a regular map ¢ : S — P°. It factors as a 
birational morphism f : S — Š onto a normal surface and a finite map 





tm: 5 — Q C P? ofdegree 2, where Q is a quadric cone. The morphism x 
is branched along a curve B of degree 6 cut out on Q by a cubic surface. 
The image of each connected component of N under f is a RDP of S. 
The curve B either nonsingular or has only simple singularities. 


Proof The assertions are easily verified if S = Fo or Fa. So we assume that 
S is obtained from P? by blowing up k = 9 — d points t;. 

(i) Assume there is a fixed part F of | — Ks]. Write | — Ks| = F + |M 
where |M] is the mobile part. If F? > 0, by Riemann-Roch, 





> 


dim |F| > 3(F? — F- Ks) > 3(F?) > 0, 


and hence F moves. Thus F? < 0. If F? = 0, we must also have F - Kg = 0. 
Thus F = >> n;R;, where R; are (—2)-curves. Hence [f] € (ZKs)* and 
hence F? < —2 (the intersection form on (ZKs)* is negative definite and 
even). Thus F? < —2. Now 


M? = (-Kg — F} = K2+2Ksg-F+F? < K2 +F? <d-2, 
—Kg-M=K2+Ks-F<d. 





Suppose |M| is irreducible. Since dim|M| = dim| — Ks| = d, the linear 
system |M| defines a rational map to P? whose image is a nondegenerate irre- 
ducible surface of degree < d — 3 (strictly less if |M| has base points). This 
contradicts Theorem 8.1.1. 

Now assume that |M| is reducible, i.e. defines a rational map to a nonde- 
generate curve W C P of some degree t. By Theorem 8.1.1, we have t > d. 
Since S is rational, W is a rational curve, and then the preimage of a general 
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hyperplane section is equal to the disjoint sum of t linearly equivalent curves. 
Thus M ~ tM, and 


d>—Kg-M = -—tKs -Mı > d(-Ks- Mı). 


Since —K5-M = 0 implies M? < 0 and a curve with negative self-intersection 
does not move, this gives —Ks:Mı = 1, d = t. But then M? = d? M? < d-2 
gives a contradiction. 

(ii) Assume d > 1. We have proved that | — Ks| is irreducible. A general 
member of | — K s| is an irreducible curve C with wc = Oc (C + Ks) = Oc. 
If C is smooth, then it is an elliptic curve and the linear system |Oc(C')| is of 
degree d > 1 and has no base points. The same is true for a singular irreducible 
curve of arithmetic genus 1. This is proved in the same way as in the case of a 
smooth curve. Consider the exact sequence 


0 > Os > Os(C) > Oc(C) > 0. 


Applying the exact sequence of cohomology, we see that the restriction of the 
linear system |C| = |— Ks| to C is surjective. Thus we have an exact sequence 
of groups 


0— H(5,05) > H?(S,0s(C)) > H” (S,Oc(C)) > 0. 
Since |Oc(C')| has no base points, we have a surjection 
H? (S, Oc(C)) 8 Oc > Oc(C). 
This easily implies that the homomorphism 
H? (S, Os(C)) 8 Oc > Os(C) 


is surjective. Hence |C| = | — Kg| has no base points. 


(iii) Assume d > 2. Let x, y € S be two points outside R. Let f : S’ + S be 
the blowing up of x and y with exceptional curves E, and E,. By Proposition 
8.1.23, blowing them up, we obtain a weak del Pezzo surface 9” of degree 
d— 2. We know that the linear system | — K s| has no fixed components. Thus 


dim | — Ks — z — y| = dim | — Ky — Ez — E| > 1. 


This shows that | — K s| separates points. Also, the same is true if y >; x and x 
does not belong to any (—1)-curve Eon Sorx € E and y does not correspond 
to the tangent direction defined by FE. Since -Ks-E = 1 and z € E, the latter 
case does not happen. 

Since ¢ : S --» § is a birational map given by a complete linear system 
| — Ks], its image is a nondegenerate surface of degree d = (- Ks)”. Since 
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—Kg-R = 0 for any (—2)-curve, we see that ¢ blows down R to a point 
p. If d = 3, then S is a cubic surface with isolated singularities (the images 
of connected components of M). It is well known that a hypersurface with no 
singularities in codimension 1 is a normal variety. Thus $ is a normal surface. 
If d = 4, then S is obtained by a blow-up one point on a weak del Pezzo surface 
S' of degree 3. This point does not lie on a (—2)-curve. Thus, $’ is obtained 
from 5 by a linear projection from a nonsingular point. We have explained 
already in Proposition 8.1.8 that this implies that S is a normal surface. 

The fact that singular points of S are RDP is proven in the same way as we 
have proved assertion (iii) of Theorem 8.2.27. 

(iv) Assume d = 2. By (ii), the linear system | — K s| defines a regular map 
¢ : S P?. Since K2 = 2, the map is of degree 2. Using Stein’s factorization 
[282], Chapter 3, Corollary 11.5, it factors through a birational morphism onto 
a normal surface f : S — S and a finite degree 2 map 7 : S — P?. Also we 
know that fx Os = Og. A standard Hurwitz’s formula gives 


we = T* (wp @L), (8.14) 
where s € H°(P?, L8?) vanishes along the branch curve W of m. We have 
Os(Ks) = ws = (1 0 f)*Op2(-1) = f*(n*Op2(—1)). 


It follows from the proof of Theorem 8.2.27 (iii) that singular points of are 
RDP. Thus f*wg = wg, and hence 

fws = (OR). 
Applying f». and using the projection formula and the fact that f,Ox = Oy, 
we get wg S 7*Op2(—1). It follows from (8.14) that £ = Op2(2) and hence 
deg W = 4. 

Proof of (v). Let m : S — P? be the blow-up of 8 points £1, ..., £8. Then 
| — Ks| is the proper inverse transform of the pencil |3h — xı — --- — xsl 
of plane cubics passing through the points £1,..., £g. Let xg be the ninth 
intersection point of two cubics generating the pencil. The point 74 = m~! (x9) 
is the base point of | — Ks|. By Bertini’s Theorem, all fibres except finitely 
many, are nonsingular curves (the assumption that the characteristic is zero is 
important here). Let F be a nonsingular member from | — Ks|. Consider the 
exact sequence 


0 > Os( Ks) > Os( 2Ks) > On( 2Ks) > 0. (8.15) 





The linear system |Or(-2Ks)| on F is of degree 2. It has no base points. We 
know from (8.13) that H+(S, Os(—Ks)) = 0. Thus the restriction map 


H°(S,Osg(—2Ks)) > H°(F, Or(—2Ks)) 
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is surjective. By the same argument as we used in the proof of (ii), we obtain 
that | — 2Ks| has no base points. By Lemma 8.3.1, dim | — 2Ks| = 3. Let 
@ : S — P? be a regular map defined by | — 2Ks|. Its restriction to any 
nonsingular member F of | — Ks| is given by the linear system of degree 2 
and hence is of degree 2. Therefore, the map f is of degree t > 1. The image of 
¢ is a surface of some degree k. Since (—2K 5)? = 4 = kt, we conclude that 
k = t = 2. Thus the image of ¢ is a quadric surface Q in P? and the images 
of members F of | — K's| are lines lp on Q. I claim that Q is a quadric cone. 
Indeed, all lines lp intersect at the point (t4). This is possible only if Q is a 
cone. 


Let S 5 S $ Q be the Stein factorization. Note that a (—2)-curve R does 
not pass through the base point x4 of | — Ks| (because —Ks - R = 0). Thus 
(xg) is a nonsingular point q’ of S”. Its image in Q is the vertex q of Q. Since 
&' is a finite map, the local ring Os, „ is a finite algebra over Og,, of degree 
2. After completion, we may assume that Og q = C[[u, v]]. Fu € Og.q, then 
v satisfies a monic equation v? + av + b with coefficients in Ogq, where after 
changing v to v + ta we may assume that a = 0. Then Og,, is equal to the 
ring of invariants in C[[u, v]] under the automorphism u > u,v > —v which 
as easy to see isomorphic to C[[u, v?]]. However, we know that q is a singular 
point so the ring OQ q is not regular. Thus we may assume that u? = a, v? = b 
and then OQ q is the ring of invariants for the action (u, v) + (—u, —v). This 
action is free outside the maximal ideal (u, v). This shows that the finite map ¢’ 
is unramified in a neighborhood of q’ with g’ deleted. In particular, the branch 
curve Q of ¢’ does not pass through q. We leave it to the reader to repeat the 
argument from the proof of (iv) to show that the branch curve W of ¢ belongs 
to the linear system |Oo(3). 














Let X be a weal del Pezzo surface of degree d < 3. The image of a (—1)- 
curve on X under the antticanonical map is a line on the anti canonical model 
S of X in P@. Conversely, any line £ on a del Pezzo surface S of degree d 
in P@ is the image of a (—1)-curve E on its minimal resolution X. It passes 
through a singular point if and only if E intersects a component of a Dynkin 
curve blown down to this singular point. By Proposition 8.2.34, the set of lines 
on S is in a bijective correspondence to the set of orbits of exceptional vectors 
in the lattice K$ = Es_. with respect to the Weyl group of the root sublattice 
of generated by (—2)-curves. This justifies calling a (—1)-curve on a weak del 
Pezzo surface a line. 
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8.3.2 Anticanonical model 


Let X be a normal projective algebraic variety and let D be a Cartier divisor 
on X. It defines the graded algebra 
R(X, D) = H°(S,Os(rD)), 
r=0 
which depends only (up to isomorphism) on the divisor class of D in Pic(X). 
Assume R(X, D) is finitely generated, then Xp = Proj R(X, D) is a projec- 


tive variety. If so,..., Sn are homogeneous generators of R(X, D) of degrees 
qo, - - - , qn there is a canonical closed embedding into the weighted projective 
space 


Xp > P(qo,---;4n)- 


Also, the evaluation homomorphism of sheaves of graded algebras 
R(X, D) 9 Ox > S(L) = BOs (rD) 
r=0 


defines a morphism 
Pean : X = Proj(S(L)) > Xp. 

For every r > 0, the inclusion of subalgebras 

S(H°(X, Ox(rD))) > R(X, D) 
defines a rational map 

Tr : Xp --> P(H°(X,Ox(rD))). 
The rational map ¢),p) : X --> P(H°(X, Ox (rD))) is given by the complete 
linear system |r D| factors through p 

dra): X -2> Xp -=> P(H°(X, Ox(rD))). 
A proof of the following Proposition can be found in [157], 7.1. 


Proposition 8.3.3 Suppose |rD| has no base points for some r > 0 and 
DemX > 0. Then 


(i) R(X, D) is a finitely generated algebra; 

(ii) Xp is anormal variety; 

(iii) dim Xp = max, 9 dim ¢),-p)(X); 

(iv) ifdim Xp = dim X, then p is a birational morphism. 
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We apply this to the case when X = S is a weak del Pezzo surface and 
D = — Ks. Applying the previous Proposition, we easily obtain that 


X_Ks = 5, 


where we use the notation of Theorem 8.3.2. The variety 9 is called the anti- 
canonical model of S. If S is of degree d > 2, the map rı : S — P* is a closed 
embedding, hence R(S,—Ks) is generated by d + 1 elements of order 1. If 
d = 2, the map rı is the double cover of P?. This shows that R(S, —Ks) is 
generated by three elements so, $1, 52 of degree 1 and one element s3 of degree 
2 with a relation s? + f4(so, $1, 82) = 0 for some homogeneous polynomial 
fa of degree 2. This shows that S is isomorphic to a hypersurface of degree 4 
in P(1, 1, 1,2) given by an equation 


t3 + fa(to, tr, t2) = 0. (8.16) 
In the case d = 1, by Lemma 8.3.1 we obtain that 
dim R(S, -Ks)ı = 2, dim R(S, —-Ks)a = 4, dim R(S, —Ks)s = T: 


Let so, sı be generators of degree 1, let s2 be an element of degree 2 that is 
not in S?(R(S,—Ks)ı) and let s3 be an element of degree 3 that is not in the 
subspace generated by 3, 5087, $251, $7, $280, $281. The subring R(9, — Ks)’ 
generated by so, 51, 82, 83 is isomorphic to C[to, t1, ta, ts] /(F (to, t1, ta, ts)), 
where 


F = t + t3 + fa(to, ti)te + folto, t1), 


and f4(to, tı) and fs(to,tı) are binary forms of degrees 4 and 6. The projec- 
tion [to, t1, t2, t3] — [to, t1, t2] is a double cover of the quadratic cone Q c P? 
which is isomorphic to the weighted projective plane P(1, 1,2). Using The- 
orem 8.3.2, one can show that the rational map $ --> Proj R(S,—Ks}' is 
an isomorphism. This shows that the anticanonical model $ of a weak del 
Pezzo surface of degree 1 is isomorphic to a hypersurface V (F) of degree 6 in 
P(1,1,2,3). 

Recall that a nondegenerate subvariety X of a projective space P” is called 
projectively normal if X is normal and the natural restriction map 


H°(P", Opn(m)) > H°(X,Ox(m)) 


is surjective for all m > 0. This can be restated in terms of vanishing of coho- 
mology 


H}(P",Zx(m)) =0, m > 0 (resp. m = 1), 


where Zx is the ideal sheaf of X. If X is a normal surface, this is equivalent to 
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that the ideal sheaf Zx is an aCM sheaf. As we saw earlier, in our discussion of 
aCM sheaves, this is also equivalent to the ring 6°%°_,H°(X,Ox(m)) being a 
Cohen-Macaulay ring, and in dimension 2, this the same as a normal ring. 


Theorem 8.3.4 Let S be a weak del Pezzo surface, then the anticanonical 
ring R(S,—Ks) is a normal domain. In particular, a del Pezzo surface of 
degree d in P? is projectively normal. 


Proof For d < 2, this follows from the explicit description of the ring. It is 
quotient of aring of polynomials by a principal ideal, and it has singularities 
in codimension > 2. By Serre’s criterion, it is a normal domain (see [208], 
11.2). For d > 3, we have to show that a del Pezzo surface of degree din P? is 
projectively normal. 

Let H be a general hyperplane. Tensoring the exact sequence 


0- Opr (m — 1) => Opr (m) =? Or (m) >0 
with Zx we get an exact sequence 
0 > Zx(m-1) > Ix (m) > Zunx (m) > 0. (8.17) 


We know that a general hyperplane section C = $S N H is an elliptic curve of 
degree din H which is a projectively normal curve in H. Thus 


H!(C,Tc(m)) =0, m> 0. 
We know that $ is linearly normal surface in P@. This implies that 
AP. Tx(1)) = 0. 


The exact sequence gives that H! (P4, Zy (2)) = 0. Continuing in this way, we 
get that H!(P?, Zx (m)) = 0, m > 0. 














8.4 Del Pezzo surfaces of degree > 6 


8.4.1 Del Pezzo surfaces of degree 7,8,9 


A weak del Pezzo surface of degree 9 is isomorphic to P?. Its anticanonical 
model is a Veronese surface V3. It does not contain lines. 

A weak del Pezzo surface is isomorphic to either Fo, or F1, or F2. In the 
first two cases it is a del Pezzo surface isomorphic to its anticanonical model in 
P8. If S & Fo, the anticanonical model is a Veronese-Segre surface embedded 
by the complete linear system of divisors of type (2,2). It does not contain 
lines. If S = F4, the anticanonical model is isomorphic to the projection of 
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the Veronese surface V3 from one point on the surface. It contains one line. 
If S = Fv, the anticanonical model is isomorphic to the quadratic cone Q 
embedded in P by the complete linear system |Og(2)|. It does not contain 
lines. 

A weak del Pezzo surface of degree 7 is isomorphic to the blow-up of two 
points 71, £2 in P?. If the points are proper, the anticanonical model of S is a 
nonsingular surface which contains three lines representing the divisor classes 
€1, €2, €0 — €1 — €2. If only one point is proper, then it has one singular point 
of type Aı and contains two intersecting lines representing the classes eı and 
eo — €1 — e2. In both cases the surface is isomorphic to a projection of the 
Veronese surface V3 from a secant line of the surface. In the second case, the 
secant line is tangent to the Veronese surface. 

The automorphism groups of a nonsingular del Pezzo surfaces of degree > 7 
were described in Subsection 8.2.8. 


8.4.2 Del Pezzo surfaces of degree 6 


A weak del Pezzo surface S of degree 6 is isomorphic to the blow-up of a 
bubble cycle 7 = x, + £2 + x3. Up to a change of an admissible order, we 
have the following possibilities: 


G) £1, £2, £3 are three proper non-collinear (collinear) points; 
(ii, ii’) £2 > £1, £3 are non-collinear (collinear) points; 


In cases (i), (ii) and (iii) the net of conics |Op2(2) — n| is homaloidal and the 
surface S is isomorphic to a minimal resolution of the graph of the Cremona 
transformation T defined by this net. Since a quadratic Cremona transforma- 
tion is a special case of a bilinear Cremona transformation, its graph is a com- 
plete intersection of two hypersurfaces of bidegree (1,1) in P? x P?. Under 
the Segre map, the graph embeds in Pê and the composition of the maps 


®@:S > Tr > P? x P S PÀ, 


is the map given by the anticanonical linear system. Its image is a del Pezzo 
surface of degree 6 embedded in P®. It is a nonsingular surface in case (i) and it 
has one singular point of type Aı in case (ii) and type Ag in case (iii). The two 
maps S — P? are defined by the linear systems |eo| and |2e9 — eı — e2 — es]. 

The set of (—1)-curves and (—2)-curves on a weak del Pezzo surface of 
types (i) (resp. (ii), resp. (iii)) is pictured in Figure 7.1 (resp. Figure 7.2, resp. 
Figure 7.3). 

In the cases where the points £1, £2, £3 are collinear, S has only one map to 
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P? defined by the linear system |eo| and is not related to Cremona transforma- 
tions. 

Surfaces of types (i), (ii), (ii’), (iii’) are examples of toric surfaces. They 
contain an algebraic torus as its open Zariski set U, and the action of U on 
itself by translations extends to a biregular action of U on S. The complement 
of U is the union of orbits of dimension 0 and 1. It supports an anticanonical 
divisor. For example, in case (i), the complement of U is the union of six lines 
on the surface. 

The anticanonical model of a weak toric del Pezzo surface is a toric del 
Pezzo surface of degree 6 in P®. It is nonsingular only in case (i). 

The types of singular points and the number of lines on a del Pezzo surface 
of degree 6 is given in Table 8.4. 











Bubble cycle | @ |G) | GD | a) | G Gi) 
Singular points | @ | Ai | A2 | Ai | 2Aı | Ai + Ao 
Lines 6 4 2 3 2 1 





























Table 8.4 Lines and singular points on a del Pezzo surface of degree 6 


The secant variety of a nonsingular del Pezzo surface of degree 6 in P® is 
of expected dimension 5. In fact, projecting from a general point, we obtain 
a nonsingular surface of degree 6 in P®. It follows from Zak’s classification 
of Severi varieties that a surface in P° with secant variety of dimension 4 is 
a Veronese surface. More precisely, we have the following description of the 
secant variety. 


Theorem 8.4.1 Let S be a nonsingular del Pezzo surface of degree 6 in P®. 
Then S is projectively equivalent to the subvariety given by equations express- 
ing the rank condition 


to ti te 
rank | t3 to ta] <1. 
ts te to 


The secant variety Sec(X) is the cubic hypersurface defined by the determi- 
nant of this matrix. 


Proof We know that S' is isomorphic to the intersection of the Segre vari- 
ety Soo S P? x P? — P® by a linear subspace L of codimension 2. If we 
identify P® with the projectivization of the space of 3 x 3-matrices, then the 
Segre variety S2,2 is the locus of matrices of rank 1, hence given, even scheme- 
theoretically, by the 2 x 2-matrices. A secant of S is contained in L and is a 
secant of S22. It represents a matrix equal to the sum of matrices of rank 1. 
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Hence each secant is contained in the determinantal cubic hypersurface. Thus 
the secant variety of S is the intersection of the cubic by the linear subspace L, 
so it is a cubic hypersurface in P®. 

Explicitly, we find the linear space L as follows. The map S — P? x P? 
is given by the map (71,72), where 7; : S — P? are given by the linear 
systems |eo| and |2e9 — eı — e2 — e3|. Choose a basis zo, 21, 22 in |eo| and a 
basis 2122, 2021, 2021 in |2e9 — eı — €2 — e3| corresponding to the standard 
quadratic transformation Ts. Then the graph of Ty is equal to the intersection 
of S22 C |Matz 3| with equal diagonal entries a11 = a22 = a33 corresponding 
to the relations z9(z1z2) = 21(2022) = 22(z021). This gives the equations 
from the assertion of the Theorem. 














Let us describe the group of automorphisms of a nonsingular del Pezzo sur- 
face of degree 6. The surface is obtained by blowing up three non-collinear 
points 71, £2, 73. We may assume that their coordinates are [1, 0, 0], [0, 1, 0], [0, 0, 1]. 
We know from Section 8.2.8 that the kernel of the representation p : Aut( S) > 
O(Pic(S)) is a 2-dimensional torus. The root system is of type Az + Aj, so the 
Weyl group is isomorphic to 2 x G3 = D12, where D13 is the dihedral group 
of order 12. Let us show that the image of the Weyl representation is the whole 
Weyl group. 

We choose the standard generators 51, 52,53 of W(S) = W (E3) defined 
by the reflections with respect to the roots eo — e1 — €2, €1 — €2, €2 — e3. The 
reflection sı acts as the standard quadratic transformation Ty, which is lifted 
to an automorphism of S. It acts on the hexagon of lines on 5 by switching the 
opposite sides. The reflection s2 (resp. s3) acts as a projective transformations 
which permutes the points x1, £2 and fixes x3 (resp. permutes x2 and x3 and 
fixes xı). The subgroup (s2, $3) = Dg S 63 acts on the hexagon of lines by 
natural embedding Dg — O(2). 

We leave it to the reader to verify the following. 





Theorem 8.4.2 Let S be a del Pezzo surface of degree 6. Then 
Aut( S) = OR A 63 x Go. 


If we represent the torus as the quotient group of (C*)? by the diagonal sub- 
group A = C*, then the subgroup ©; acts by permutations of factors, and the 
cyclic subgroup © acts by the inversion automorphism z =œ z~}. 


Finally, we mention that the Gosset polytope 3 = —12, corresponding 
to a nonsingular del Pezzo surface of degree 6 is an octahedron. This agrees 
with the isomorphism W(E3) = Dia. The surface has two blowing-down 
morphisms S — P? corresponding to two a-facets and three conic bundle 
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structures corresponding to the pencils of lines through three points on the 
plane. 


8.5 Del Pezzo surfaces of degree 5 


8.5.1 Lines and singularities 


A weak del Pezzo surface © of degree 5 is isomorphic to the blow-up of a 
bubble cycle n = zı + £2 + #3 + x4. The only assumption on the cycle is that 
|h—n| = 0. Let eo, €1, €2, €3, €4 be a geometric basis defined by an admissible 
order of 7. There are the following four possibilities: 


(i) £1, £2, £3, £4 are proper points; 
(ii) £2 > T1, T3, T4; 

Gii) £3 > £2 > £1, £4; 

(Gv) £2 > £1, £4 > £3; 

(v) £4 > T3 > £2 > T1. 


There are the following root sublattices in a root lattice of type A4: 
A, Aj Zu Aj, As, Aı + As, As, Ag. 


In case (i), S is adel Pezzo surface or has one Dynkin curve of type Aj if three 
points are collinear. 

In case (ii), we have three possibilities for Dynkin curves: A; if no three 
points are collinear, A, + Aj, if x1, £2, £3 are collinear, Aa if £1, £3, £4 are 
collinear. 

In case (iii), we have three possibilities: Aa if no three points are collinear, 
As if £1, £2, £3 are collinear, A; + Ag if £1, £2, x4 are collinear. 

In case (iv), we have two possibilities: A, + A, if no three points are 
collinear, Ag + Aq if £2, 23, £4 Or £1, £2, £3 are collinear, 

In case (v), we have two possibilities: A3 if £1, £2, 23 are not collinear, A4 
otherwise. 

It can be checked that the cases with the same root bases are obtained from 
each other by Cremona isometries. So, they lead to isomorphic surfaces. 

Table 8.5 gives the possibilities of lines and singular points on the anticanon- 
ical model of a del Pezzo surface of degree 5 in P5. 

From now on we will study nonsingular del Pezzo surfaces of degree 5. 
Since any set of four points in general position is projectively equivalent to 
the set of reference points [1,0,0], [0,1,0], [0,0,1], [1,1,1], we obtain that 
all nonsingular del Pezzo surfaces of degree 5 are isomorphic. A nonsingular 
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Singular points | @ | Ai | 2Aı | Ao | Ai +42 | As | Aa 
Lines 10 7 5 4 3 2 1 
































Table 8.5 Lines and singular points on a del Pezzo surface of degree 5 


del Pezzo surface of degree 5 has 10 lines. The union of them is a divisor in 
| — 2Ks|. The incidence graph of the set of 10 lines is the famous Petersen 
graph. 


Figure 8.4 Petersen graph 


The Gosset polytope X4 = 02; has five facets of type a corresponding to 
contractions of five disjoint lines on S and five pencils of conics corresponding 
to the pencils of lines through a point in the plane and the pencil of conics 
through the four points. 


8.5.2 Equations 


In this Subsection we use some elementary properties of Grassmann varieties 
G;,(P") = G(k + 1,n + 1) of k-dimensional subspaces in P” (equivalently, 
(k + 1)-dimensional linear subspaces of C”*!). We refer to Chapter 10 for the 
proof of all properties we will use. 


Proposition 8.5.1 Let S be a nonsingular del Pezzo surface of degree 5 in 
P5. Then S is isomorphic to a linear section of the Grassmann variety G, (P*) 
of lines in P*. 


Proof It is known that the degree of G = G (P4) in the Plücker embedding 
is equal to 5 and dimG = 6. It is also known is that the canonical sheaf 
is equal to Og(—5). By the adjunction formula, the intersection of G with 
a general linear subspace of codimension 4 is a nonsingular surface X with 
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wx = Ox(-1). This must be a del Pezzo surface of degree 5. Since all del 
Pezzo surfaces of degree 5 are isomorphic, the assertion follows. 














Corollary 8.5.2 Let S be a nonsingular del Pezzo surface of degree 5 in P°. 
Then its homogeneous ideal is generated by five linearly independent quadrics. 


Proof Since S is projectively normal, applying Lemma 8.3.1, we obtain that 
the linear system of quadrics containing 5 has dimension equal to 4. It is 
known that the homogeneous ideal of the Grassmannian G(2,5) is generated 
by five quadrics. In fact, the Grassmannian is defined by five pfaffians of prin- 
cipal 4 x 4 minors of a general skew-symmetric 5 x 5-matrix. So, restricting 
this linear system to the linear section of the Grassmannian, we obtain that the 
quadrics containing S' define S scheme-theoretically. 














Let Pt = |E] for some linear space E of dimension 5. For any line £ = |U 
in |E|, the dual subspace U+ in EY defines a plane |U+| in P(E). This gives 
a natural isomorphism between the Grassmannians G,(|E|) and G2(P(E)). 
Dually, we get an isomorphism G'2(|E|) = Gi (P(E)). 

Fix an isomorphism N E=C, and consider the natural pairing 


2 3 5 
NExAE-> NESC 

defined by the wedge product. It allows one to identify (A? E)Y = A” EY 
with N E. The corresponding identification of the projective spaces does not 
depend on the choice of an isomorphism A’ E ~ C. A point U € G(2, E) 
is orthogonal to a point V € G(3, E) if and only if |U| N |V| 4 0. We know 
that a quintic del Pezzo surface S is contained in the base locus of a web W of 
hyperplanes in | N E|. The web of hyperplanes, considered as a 3-dimensional 
subspace of | A? EY| & | A? E] intersects G3(|E|) at 5 points A,,..., As. 
Thus any point in S intersects Aı,...,As. 

Conversely, let Aı,...,As be five planes in |Æ| such that, considered as 
points in the space | N E|, they span a general 3-dimensional subspace W. 
Then WY N Gsa(|E|) is a general 5-dimensional subspace in | A” E| which 
cuts G'2(||) along a quintic del Pezzo surface. 





Let us record this. 


Proposition 8.5.3 A nonsingular del Pezzo quintic is isomorphic to the va- 
riety of lines in P* that intersect five planes in P* that span a general 3- 
dimensional subspace in the Plücker space P°. Via duality, it is also isomorphic 
to the variety of planes in P? that intersect five lines in P* that span a general 
3-dimensional subspace of the Pliicker space. 
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8.5.3 OADP varieties 


Let S be a del Pezzo surface of degree 5 in P®. The linear system of cubics 
in P° containing S has dimension 24. Let us see that any nonsingular cubic 
fourfold containing X is rational (the rationality of a general cubic fourfold is 
unknown at the moment). 


Lemma 8.5.4 Let S be a nonsingular del Pezzo surface S of degree 5 in P°. 
For any point x outside S there exists a unique secant line of S containing x. 


Proof It is known that Sec(X) = P* since any nondegenerate nonsingular 
surface in P? with secant variety of dimension 4 is a Veronese surface. Let 
a,b € S such that x € £ = ab. Consider the projection pe : X --+ P? from the 
line £. Its image is a cubic surface S'3 isomorphic to the anticanonical model 
of the blow-up of S at a, b. If a = b, the line £ is tangent to 5S, and one of the 
points is infinitely near the other. In this case the cubic surface is singular. The 
map pe : S \ Lis an isomorphism outside a, b. Suppose x belongs to another 
secant l = cd. Then the projection of the plane (£, ¢’) spanned by land @’ is a 
point on the cubic surface whose preimage contains c, d. This shows that pọ is 











not an isomorphism outside £N S. This contradiction proves the assertion. 





Theorem 8.5.5 Let F be an irreducible cubic fourfold containing a nonsin- 
gular del Pezzo surface S of degree 5 in P°. Then F is a rational variety. 


Proof Consider the linear system |Zs(2)| of quadrics containing S. It defines 
a regular map Y — P*, where Y is the blow-up of S. Its fibres are proper 
transforms of secants of X. This shows that the subvariety of G (P?) param- 
eterizing secants of $ is isomorphic to P*. Let take a general point z in F. 
By the previous Lemma, there exists a unique secant of X passing through z. 
By Bezout’s Theorem, no other point outside S lies on this secant. This gives 
a rational injective map F --+ P* defined outside S. Since a general secant 
intersects F at three points, with two of them on S, we see that the map is 
birational. 














Remark 8.5.6 According to a result of A. Beauville [37], Proposition 8.2, 
any smooth cubic fourfold containing S is a pfaffian cubic hypersurface, i.e. 
is given by the determinant of a skew-symmetric matrix with linear forms as 
its entries. Conversely, any pfaffian cubic fourfold contains a nondegenerate 
surface of degree 5, i.e. an anticanonical weak del Pezzo surface or a scroll. 


Remark 8.5.7 A closed subvariety X of P” is called a subvariety with one 
apparent double point (OADP subvariety, for short) if a general point in P” 
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lies on a unique secant line of X. Thus we see that a nonsingular del Pezzo 
surface of degree 5 is an OADP variety of dimension 2. 

An OADP subvariety X of P” defines a Cremona involution of P” in a 
way similar to the definition of a de Jonquiéres involution. For a general point 
x € P” we find a unique secant line of X intersecting X at two points (a, b), 
and then define the unique T(x) such that the pair {x, T(x)} is harmonically 
conjugate to {a, b}. 

An infinite series of examples of OADP subvarietes was given by D. Bab- 
bage [19] and W. Edge [205]. They are now called the Edge varieties. The 
Edge varieties are of two kinds. The first kind is a general divisor Ey, 2n+1 of 
bidegree (1,2) in Pt x P” embedded by Segre in P?"+!, Its degree is equal to 
2n + 1. For example, when n = 1, we obtain a twisted cubic in P? Ifn = 2, 
we obtain a del Pezzo surface in P°. The second type is a general divisor of 
bidegree (0,2) in Pt x P”. For example, when n = 1, we get the union of 
two skew lines. When n = 2, we get a quartic ruled surface S25 in P? isomor- 
phic to P! x P! embedded by the linear system of divisors of bidegree (1, 2). 
A smooth OADP surface in P? is either an Edge variety of dimension 2, or a 
scroll 55 of degree 4 [483]. 

We refer to [101] for more information about OADP subvarieties. 


8.5.4 Automorphism group 


Let us study automorphisms of a nonsingular del Pezzo surface of degree 5. 
Recall that the Weyl group W (E14) is isomorphic to the Weyl group W (A4) S 
G65. By Proposition 8.2.39, we have a natural injective homomorphism 


p : Aut(S) S Gs. 
Theorem 8.5.8 Let S be a nonsingular del Pezzo surface of degree 5. Then 
Aut( S) ~Gs. 


Proof We may assume that S is isomorphic to the blow-up of the reference 
points xı = [1,0,0], zə = [0, 1,0], 3 = [0,0, 1] and z4 = [1, 1, 1]. The group 
6; is generated by its subgroup isomorphic to G4 and an element of order 
5. The subgroup Gy, is realized by projective transformations permuting the 
points %1,...,24. The action is realized by the standard representation of G4 
in the hyperplane z1 + --- + z4 = 0 of C4 identified with C? by the projection 
to the first three coordinates. An element of order 5 is realized by a quadratic 
transformation with fundamental points 71, £2, 73 defined by the formula 


T: [to, th, t2] b> [to(ta = t1), to(to = tı), tot2]. (8.18) 
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It maps the line V (to) to the point x2, the line V (t1) to the point x4, the line 
V (x2) to the point 21, the point z4 to the point x3. 














Note that the group of automorphisms acts on the Petersen graph of 10 lines 
and defines an isomorphism with the group of symmetries of the graph. 

Let S be a del Pezzo surface of degree 5. The group Aut( S) ~ Gs acts 
linearly on the space V = H°(S,Os(—Ksg)) S C®. Let us compute the char- 
acter of this representation. Choose the following basis in the space V: 


(tti — totıtz, tote — tol be, tito — tobi te, tite — totıtz, tto — tobi te, toh — totıt2). 
(8.19) 


Let sı = (12), s2 = (23), s3 = (34), s4 = (45) be the generators of Gs. It 
follows from the proof of Theorem 8.5.8 that s1, S2, s3 generate the subgroup 
of Aut( S) which is realized by projective transformations permuting the points 
£1, Z2, £3, £4, represented by the matrices 


010 1 0 0 1 —1 
sı = 1 0 0 , 62 = 0 0 1 783 = 0 1 -1 
0 0 1 0 1 0 0 0 -1 


The last generator s4 is realized by the standard quadratic transformation Ty. 
Choose the following representatives of the conjugacy classes in G; different 
from the conjugacy class of the identity element id: 


gi = (12), g2 = (123) = s251, 93 = (1234) = s35251, 
ga = (12345) = 84838281, 95 = (12)(34) = 8153, ge = (123)(45) = 53828184. 


The subgroup generated by sı, sa acts by permuting the coordinates to, t1, ta. 
The generator s3 acts as the projective transformation 





(Y1. -- Ye) > (Y1 — Y2 +Y5;, —Yy2+Ys — Y6, Y3 — Y4 Yo, —Y4 — Ys + Yo, —Ys, —Ys), 


where (yı,...,%s) is the basis from (8.19). Finally, s4 acts by 


(Y1, Y2, Y3, Ya, Y5, Yo) > (Yo, Y4, Y5, Y2; Y3, Yı)- 


Simple computation gives the character vector of the representation 


X= (x(1), x(91), x(92); x(93), x(94), X(95), x(96)) u (6, 0,0, 0, 1, —2,0). 


Using the character table of G5, we find that x is the character of an irreducible 
6-dimensional irreducible representation isomorphic to V = N Rs, where 
Rg is the standard 4-dimensional irreducible linear representation of G5 with 
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character vector (4,2,1,0,—1,0,—1) (see [232], p. 28). The linear system 
| — Ks| embeds S' in P(V). Since V is isomorphic to its dual representation, 
we can identify P(V) with |V]. 

We will see later in Chapter 10 that G,(P*), embedded in P?, is defined 
by five pfaffians of principal minors of a skew-symmetric 5 x 5-matrix (pij), 
where pj; = —pij,i < j, are the Plücker coordinates. The group Gs acts on 
P? via its natural representation on N W, where W is an irreducible repre- 
sentation of Gs with character (5, 1, —1, —1, 0, 1, 1). The representation N W 
‘» Where R}, is the standard 
4-dimensional representation of G5 tensored with the sign representation U”. 

Now let us consider the linear representation of ©; on the symmetric square 
S?(V”ee). Using the formula 


decomposes into irreducible representation V 9 R 


xs2(v)(9) = 3(x(g)* + x(9")), 
we get 
XS82(V) = (21, 3, 0, =l; 1, 5, 0). 


Taking the inner product with the character of the trivial representation, we 
get 1. This shows that the subspace of invariant vectors U = S?(V)®> is 
one-dimensional. Similarly, we find that dim $?(V) contains one copy of the 
1-dimensional sign representation U’ of Gs. The equation of the union of ten 
lines, considered as an element of S?(V), is represented by the equation of the 
union of six lines 7;%;, where 71,..., 24 are the reference points. It is 





F = totita(to — t1)(to — ta) (ti — t2) = 0. 


It is easy to check that F transforms under Gs as the sign representation. 
It is less trivial, but straightforward, to find a generator of the vector space 
S?(V)©>. It is equal to 


G=2) 4-2) thet, — 25 E — X titte + 6tgtıtz. (8.20) 


Its singular points are the reference points x1,...,24. In another coordinate 
system, the equation looks even better: 


tE HE +8 + (t8 + ef + t3)(t6 + tf + tg) — 12020743 = 0. 


(see [203]). The singular points here are the points [1, —1, —1], [—1, 1, —1], [—1, —1, 1], [1, 1, 1]. 
The equation G = 0 reveals obvious symmetry with respect to the group 
generated by the permutation of the coordinates corresponding to the gen- 
erators sı and s2. It is also obviously invariant with respect to the standard 
quadratic transformation Ty which we can write in the form [to, t1, ta] — 
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[1/to,1/tı,1/ta]. Less obvious is the invariance with respect to the genera- 
tor s3. 

The G;-invariant plane sextic Wg = V(G) is called the Wiman sextic. Its 
proper transform on S is a smooth curve of genus 6 in | — 2K's|. All curves 
in the pencil of sextics spanned by V (AF + uG) (the Wiman pencil) are Rls- 
invariant. It contains two S;-invariant members V (F) and V (G). 


Remark 8.5.9 It is known that a del Pezzo surface of degree 5 is isomorphic 
to the GIT-quotient Př of the space (P!)? by the group SL(2) (see [176]). 
The group Gs is realized naturally by the permutation of factors. The isomor- 
phism is defined by assigning to any point x on the surface the five ordered 
points (v1,...,24,%5 = x), where pı,...,pı are the tangent directions of 
the conic in the plane passing through the points x1, 72, 23, 4, x. The iso- 
morphism from Př onto a quintic surface in P* is given by the linear system 
of bracket-functions (ab) (cd) (ef) (hk) (Im), where a, b, c, d, e, f, h, k,l, m be- 
long to the set {1, 2,3, 4,5} and each number from this set appears exactly 2 
times. 


Remark 8.5.10 Let S be a weak del Pezzo surface and D be a smooth divi- 
sor in | — 2K's|. The double cover X of S branched over D is a K3 surface. 
If we take 5 to be a nonsingular del Pezzo surface of degree 5 and D to be 
the proper transform of the Wiman sextic, we obtain a K3 surface with auto- 
morphism group containing the group Gs x 2. The cyclic factor here acts on 
the cover as the deck transformation. Consider the subgroup of G5 x 2 iso- 
morphic to Gs; that consists of elements (ø, e(o)), where e: Gs; — {+1} is 
the sign representation. This subgroup acts on X symplectically, i.e. leaves a 
nonzero holomorphic 2-form on X invariant. The list of maximal groups of au- 
tomorphisms of K3 surfaces which act symplectically was given by S. Mukai 
[398]. We find the group Gs in this list (although the example in the paper is 
different). 





Remark 8.5.11 If we choose one of the nonsingular quadrics containing a 
nonsingular del Pezzo quintic surface S to represent the Grassmannnian G4 (P°), 
then S can be viewed as a congruence of lines in P? of order 2 and class 3. It is 
equal to one of the irreducible components of the variety of bitangent lines of a 
quartic surface X with 15 nodes and 10 tropes (planes which touch the quartic 
along a conic). Each ray of the congruence contains two tangency points with 
X. This defines a double cover of S ramified along a curve [ cut out by a 
quadric. This curve is touching all ten lines. Their pre-images split into the set 
of 20 lines on X. The image of I in the plane is a curve of degree 6 with four 
cusps. For each line joining two cusps, the two residual points coincide. 
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8.6 Quartic del Pezzo surfaces 


8.6.1 Equations 


Here we study in more details del Pezzo surfaces of degree 4. Their minimal 
resolutions of singularities are obtained by blowing up five points in P? and 
hence vary in a 2-dimensional family. 


Lemma 8.6.1 Let X be the complete intersection of two quadrics in P”. Then 
X is nonsingular if and only if it is isomorphic to the variety 


n n 
i=0 i=0 


where the coefficients ao, .. . , an are all distinct. 


Proof The pencil of quadrics has the discriminant hypersurface A defined by 
a binary form of degree n + 1. If all quadrics are singular, then, by Bertini’s 
Theorem they share a singular point. This implies that X is a cone, and hence 
singular. Conversely, if X is a cone, then all quadrics in the pencil are singular. 
Suppose A consists of less than n + 1 points. The description of the tangent 
space of the discriminant hypersurface of a linear system of quadrics (see Ex- 
ample 1.2.3) shows that a multiple point corresponds to either a quadric of 
corank > 2 or to a quadric of corank 1 such that all quadrics in the pencil con- 
tain its singular point. In both cases, X contains a singular point of one of the 
quadrics in the pencil causing X to be singular. Conversely, if X has a singular 
point, all quadrics in the pencil are tangent at this point. One of them must be 
singular at this point causing A to have a multiple point. 

So, we see that X is nonsingular if and only if the pencil contains exactly 
n + 1 quadrics of corank 1. It is a standard fact from linear algebra that in 
this case the quadrics can be simultaneously diagonalized (see, for example, 
[233] or [302], vol. 2, Chapter XII). Thus we see that, after a linear change 
of coordinates, X can be given by equations from the assertion of the Lemma. 
If two coefficients a; are equal, then the pencil contains a quadrics of corank 
> 2, and hence A has a multiple point. 














Theorem 8.6.2 Let S be a del Pezzo surface S of degree 4. Then S is a 
complete intersection of two quadrics in P*. Moreover, if S is nonsingular, 
then the equations of the quadrics can be reduced, after a linear change of 


variables, to the diagonal forms: 


4 


4 
On = oa =0, 
i=0 


i=0 
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where a; # a; fori £ j. 


Proof By Theorem 8.3.4, S is projectively normal in P4. This gives the exact 
sequence 


0— H®°(P*,Z5(2)) > H°(P*, Ops) + H? (S, Og(2)) > 0. 
By Lemma 8.3.1, 
dim H°(S, Og(2)) = dim H°(S, Og(—2Ks)) = 13. 


This implies that © is the base locus of a pencil of quadrics. Now the assertion 
follows from the previous Lemma. 














Following the classical terminology, a del Pezzo surface of degree 4 in P* is 
called a Segre quartic surface. 

One can say more about equations of singular del Pezzo quartics. Let Q be a 
pencil of quadrics in P”. We view it as a line in the space of symmetric matrices 
of size n + 1 spanned by two matrices A, B. Assume that Q contains a nonsin- 
gular quadric, so that we can choose B to be a nonsingular matrix. Consider the 
A-matrix A + AB and compute its elementary divisors. Let det(A + AB) = 0 
have r distinct roots a1,...,@,. For every root a; we have elementary divisors 
of the matrix A+ AB 

(sq) ER 
(A= u), A), ef?) Sao el il, 
The Segre symbol of the pencil © is the collection 
1 s 1 s Sr 
(eP eP eP... ef?) (e... eE]. 


It is a standard result in linear algebra (see, the references in the proof of 
Lemma 8.6.1) that one can simultaneously reduce the pair of matrices (A, B) 
to the form (A’, B’) (i.e. there exists an invertible matrix C such that CAC’ = 
A’,CBC" = B’) such that the corresponding quadratic forms Q}, Q% have 
the following form 


r Si r Si 


Q=) J pla, eP), Q= D> qle®), (8.21) 


i=1 j=1 i=1 j=1 


where 


e e—1 
p(a,e) =a 5 tite+1—i + > brile+1-i, 
i=1 i=1 


e 
q(e) = N titei. 
=l 
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It is understood here that each p(a, e) and q(e) are written in disjoint sets of 
variables. This implies the following. 


Theorem 8.6.3 Let X and X’ be two complete intersections of quadrics 
and P,P’ be the corresponding pencils of quadrics. Assume that P and P' 
contains a nonsingular quadric. Let H and H’ be the set of singular quadrics 
in P and P’ considered as sets marked with the corresponding part of the Segre 
symbol. Then X is projectively equivalent to X’ if and only if the Segre symbols 
of P and P’ coincide and there exists a projective isomorphism ¢ : P— P' 
such that ¢(H) = H’ and the marking is preserved. 


Applying this to our case n = 4, we obtain the following possible Segre 
symbols: 


r=5 : [11111]; 

r=4 : [(11)111], [2111]; 

r=3 : [(11)(11)]], [(11)21], [311], [221], [(12)11]; 
r=2: [14], [8391], BED], [82], [1232], [(12)(11)]; 
r=1: [5], [04]. 


Here r is the number of singular quadrics in the pencil. Note that the case 
((1, 1,1, 1, 1)] leads to linearly dependent matrices A, B, so it is excluded for 
our purpose. Also in cases [(111)11], [(1111)1], [(112)1], [(22)1], there is a 
reducible quadric in the pencil, so the base locus is a reducible. Finally, the 
cases [(23)], [(113)], [(122)], and [(1112)] correspond to cones over a quartic 
elliptic curve. 


8.6.2 Cyclid quartics 


Let S be a nonsingular del Pezzo quartic surface in P4. Let us project S to P?. 
First assume that the center of the projection p lies on S. Then the image of 
the projection is a cubic surface $3 in P3. It is nonsingular if the center of the 
projection does not belong to a line on S, has one node if it lies on one line, 
and has an A» singularity if it lies on two lines. Note that no three lines on S 
are coplanar because otherwise the pencil of hyperplanes through this line cuts 
out, residually, a pencil of lines on S. So, no point lies on three lines. 

Now let us assume that the center of the projection p does not lie on S. Let 
Q, be the unique quadric from the pencil which contains p. 


Theorem 8.6.4 Assume that the quadric Qp is nonsingular. Then the projec- 
tion X of S from p is a quartic surface in P? which is singular along a non- 
singular conic. Any irreducible quartic surface in P? which is singular along 
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a nonsingular conic arises in this way from a Segre quartic surface S in P*. 
The surface S is nonsingular if and only if X is nonsingular outside the conic. 


Proof First of all let us see that X is indeed a quartic surface. If not, the 
projection is a finite map of degree 2 onto a quadric. In this case, the preimage 
of the quadric in P* is a quadratic cone containing S with the vertex at the 
center of the projection. This is excluded by the assumption. 

Let H be the tangent hyperplane of Qp at p and C = HAS. The intersection 
HNQ, is an irreducible quadric in H with singular point at p. The curve C lies 
on this quadric and is cut out by a quadric Q’ N H for some quadric Q’ 4 Q 
from the pencil. Thus the projection from p defines a degree 2 map from C to 
a nonsingular conic K equal to the projection of the cone H N Qp. It spans the 
plane in P? equal to the projection of the hyperplane H. Since the projection 
defines a birational isomorphism from S to X that is not an isomorphism over 
the conic K, we see that X is singular along K. It is also nonsingular outside 
K (since we assume that S' is nonsingular). 

Conversely, let K be a nonsingular conic in P?. As we saw in Subsection 
7.2.1, the linear system |Zx (2)| of quadrics through K maps P? onto a quadric 
Qı in Pt. The preimage of a quadric Q2 # Qı under this rational map is 
a quartic surface X containing K as a double curve. The intersection S = 
Qı N Qə is a Segre quartic surface. The image of the plane II containing K 
is a point p on Qı. The inverse map S --+ X is the projection from p. Since 
the rational map P? --+ Qı is an isomorphism outside II, the quartic X is 
nonsingular outside K if and only if S is nonsingular. 














In classical literature a quartic surface in P? singular along a conic is called 
a cyclide quartic surface. 
Remark 8.6.5 If we choose the equation of the conic K in the form V (t3 + 
t? + t2), then formula (7.17) shows that the equation of the quartic can be writ- 
ten in the form V(X a;;2;2;), where (zo, 21, 22,23) = (t2, tot, tote, tots). 
Since the quartic is irreducible, we may assume that ago 4 0, hence the equa- 
tion of a cyclide surface can be reduced to the form 


(t? + 42 + #2)? + t2ge(to, t1, t2, #3) = 0. (8.22) 


Note that this can generalized to any dimension. We obtain a quartic hypersur- 
face 


n 
(S_ #2)? + t3g2(to,-.-,tn) = 0 
i=l 


singular along the quadric V (to) N V(%_, tz). In dimension 1, we obtain a 


p=" 
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quartic curve with two double points (a cyclide curve). Let £ be the line through 
the nodes. We may assume that its equation is to = 0 and the coordinates of 
the points are [0, 1,2], [0, 1, —i]. By definition, a complex n-sphere in P"*+! is 
a quadric containing a fixed nonsingular quadric Qo in a fixed hyperplane in 
P"+1, We already discussed complex circles in Chapter 2. Thus we see that 
complex spheres are preimages of quadrics in P”+? under a map given by the 
linear system of quadrics in P”+! through Qo. The equation of a complex n- 
ball in P"+! becomes a linear equation in P”*?. Over reals, we obtain that the 
geometry of real spheres is reduced to the geometry of hyperplane sections of 
a fixed quadric in a higher-dimensional space (see [335]). 


Next we consider the projection of a nonsingular Segre surface from a non- 
singular point p on a singular quadric Q from the pencil containing S. The 
tangent hyperplane H of Q at p intersects Q along the union of two planes. 
Thus H intersects S along the union of two conics intersecting at two points. 
This is a degeneration of the previous case. The projection is a degenerate 
cyclide surface. It is isomorphic to the preimage of a quadric in P under a 
map given by the linear system of quadrics in P? containing the union of two 
coplanar lines (a degeneration of the conic K from above). Its equation can be 
reduced to the form 


216 + t2go(to, ti, t2, t3) = 0. 


Finally, let us assume that the center of the projection is the singular point 
p of a cone Q from the pencil. In this case the projection defines a degree 2 
map S — Q, where Q is a nonsingular quadric in P*, the projection of Q. 
The branch locus of this map is a nonsingular quartic elliptic curve of bidegree 
(2, 2). If we choose the diagonal equations of S as in Theorem 8.6.2, and take 
the point p = [1, 0,0, 0, 0], then Q is given by the equation 


(aa = at + (a3 = a,)t3 + (a3 = aits + (a4 = a,)t? = 0. 


It is projected to the quadric with the same equations in coordinates [tı,... , t4] 
in P?. The branch curve is cut out by the quadric with the equation 


#+#+24+4 =0. 


A more general cyclid quartic surfaces are obtained by projection from sin- 
gular quartic surfaces in P?. They have been all classified by C. Segre [517]. 
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8.6.3 Lines and singularities 


Let S be a quartic del Pezzo surface and X be its minimal resolution of 
singularities. The surface X is obtained by blowing up a bubble cycle n = 
zı +---+ 25 of points in almost general position. Applying the procedure of 
Borel-De Sibenthal-Dynkin, we obtain the following list oftypes of root bases 
in the lattice Ky = Es: 

Ds, A3+2A1, Da, A4, 441, Ao+2A1, A3+41, As, 341, Aa+A1, Aa, 2A1, Ai. 
All of these types can be realized as the types of root bases defined by Dynkin 
curves. 

Ds : 25 > £4 > 23 > £2 > £1, and z1, £2, £3 are collinear; 

A3 + 2Aı : £3 > £2 > 21,25 > T4, £1, 04,05 and £1, £2, x3 are collinear; 
D4: %4 > £3 > 2a > 1, and £1, £2, £5 are collinear; 

A4 : £5 > £4 > £3 > 12 > 21; 

4A, : £2 > 21,04 > T3, £1, T2, Z5 and L3, L4, Xs are collinear; 

2Aı + A2: £3 > £2 > 21,25 > £4 and z1, £2, £3 are collinear; 

A, + A3 : £3 > £2 > £1, %5 > £4, and z1, £4, V5 are collinear; 


A3 : £4 > £3 > £2 > £1, Or £3 > LQ > xı and z1, £2, £4 are collinear; 





Aı + A2 : £3 > T2 > T1, Z5 > T4; 
3Aı : £2 > £1, £4, > T3, and z1, %3, Xs are collinear; 
Aə : £3 > £2 > T1; 
2A, : £2 > 21,24 > T3, OF £1, 2, £3 and z1, £3, %4 are collinear; 
Ay : £1, £2, Z3 are collinear. 
This can be also stated in terms of equations indicated in the next table. The 
number of lines is also easy to find by looking at the blow-up model. We have 
the following table (see [565]). 






































Aı 2Aı 2Aı Aa 3Aı 
[itil | rim] 221] | tabi Bm [am21] 
16 12 9 8 8 6 
Ai + Asa A3 A3 A; + Ag | A2 +2Aı 4A) 
[32] [41] [(21)11] [(21)2] BADI [ADAI] 
6 5 4 3 4 4 
Ag Da 2Aı + As Ds 
[5] [B11] | [EDAD] [41)] 
3 2 2 1 

















Table 8.6 Lines and singularities on a weak del Pezzo surface of degree 4 
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Example 8.6.6 The quartic surfaces with singular points of type 4A; or 2Aı+ 
As have a remarkable property that they admit a double cover ramified only 
at the singular points. We refer to [133] for more details about these quartic 
surfaces. The projections of these surfaces to P? are cubic symmetroid surfaces 
which will be discussed in the next Chapter. The cover is the quadric surface 
Fo in the first case and the quadric cone Q in the second case (see Figure 
8.5.1). 


The Gosset polytope Us = 12; has 16 facets of type a and ten facets of type 
8. They correspond to contractions of 5 disjoint lines and pencils of conics 
arising from the pencils of lines through one of the five points in the plane and 
pencils of conics through four of the five points. 








Figure 8.5 Lines on a del Pezzo quartic 


8.6.4 Automorphisms 


Let S be a nonsingular del Pezzo surface. We know that the natural homomor- 
phism 


Aut(S)> W(S) = W(Ds) 
is injective. 
Proposition 8.6.7 
W(Ds) = 2* x Gs, 
where 2* denotes the elementary abelian group (Z/2Z)*. 


Proof This is a well-known fact from the theory of reflection groups. How- 
ever, we give a geometric proof exhibiting the action of W(D;) on Pic(S). 
Fix a geometric basis €9,...,€5 corresponding to an isomorphism S and the 
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blow-up of five points 71,...,25 in general position. Consider five pairs of 
pencils of conics defined by the linear systems 


5 
Li = |eo — eil, Li = |2eo - Sell, ı=1,...,5. 
i=1 
Let a1,..., a5 be the canonical root basis defined by the geometric basis and 
Ti = Tq, be the corresponding reflections. Then ra,...,rs generate G5 and 


act by permuting L;’s and L/. Consider the product rı o 15. It is immediately 
checked that it switches L4 with L4 and Ls with L; leaving L;, Li invariant 
for i = 1,2,3. Similarly, a conjugate of rı o rs in W(D;) does the same 
for some other pair of the indices. The subgroup generated by the conjugates 
is isomorphic to 24. Its elements switch the L; with L/ in an even number of 
pairs of pencils. This defines a surjective homomorphism W (D5) > 6; witha 
kernel containing 24. Comparing the orders of the groups we see that the kernel 











is 2* and we have an isomorphism of groups asserted in the Proposition. 





We know that the pencil of quadrics containing S has exactly five singular 
members Q; of corank 1. Each quadric Q; is a cone over a nonsingular quadric 
in P’. It contains two rulings of planes containing the vertex of Q;. Since 
S = Qi Q for some nonsingular quadric Q, we see that S contains two 
pencils of conics |C;| and |C{| such that C; N C} = 2. In the blow-up model 
of S these are the pencils of conics |L;| and L;| which we used in the proof of 
the previous Proposition. The group W(S) acts on pairs of pencils of conics, 
and on the set of five singular quadrics Q;. The subgroup 24 acts trivially on 
the set of singular quadrics. 


Theorem 8.6.8 Let S be a nonsingular del Pezzo surface of degree 4. The 
image of the homomorphism 


Aut(S) > 24 x Gs 


contains the normal subgroup 2*. The quotient group is isomorphic to either a 
cyclic group of order 1, 2 or 4, or to the dihedral group Dg or Do. 


Proof Consider the map 
|Lil x |Li] >l- Ks], (D,D') 6 D+D. 


Its image generates a 3-dimensional linear system contained in | — Ks]. This 
linear system defines the projection map 7); : S — P®. Since D; - Di = 2 
for D; € Li, Di € Li, the degree of the map is equal to 2. So the image of 
p is a quadric in P3. This shows that the center of the projection is the vertex 
of one of the five singular quadric cones in the pencil of quadrics containing 
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S. The deck transformation g;,2 = 1,...,5, of the cover is an automorphism 
and these five automorphisms generate a subgroup H of Aut( S) isomorphic 
to 2*. One can come to the same conclusion by looking at the equations from 
Theorem 8.6.2 of S. The group of projective automorphisms generated by the 
transformations which switch t; to —t; realizes the subgroup 24. 

Let G be the quotient of Aut(S’) by the subgroup 2+. The group Aut( S) acts 
on the pencil |Zs(2)| of quadrics containing S leaving invariant the subset of 
five singular quadrics. The kernel of this action is the subgroup 24. Thus G is 
isomorphic to a subgroup of Aut(P!) = PGL(2) leaving a set of five points 
invariant. It follows from the classification of finite subgroups of SL(2) and 
their algebra of invariants that the only possible groups are the cyclic groups 
C2, C3, C4, Cs, the dihedral group Dg = G3, and the dihedral group D10 of 
order 10. The corresponding binary forms are projectively equivalent to the 
following binary forms: 


(i) Ca: urlu? — uk) (u? — auf), a? Æ 0,1; 
Gi) Ca: u (u? — ug) (ui + u0); 
Gii) C3, De : u (u1 — uo) (2u1 — uo) (u1 + nuo) (ur + mug); 


(iv) Cs, Dio : (u1 — uo) (u1 — cuo) (u1 — euo) (u1 — uo) (u1 — etuo), 


where n = e?"i/3, e = e?"i/5, In case (iii) the zeros of the binary form 
e [1,0], [1,1], [1,2], [1, —n], [1, —n?] are projectively equivalent to the set 
[1,0], [0,1], [1,1], [1,7], [1,72]. In all cases the symmetry becomes obvious; 


it consists of multiplication of the affine coordinate u} /uo by some roots of 
unity, and, in cases (iii) and (iv), the additional symmetry [uo, u1] +> [u1, uol. 

Using the equations of S from Theorem 8.6.2, we find that the singular 
quadrics in the pencil of quadrics 


4 4 
2 2 
uo > ait? -u ot =0 
i=0 i=0 
correspond to the parameters [uo, u1] = [1,a;]. The corresponding surfaces 


are projectively equivalent to the following surfaces: 





O Co: t +t +t +t 4t = -# + at? — at? =0, a # 0,1; 
Gi) Cy: t + ti +t +t? +t = t? t3 + it? - it? = 0; 

Gii Gs:t +t? + t3 +03 + tf =t? + $B + nt + 7th = 0; 

Gv) Dio: 2 + t? + t2 + t2 +t = t + et? + et t 3 4+ At? =0. 

















Remark 8.6.9 In 1894 G. Humbert [305] discovered a plane sextic I’ with five 
cusps that has an automorphism group isomorphic to 24. Its proper transform 
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on the blow-up of the five cusps is a nonsingular curve I” of genus 5 on a del 
Pezzo quartic surface S. It is embedded in P? by its canonical linear system. 
The curve T” is cut out by a quadric V(X a? 
by the equations from Theorem 8.6.2 (see [202]). The curve is tangent to all 
16 lines on S. The double cover of S branched along this curve is a K3 surface 
isomorphic to a nonsingular model of a Kummer quartic surface. The following 


equation of I’ was found by W. Edge [205] 


t); where we consider $ given 


tz — to) (t2 — t1) + (Ei + 3t3 — 4to) (tı + to)" (tt — to) = 0. 


The curve has peculiar properties: the residual points of each line containing 

two cusps coincide, and the two contact points are on a line passing through 
a cusp; the residual points of the conic through the five cusps coincide and all 
cuspidal tangents pass through the contact point (see loc.cit.). The five maps 
S — P! defined by the pencils of conics, restricted to I’, define five g}’s on T”. 
The quotient by the involution defined by the negation of one of the coordinates 
ti is an elliptic curve. This makes the 5-dimensional Jacobian variety of T” 
isogenous to the product of five elliptic curves (this is how it was found by 
Humbert). The quotient of I’ by the involution defined by the negation of two 
coordinates t; is a curve of genus 3. It is isomorphic to the quartic curve with 
automorphism group isomorphic to 2°. 

By taking special del Pezzo surfaces with isomorphism groups 24 x De and 
24 x D10 we obtain curves of genus 5 with automorphism groups of order 96 
and 160 (see [202]). 

Let p,...,p¢ be six points in P? in general linear position. A Humbert 
curve can be also defined as the locus of tangency points of lines passing 
through pe with rational normal cubics passing through pı,...,p5s (see [21], 
vol. 6, p. 24). It is also characterized by the property that it has ten effective 
even theta characteristics (see [585]). 

The double cover of S ramified over I’ is a K3 surface isomorphic to a 
nonsingular model of a Kummer quartic surface with 16 nodes. The preimages 
of the 16 lines on S split into 32 curves, the images of a subset of 16 of them 
on the Kummer surface are 16 nodes, and the images of the remaining 16 
curves are the 16 conics cut by 16 tropes of the surface. The surface S admits 
a nonsingular model as a surface in the Grassmannian G, (P?) of degree and 
class equal to 2. It is one of irreducible components of the surface of bitangents 
of a Kummer quartic surface (see [319]). 
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8.7 Del Pezzo surfaces of degree 2 


8.7.1 Singularities 


Let S be a weak del Pezzo surface of degree 2. Recall that the anticanonical 
linear system defines a birational morphism ¢’ : S — X, where X is the anti- 
canonical model of S isomorphic to the double cover of P? branched along a 
plane quartic curve C with at most simple singularities (see Section 6.3.3). We 
have already discussed nonsingular del Pezzo surfaces of degree 2 in Chap- 
ter 6, in particularly the geometry associated with seven points in the plane in 
general position. A nonsingular del Pezzo surface is isomorphic to the double 
cover of the projective plane ramified over a nonsingular plane quartic. It has 
56 lines corresponding to 28 bitangents of the branch curve. 

Let ¢ : S — P? be the composition of ¢ and the double cover map o : X — 
P?. The restriction of ¢ to a (—1)-curve F is a map of degree -Ks-E = 1. Its 
image in the plane is a line £. The preimage of £ is the union of E and a divisor 
D e€ |- Ks -— E]. Since —Kg-D = 1, the divisor D is equal to E’ + R, where 
E’ is a (—1)-curve and R is the union of (—2)-curves. Also we immediately 
find that E - D = 2, D? = —1. There are three possible cases: 


© EAB’, B-E' =2; 
Gi) EAE',E-E' =1; 
Gi) E£E',E=E. 


In the first case, the image of E is a line £ tangent to C at two nonsingular 
points. The image of D — E’ is a singular point of C. By Bezout’s Theorem, £ 
cannot pass through the singular point. Hence D = F’ and £ is a bitangent of 
©. 

In the second case, E- (D — E’) = 1. The line £ passes through the singular 
point ¢(D — E’) and is tangent to C at a nonsingular point. 

Finally, in the third case, £ is a component of C. 

Of course, when S' is a del Pezzo surface, the quartic C is nonsingular, and 
we have 56 lines paired into 28 pairs corresponding to 28 bitangents of C'. Let 
m : S — P? be the blow-up of seven points x,,...,27 in general position. 
Then 28 pairs of lines are the proper inverse transforms of the isolated pairs of 
curves: 

21 pairs: a line through x;, x; and the conic through the complementary five 
points; 

7 pairs: a cubic with a double point at x; and passing through other points 
plus the exceptional curve m 1(x;). 

We use the procedure of Borel-de Siebenthal-Dynkin to compile the list of 
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root bases in E7. It is convenient first to compile the list of maximal (by inclu- 
sions) root bases of type A, D, E (see [326], §12). 

















Type rank n 

An 

Dn Dk + Dn-k,k 22 

Es Ai + As, Ag + A2 + Aa 

Er Aı + De, Ar, A2 + As 

Es Ds, Ai + E7, As, Ao + E6, Aa + Aa 


























Table 8.7 Maximal root bases 


Here Ds = Aı + Aı and D3 = Aa. 
From this we easily find the following table of root bases in E7. Note that 





r Types 
7 E7, Ay + De, A7,3Aı + Da, Ai + 2 As, As + A2,7Aı 








6 Es, Ds + Aı, De, As, Ai + A5,3A2,2Aı + Da, 2As, 
3A1 + A3,6A1, Aı + Aa + A3, A2 + Au 

















5 Ds, As, Ai + Da, Ai + Aa, Ai + 2A2,2Aı + As, 
3Aı + Aa, Aa + As, 541 
<4 Da, Ai, +. + Aa tate Fin <4 





Table 8.8 Root bases in the E7-lattice 


there are two root bases of types A; + As, Ag + 2A1, 3A1, Aı + A3 and 4A, 
which are not equivalent with respect to the Weyl group. 

The simple singularities of plane quartics were classified by P. Du Val [196], 
Part III. 


Aj: one node; 

2A1: two nodes; 

Ag: one cusp; 

3A: irreducible quartic with three nodes; 

3.A1: a cubic and a line; 

Aı + Ag: one node and one cusp; 

As: one tacnode (two infinitely near ordinary double points); 
4A: a nodal cubic and a line; 

4 Aj: two conics intersecting at 4 points; 

2A, + Ag: two nodes and one cusp; 


A, + Az: anode and a tacnode; 





A, + Ag: cubic and a tangent line; 
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Az: one rhamphoid cusp (two infinitely near cusps); 
2 Aa: two cusps; 

D4: an ordinary triple point; 

5A1: a conic and two lines; 

3A, + Ag: a cuspidal cubic and a line; 

2A, + A3: two conics tangent at one point; 

2A, + As: a nodal cubic and its tangent line; 

A, + Ay: arhamphoid cusp and a node; 


A, + 2A: a cusp and two nodes; 





Asa + A3: a cusp and a tacnode; 

As: one oscnode (two infinitely near cusps); 

As: a cubic and its inflection tangent; 

Ds: nodal cubic and a line tangent at one branch; 
A, + Dı: a nodal cubic and line through the node; 
Es: an irreducible quartic with one eg-singularity; 
De: triple point with one cuspidal branch; 


A, + As: two conics intersecting at two points with multiplicities 3 and 1; 





A, + As: a nodal cubic and its inflection tangent; 

6A: four lines in general position; 

3Aa: a three-cuspidal quartic; 

2A, + D4: two lines and conic through their intersection point; 

Ds + Aı: cuspidal cubic and a line through the cusp; 

2 Az: two conics intersecting at two points with multiplicities 2; 

3A, + As: a conic plus its tangent line plus another line; 

A, + Az + As: cuspidal cubic and its tangent; 

Ag: one oscular rhamphoid cusp (three infinitely near x; > x2 > xı cusps); 
Asa + Ag: one rhamphoid cusp and a cusp; 

Er: cuspidal cubic and its cuspidal tangent; 

A, + De: conic plus tangent line and another line through point of contact; 
D, + 34:1: four lines with three concurrent; 


Az: two irreducible conics intersecting at one point; 





As + Aa: cuspidal cubic and an inflection tangent; 


2A3 + Aj: conic and two tangent lines. 
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Note that all possible root bases are realized except 7A; (this can be real- 
ized in characteristic 2). One can compute the number of lines but this rather 
tedious. For example, in the case A; we have 44 lines and a one-nodal quartic 
C has 22 proper bitangents (i.e. lines with two nonsingular points of tangency) 
and six bitangents passing through the node. 

The Gosset polytope 7 = 32; has 576 facets of type a and 126 facets 
of type 3. They correspond to contractions of seven disjoint (—1)-curves and 
pencils of conics arising from seven pencils of lines through one of the seven 
points in the plane, 35 pencils of conics through four points, 42 pencils of cubic 
curves through six points with a node at one of these points, 35 pencils of 3- 
nodal quartics through the seven points, and seven pencils of quintics through 
the seven points with six double points. 


8.7.2 Geiser involution 


Let S be a weak del Pezzo surface of degree 2. Consider the degree 2 regular 
map ¢ : S — P? defined by the linear system | — K's|. In the blow-up model 
of S, the linear system | — K's| is represented by the net of cubic curves N 
with seven base bubble points 71,...,27 in P?. It is an example of a Laguerre 
net considered in Subsection 7.3.3. Thus we can view S as the blow-up of 7 
points in the plane P? which is canonically identified with | — Ks|. The target 
plane P? can be identified with the dual plane | — Ks|Y of | — Ks|. The plane 
quartic curve © belongs to | — Kgs|Y. 

If S is a del Pezzo surface, then & is a finite map of degree 2 and any sub- 
pencil of | — Ks| has no fixed component. Any pencil contained in N has no 
fixed components and has two points outside the base points of the net. As- 
signing the line through these points, we will be able to identify the plane P? 
with the net M, or with | — Ks]. This is the property of a Laguerre net. The 
inverse map is defined by using the coresidual points of Sylvester. For every 
nonsingular member D € N, the restriction of | — Ks| to D defines a g4 real- 
ized by the projection from the coresidual point on D. This map extends to an 
isomorphism N — P?. 

Let X C P(1,1,1,2) be an anticanonical model of S. The map ¢ factors 
through a birational map o : S — X that blows down the Dynkin curves 
and a degree 2 finite map ¢ : X — P? ramified along a plane quartic curve 
C with simple singularities. The deck transformation y of the cover ¢ is a 
birational automorphism of S called the Geiser involution. In fact, the Geiser 
involution is a biregular automorphism of S. Since ø is a minimal resolution 
of singularities of X, this follows from the existence of an equivariant minimal 
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resolution of singularities of surfaces [363] and the uniqueness of a minimal 
resolution of surfaces. 


Proposition 8.7.1 The Geiser involution y has no isolated fixed points. Its 
locus of fixed points is the disjoint union of smooth curves W + Rı +---+ Rk, 
where Rı,..., Rp are among irreducible components of Dynkin curves. The 
curve W is the normalization of the branch curve of the double cover ¢ : S — 
P?. A Dynkin curve of type Asp has no fixed components, a Dynkin curve of 
type Aar+ı has one fixed component equal to the central component. A Dynkin 
curve of type Da, Ds, De, Es, E7 have fixed components marked by square on 
their Coxeter-Dynkin diagrams. 


Dı 





D; e + E . 














Ez E © e = 8 


Assume that S is a del Pezzo surface. Then the fixed locus of the Geiser 
involution is a smooth irreducible curve W isomorphic to the branch curve of 
the cover. It belongs to the linear system | — 2K s| and hence its image in the 
plane is a curve of degree 6 with double points at 71,..., £7. It is equal to the 
Jacobian curve of the net of cubics, i.e. the locus of singular points of singular 
cubics from the set. It follows from the Lefschetz Fixed-Point-Formula that the 
trace of y in Pic(S) = H?($,Z) is equal to e(W) — 2 = —6. This implies 
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that the trace of o on Qs = (Ks)* is equal to —7. Since rank Qs = 7 this 
implies that y acts as the minus identity on Qs. It follows from the theory 
of finite reflection groups that the minus identity isogeny of the lattice E7 
is represented by the element wo in W(E7) of maximal length as a word in 
simple reflections. It generates the center of W (E7). 

We can also consider the Geiser involution as a Cremona involution of the 
plane. It coincides with the Geiser involution described in Chapter 7. The char- 
acteristic matrix of a Geiser involution with respect to the bases eọ, . . . , ey and 
o*(€o),---,0*(e7) is the following matrix: 


[0 +} 
w 
w 
w 
w 
w 
w 
w 











(8.23) 














wm wm wm wm www 
Er a eee SS] 
a a u u u NO oe 
eRe RPP NF eB 
PRP FP NF rH 
tl eet NOM eet ee el ood 
PN FFP RFF HB 
LO ce ce el ee ee od 


The element wo acts on the Gosset polytope 321 as the reflection with respect 
to the center defined by the vector sk; = -4 >> u;, where v; are the excep- 
tional vectors. The 28 orbits on the set of vertices correspond to 28 bitangents 
of a nonsingular plane quartic. 


8.7.3 Automorphisms of del Pezzo surfaces of degree 2 


Let 5 be a del Pezzo surface of degree 2. We know that the natural homomor- 
phism 


Aut(S) > W(S) = W (Er) 


is injective. The Geiser involution y belongs to the center of W (S). The quo- 
tient group Aut(S')/(y) is the group of projective automorphisms that leaves 
the branch curve C of the map invariant ¢ : S — P?. We use the classification 
of automorphisms of plane quartic curves from Chapter 6. Let G’ be a group 
of automorphisms of the branch curve C = V(f). Let x : G’ — C* be the 
character of G” defined by o*(f) = x(a) f. Let 


G = {(g',a) E Gx C*: x(g') = 07}. 


This is a subgroup of the group G’ x C*. The projection to G” defines an 
isomorphism G & 2.G’. The extension splits if and only if x is equal to the 
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square of some character of G”. In this case G = G” x 2. The group G acts on 
S as given by Equation (8.16) by 


(o,a) : [to, ti, ta, t3] + [o’* (to), o* (t1), 0”* (t2), ats]. 


Any group of automorphisms of S is equal to a group G as above. This easily 
gives the classification of possible automorphism groups of del Pezzo surfaces 
of degree 2 (see Table 8.9). 













































































Type | Order Structure Equation 
I 336 2x Lo(7) t2 + tat: + tite + t3to 
I 192 | 2x (47:63) | 2 + +17 +14 
Il 96 2x 4%A4 t2 tatti tat +t 
2 4 4 4 242 242 242 
IV 48 2x G4 12 +13 +14 +04 eRe + 1912 + 1713 
V 32 2x 4.2? 2 th + 04 tar +44 
VI 18 18 t2 +t + tot? +tıt3 
2 4 4 4 242 2 
vo 16 2x Ds 12 +13 +i + + atat? + bttotı 
VII 12 2x 6 t3 + t3to +t + tf + at2t? 
IX 12 2x 63 t3 +13 + atztotı + t2 (ty + t7) + bigty 
X 8 23 t3 + t3 +t + to + atata + otita + cat 
XI 6 6 t2 + t3to + fa(to, t1) 
XII 4 2? 12 +12 +12 fo(to, ti) + falto, tı) 
Xl 2 2 t3 + fa(to, t1, ta) 

















Table 8.9 Groups of automorphisms of del Pezzo surfaces of degree 2 


We leave it to a curious reader the task of classifying automorphism groups 
of weak del Pezzo surfaces. Notice that in the action of Aut(S) in the Picard 
group they correspond to certain subgroups of the group Cris(S). Also the ac- 
tion is not necessarily faithful; for example, the Geiser involution acts trivially 
on Pic( S) in the case of a weak del Pezzo surface with singularity of type Er. 


8.8 Del Pezzo surfaces of degree 1 


8.8.1 Singularities 


Let S be a weak del Pezzo surface of degree 1. It is isomorphic to the blow-up 
of a bubble cycle of eight points in almost general position. The anticanonical 
model X of S is a finite cover of degree 2 of a quadratic cone Q ramified over 
a curve B in the linear system |Og(3)|. It is nonsingular or has simple singu- 
larities. The list of types of possible Dynkin curves is easy to compile. First 
we observe that all diagrams listed for the case of the E7-lattice are included 
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in the list. Also all the diagrams A, + T, where T is from the previous list are 
included. We give only the new types. 





3 


Types 

8 | Es, As, Ds, 244, Ai + A2 + As, A3 + Ds, 2Daz, 
A2 + Es, A3 + Ds, 4A2 

Dr, A2 + Ds, Aa + As, A3 + Da 

6 Az + Da 











~ 

















Table 8.10 Root bases in the Eg-lattice 


Note that there are two root bases of types Ar, 2A3, A; + As, 2A, + A3 
and 4A}, which are not equivalent with respect to the Weyl group. 

The following result of P. Du Val [196] will be left without proof. Note that 
Du Val uses the following notation: 


Ay =[], An = [B°], n2 2, Da = [807], n > 4, 


Es = [33:1], Ez — [ae], Es = [3521], 


Theorem 8.8.1 All types of root bases in Eg can be realized by Dynkin curves 
except the cases TA, 841, D4 + 4A}. 


In fact, Du Val describes explicitly the singularities of the branch sextic 
similarly to the case of weak del Pezzo surfaces of degree 2 (see also Table 
8.10). 

The number of lines on a del Pezzo surface of degree 1 is equal to 240. Note 
the coincidence with the number of roots. The reason is simple, for any root 
a € Kg, the sum —kg + a is an exceptional vector. The image of a line under 
the cover ọ : S — Q is a conic. The plane spanning the conic is a tritangent 
plane, i.e. a plane touching the branch sextic W at three points. There are 
120 tritangent planes, each cut out a conic in Q which splits under the cover 
in the union of two lines intersecting at three points. Note that the effective 
divisor D of degree 3 on W such that 2D is cut out by a tritangent plane, is an 
odd theta characteristic on W. This gives another explanation of the number 
120 = 2° (2* - 1). 

The Gosset polytope Xg = 42; has 17280 facets of type a corresponding 
to contractions of sets of eight disjoint (—1)-curves, and 2160 facets of type 
6 corresponding to conic bundle structures arising from the pencils of conics 
|deo — mıeı — «++ — mg] in the plane which we denote by (d;mı,..., mg): 


e 8 of type (1;1,07), 
e 70 of type (2; 1*, 0°), 
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e 168 of type (3; 2, 1°, 07), 
e 280 of type (4; 23, 14,0), 
e 8 of type (4; 3, 17), 

e 56 of type (5; 2°, 1,0), 

e 280 of type (5; 3, 2°, 1*), 
e 420 of type (6; 37, 24, 17), 
e 280 of type (7; 3+, 23, 1), 
e 56 of type (7; 4, 3, 2°), 

e 8 of type (8;37,1), 

e 280 of type (8; 4, 34, 23), 
e 168 of type (9; 47, 3°, 2), 
e 70 of type (10; 44, 3+), 

e 8 of type (11; 4”, 3), 


Observe the symmetry (d;mı,...,mg) — —4kg — (d;m1,..., Mg). 


8.8.2 Bertini involution 


Let S be a weak del Pezzo surface of degree 1. Consider the degree 2 regular 
map ¢ : S — Q defined by the linear system | — 2K s|. In the blow-up model 
of S, the linear system | — 2K s| is represented by the web W of sextic curves 
with eight base bubble points £1, .. . , zg in P?. If S is a del Pezzo surface, then 
o is a finite map of degree 2. 

Let X C P(1,1,2,3) be the anticanonical model of S. The map ¢ factors 
through the birational map o : S — X that blows down the Dynkin curves 
and a degree 2 finite map ¢ : X — Q ramified along a curve of degree 6 cut 
out by a cubic surface. The deck transformation £ of the cover ¢ is a birational 
automorphism of S' called the Bertini involution. As in the case of the Geiser 
involution, we prove that the Bertini involution is a biregular automorphism of 


S. 


Proposition 8.8.2 The Bertini involution 6 has one isolated fixed point, the 
base point of | — Ks|. The I-dimensional part of the locus of fixed points is 
the disjoint union of smooth curves W + Rı +---+ Re, where Rı,..., Rk 
are among irreducible components of Dynkin curves. The curve W is the nor- 
malization of the branch curve of the double cover ¢ : S — Q. A Dynkin 
curve of type Aar has no fixed components, a Dynkin curve of type Aar+ı has 
one fixed component equal to the central component. A Dynkin curve of types 
D4, Dr, Dg, Eg have fixed components marked by square on their Coxeter- 
Dynkin diagrams. The fixed components of Dynkin curves of other types given 
in the diagrams from Proposition 8.7.1. 
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Assume that S is a del Pezzo surface. Then the fixed locus of the Bertini 
involution is a smooth irreducible curve W of genus 4 isomorphic to the branch 
curve of the cover and the base point of |— Ks|. It belongs to the linear system 
| — 3K | and hence its image in the plane is a curve of degree 9 with triple 
points at x1, . . . , £g. It follows from the Lefschetz fixed-point-formula that the 
trace of 3 in Pic(S) = H?(S,Z) is equal to 1+ e(W) — 2 = —7. This implies 
that the trace of o on Qs = (Kg)+ is equal to —8. Since rank Qs = 8 this 
implies that y acts as the minus identity on Qs. It follows from the theory 
of finite reflection groups that the minus identity isogeny of the lattice Eg 
is represented by the element wo in W (Es) of maximal length as a word in 
simple reflections. It generates the center of W (Es). 

We can also consider the Bertini involution as a Cremona involution of the 
plane. It coincides with a Bertini involution described in Chapter 7. The char- 


acteristic matrix of a Bertini involution with respect to the bases €9,..., eg and 
o*(eo),...,0*(es) is the following matrix: 
17 6 6 6 6 6 6 6 6 























Nam m m O T 
DNDDNDDNDNDD W 
NOnwnwnnwnnwnnw w wv 
DDDDDNDWNMNM 
DNDDNDNDWNDMD 
Onwnwnwnnrnhnd wv 
DNDWNVNDNMDNDMD 
DWODDDDNDDNDMD 
WNnNNnN NNW WY WD 





We can consider this matrix as the matrix of the element wo € O(I"®) in 
the basis eo, €1,..., €g. It is immediately checked that its restriction to Eg is 
equal to the minus identity transformation. As an element of the Weyl group 
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W (Es), it is usually denoted by wo. This is element of maximal length as a 
word in simple reflections. The group (wo) is equal to the center of W (Es). 

The element wo acts on the Gosset polytope 42; as the reflection with re- 
spect to the center defined by the vector kg = -35 X v;, where v; are the 
exceptional vectors. The 120 orbits on the set of vertices correspond to 120 
tritangent planes of the branch curve of the Bertini involution. 


8.8.3 Rational elliptic surfaces 


We know that the linear system | — Ks| is an irreducible pencil with one base 
point xo. Let 7 : F — S be its blow-up. The proper inverse transform of 
| — Ks| in F is a base-point-free pencil of curves of arithmetic genus 1. It 
defines an elliptic fibration y : F — P+. The exceptional curve E = 7"!(xo) 
is a section of the fibration. Conversely, let y : F — Pt be an elliptic fibration 
on a rational surface F' which admits a section E and is relative minimal in 
the sense that no fiber contains a (—1)-curve. It follows from the theory of 
elliptic surfaces that — K p is the divisor class of a fiber and E is a (—1)-curve. 
Blowing down E, we obtain a rational surface S with K 2 = 1. Since Kp is 
obviously nef, we obtain that Ks is nef, so S is a weak del Pezzo surface of 
degree 1. 

Let y : F — P! be a rational elliptic surface with a section F. The section 
E defines a rational point e on a generic fiber F}, considered as a curve over 
the functional field K of the base of the fibration. It is a smooth curve of genus 
1, so it admits a group law with the zero equal to the point e. It follows from 
the theory of relative minimal models of surfaces that any automorphism of F} 
over K extends to a biregular automorphism of F over P!. In particular, the 
negation automorphism x — —z extends to an automorphism of F fixing the 
curve E. Its descent to the blowing down of E is the Bertini involution. 

Let D be a Dynkin curve on S. The point xo cannot lie on D. In fact, other- 
wise the proper transform R’ of a component of D that contains to is a (—3)- 
curve on F. However, —K p is nef on F, hence Kr - R’ < 0 contradicting 
the adjunction formula. This implies that the preimage r*(D) of Don F is 
a Dynkin curve contained in a fibre. The whole fiber is equal to the union of 
T*(D) + R, where R is a (—2)-curve intersecting the zero section Æ. Ko- 
daira’s classification of fibres of elliptic fibrations shows that the intersection 
graph of the irreducible components of each reducible fiber is equal to one of 
the extended Coxeter-Dynkin diagrams. 

The classification of Dynkin curves on a weak del Pezzo surfaces of degree 
1 gives the classification of all possible collections of reducible fibres on a 
rational elliptic surface with a section. The equation of the anticanonical model 
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in P(1,1,2,3) 
t3 + t3 + falto,tı)ta + felto, t1) = 0, (8.24) 


after dehomogenization t = tı/to, = t2/t?, y = t3/t3, becomes the Weier- 
strass equation of the elliptic surface 


y? +2° + a(t)e + b(t) =0. 


The classification of all possible singular fibres of rational elliptic surfaces 
(not necessarily reducible) in terms of the Weierstrass equation was done by 
several people, e.g. [435]. 


8.8.4 Automorphisms of del Pezzo surfaces of degree 1 


Let S be a nonsingular del Pezzo surface of degree 1. We identify it with its 
anticanonical model (8.24). The vertex of Q has coordinates [0, 0, 1] and its 
preimage in the cover consists of one point [0, 0, 1, a], where a? + 1 = 0 (note 
that [0, 0, 1, a] and [0, 0, 1, —a] represent the same point in P(1, 1, 2, 3)). This 
is the base point of | — Kg|. The members of | — K s| are isomorphic to genus 1 
curves with equations y? +£? + f4(to, ti)" + fe(to, t1) = 0. Our group G acts 
on P! via a linear action on (to, tı). The locus of zeros of A = 4f} + 27f§ 
is the set of points in Pt such that the corresponding genus 1 curve is singular. 
It consists of a simple roots and b double roots. The zeros of f4 are either 
common zeros with fg and A, or represent nonsingular equianharmonic elliptic 
curves. The zeros of fg are either common zeros with f4 and A, or represent 
nonsingular harmonic elliptic curves. The group G leaves both sets invariant. 

Recall that G is determined up to conjugacy by its set of points in P! with 
nontrivial stabilizers. If G is not cyclic, then there are three orbits in this set of 
cardinalities n/e1,n/e2,n/e3, where n = #G and (e1, e2, e3) are the orders 
of the stabilizers. Let T be a finite noncyclic subgroup of PGL(2). We have the 
following possibilities: 


(i) = Dor, n= 2k, (e1, e2, e3) = (2, 2: k); 
GD T = 4, n = 12, (eı,ea,e3) = (2,3, 3); 
(ii) T = 64, n = 24, (e1, €2, €3) = (2,3,4); 
(iv) T = 5, n = 60, (e1, €2, €3) = (2,3, 5). 


If T is a cyclic group of order n, there are 2 orbits of cardinality 1. 

The polynomials f4 and fs are projective invariants of G on Pt, i.e. their 
sets of zeros are invariant with respect to the group action. Each orbit defines 
a binary form (the orbital form) with the set of zeros equal to the orbit. One 
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can show that any projective invariant is a polynomial in orbital forms. This 
immediately implies that G 4 5 and if G S Gy, then f4 = 0. 

We choose to represent G by elements of SL(2), i.e. we consider G as a 
quotient of a binary polyhedral subgroup G C SL(2) by its intersection with 
the center of SL(2). A projective invariant of G becomes a relative invariant of 
G, i.e. elements of G which leave the line spanned by the form invariant. Each 
relative invariant defines a character of G defined by 


We use the description of relative invariants and the corresponding characters 
of G from [539]. This allows us to list all possible polynomials f4 and fe. 

The following is the list of generators of the groups G, possible relative 
invariants f4, fs and the corresponding character. 

We use the fact that a multiple root of fe is not a root of f4 (otherwise the 
surface is singular). In the following e% will denote a primitive k-th root of 
unity. 

Case 1: G is cyclic of order n. If n is odd (even), we choose a generator 
o given by the diagonal matrix diag[e,,,€,'] (diaglean, €5,,]). Any monomial 
titl is a relative invariant with x(o) = €} if n is odd and x(o) = €, if n 
is even. In Table 8. 11 we list relative invariants which are not monomials. 
































n | fa x(a) || fs x(a) 
2 | ato + btott + cti 1 ato + tati + ctz) + | -1 
tots (até + bt?) -1 tota(at§ + btt? + ct1) 1 
3 | to(ata + bt?) €3 ato + btet? + ct? 1 
ti (até + bt?) & tot] (ate + bt?) & 
tots (ate + bt?) €3 
4 | ato + bil -1 telato + bti) -i 
tots (até + bt}) -1 
ti (at + bti) i 
5 to(ato + bt?) 65 
tı (at + bt?) é 
6 ato + bti -1 
































Table 8.11 Relative invariants:cyclic group 


Case 2: G = D, is a dihedral group of order n = 2k. It is generated by two 
matrices 
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k | fa x(o1) || x(o2) 

2 | alto + tf) + betr 1 1 
tots (tô — tî) -1 -1 
e 1 -1 
tots (t6 + t?) -1 1 

3| tt 1 1 

4 tg = u -1 = 

6 | tat? 1 1 





















































k | fs x(o1) || x(o2) 

2 | totı (a(t + ti) + bot) 1 -1 
alts +19) + btetı (te +1) -1 -1 
a(t — t$) + bt — t?) -1 1 
toti (to — ti) 1 1 

3 | tE +t Hart 1 1 
Ti 1 1 

4 | totı(to + tî) -1 +1 

6 | e+e -1 +1 


























Table 8.13 Relative invariants of degree 6:dihedral group 


Case 3: G = Ay. It is generated by matrices 


„fi 9 fi EAS E © 
END Meg PZU oy PZA e) 
Up to the variable change to — ito, tı — tı, we have only one case 
fa = to + 2V- 38 + ti, (x(o1),x(o2),x(os) = (1, 1,€3), (8.25) 
fo = tota (to — ti), (x(o1), x(o2), x(o3) = (1,1, 1). (8.26) 


Case 4: G = G4. It is generated by matrices 


[8 9 EEE ee 
Beso ety OP gs gy nz eye 


There is only one, up to a change of variables, orbital polynomial of degree 
< 6. It is 


fe = toti (to — t1). 


It is an invariant of G. In this case f4 = 0. 
In the next Theorem we list all possible groups G” = Aut($)/(ß) and their 
lifts G to subgroups of Aut(S). We extend the action of G on the coordinates 
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to, tı to an action on the coordinates to, t1, t2. Note that not all combinations 
of (fa, fs) admit such an extension. For example, a common root of f4 and fe 
must be a simple root of fe since otherwise the surface $ is singular. 

In the following list, the vector a = (ao, a1, a2, a3) will denote the transfor- 
mation [to, t1, te, t3] > [aoto, aıtı, aata, a3t3]. The Bertini transformation 8 
corresponds to the vector (1,1, 1,—1). 


1. Cyclic groups G’ 
(i) G =2,G = ((1,-1,1,1), 8) S 2?, 
fa = ato t+ bit + cti, fe = dt + etot? + ftti + gt. 
(ii) G! = 2,G = ((1,-1,-1,1)), 





fa =atg bot] + ctf, fe = tots (dtp + etêt? + ftf). 
Gii) G! = 3, G = ((1,€3,1,-1)) = 6, 





fa = to(at2 + 0t2), fg = atf + be3t? + ct’. 
(iv) G! = 3,G = (1,3, €3, —1)), 
Ja= titi, ath + btt? + ctf. 
(v) G' =3,G=6,a=(1,1,¢3,—1), 
fa=0. 
(vi) @ =4,G = ((i,1, —1,i), 8) = 4 x 2, 
fa sate + ott, fe = t2(ct§ + dtt). 
(vii) G’ = 4,G = ((i, 1, —i, -eg)) = 8, 
fa = atôti, fe = toti (ct + dti), 
(viii) G’ = 5,G = ((L,&,1,-1)) & 10, 
fa = at, fe = to(bte +t). 
(ix) G! = 6,G = ((1,¢6, 1,1), 6) 22x 6. 
fem ty, feats +b. 
(x) G” = 6,G ze ((e¢, 1, 3, 1), 8) =2x 6, 
fr =toti, fe = at + bti. 
(xi) G! = 6,G = ((-1, 1, €3, 1), 8) S 2 x 6, 


fa=0, fe = dig + etti + Stiti + otf, 
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(xii) G’ = 10,G = ((1, €10, —1,2)) = 20, 
fa =atg, fe = tot}. 
(xiii) G’ = 12,G = ((e12, 1, €, —1), 8) = 2 x 12, 
fa=ato, fe=ti 


(xiv) G = 12, G= ((i, F, €12, €8)) = 24, 


fa=0, fe = tots (é6 + bth). 


(xv) G! = 15, G = (1, €5, €3, €30)) x 30, 


fa=0, fe = tolt +t). 


2. Dihedral groups 


(i) G’ = 2°,G= Ds, 


fs = a(t tti) tott, fo=totıleltd + ti) + dt2t2], 


Ties [to, t1, te, t3] = [t1, —to, ta, its], 


02 : [to, t1, t2, t3] + [t1, to, t2, ts], 


4 


Gi) G’ = 2, G = 2.D1, 


fa = alto + ti) +btåti, fe = totı(tô — tt), 


01 : [to, t1, t2, t3] = [to, —t1, —t2, its], 


02: [to, t1, t2, ta] > [t1, to, —ta, tts], 


oT == (0102)? =b. 


Gii) G’ = De, G = Din, 


fh=attt, fe =t6 +28 + bit, 


01 : [to, t1, t2, t3] + [to, estı, esta, —t3], 


02: [to, t1, ta, ts] tat [t1, to, t2, ts], 


3 2 = = 
o\=ß,05 =1; 030303 = 0; 


ee Rn = _ 
gi = 05 =1,oj = B,o2010,° = 05 
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(v) @ = Dg,G= Die, 


fa= att, fe =toti(t{ + tt), 


01: [to, t1, te, t3] => [esto, eg ‘t1, —te, its], 


02: [to, t1, t2, t3] E? [t1, to, ta, ts], 


4 2 =a =I 
0, = p03 =1, 020105 =o, . 


(vi) @ = Di2,G = 2.D12, 
f= atiti; Je=t + 8, 
01: [to, t1, ta, ts] => [to, estı, esta, ts], 
a2 : [to, t1, t2, t3] = [t1, to, t2, t3], o3 = 6. 


We have 


6 2 3 —1 =i 
07 = 04 = 03 = l, 020103 = 0] 03. 


3. Other groups 
(i) @ = A, G = 2.4, 


fa = t 2V3 +4, fe = toti (tó — t$), 


i 0 0 0 0:00 
pre 0 —i 0 0 TE i 0 0 0 
0 0 1 Of’ 0 0 1 0 
0001 0 0 0 1 

Ca ea 0 0 

03 = 1 & Eg 0 0 

2| 0 0 Ve 0 


0 0 0 92 


(ii) @ = 3 x D4,G = 3 x Ds, 


N 


fa=0, fe = toti (t + att? + t$). 
(iii) G’ = 3 x De, G = 6.Dg & 2 x 3. De, 


fa=0, fe =t + atit? + t$. 
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It is generated by 


01 : [to, t1, t2, t3] > [to, t1, esta, t3], 
a2 : [to, t1, t2, t3] + [to, estı, t2, t3], 
03 : [to, ti, t2, t3] + [ti, to, t2, t3]. 


They satisfy 03 » 02-03) = o3 "o$. 
(iv) G’ =3~x Di2, G= 6.D1>, 
fa=0, fe=t0+ti 


It is generated by 


01 : [to, t1, t2, t3] > [to, t1, esta, ta], 
a2 : [to, t1, t2, t3] > [to, €6t1, ta, ta], 
03 : [to, t1, t2, t3] > [t1, to, ta, ta). 


-1 = 
We have 03 - o2 -03 =o, 01. 


(v) G' = 3 x G4,G = 3 x 2.64, 


fa=0, fe = toti(tó - tî), 


e 0 0 0 01 0 0 

= 1101. Reg 0 1 0 0 0 

a=jo o -ı of P25 lo 0 -1 0) 

0 0 0 i 00 0 4 
a cee 0 0 1 0 0 0 
be. e 0 o0 01 0 0 
BAZ o0 vZ ofp “T5|o 0 e o 
0 0 0 v2 0 0 0 1 


The following Table gives a list of the full automorphism groups of del 
Pezzo surfaces of degree 1. 
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Type Order Structure Ja fe 
I 144 | 3x (T:2) 0 totı (tô 4) 
I 72 3x 2D12 0 tE + £8 
m 36 6 x De 0 t& + att? +10 
IV 30 30 0 tolt +t?) 
Vv 24 T a(t + 2/—3t2t? +17) tots (t — tî) 
VI 24 2D12 at2t? tê + ¢6 
VII 24 2x12 ta E 
VII 20 20 tå tot? 
IX 16 Dis at2t? tots (t0 + t4) 
X 12 Dia tt? tË + atat? + to 
XI 12 2x6 0 93(t2, 17) 
XII 12 2x6 te até +16 
XI 10 10 tå to (at? +t?) 
XIV 8 Qs th + ti + at2t? btotı (td — tî) 
XV 8 2x4 ato + tf tè (bto + ctf) 
XVI 8 Ds ta + tt + att? tots (b(td + 17) + ctt?) 
XVII 6 6 0 Fe(to,tı) 
XVII 6 6 to (até + bt}) ct + diät? +16 
XIX 4 4 92(t5, 17) totı fa (tõ; th) 
XX 4 2? g2(t3, 17) ga (t2, 17) 
XXI 2 2 falto, tı) fs (to, t1) 





Table 8.14 Groups of automorphisms of del Pezzo surfaces of degree 1 


The parameters here satisfy some conditions in order the different tips do 
not overlap. 


Exercises 


8.1 Show that a del Pezzo surface of degree 8 in PS isomorphic to a quadric is pro- 
jectively isomorphic to the image of P? defined by the linear system of plane quartic 
curves with two fixed double points. 


8.2 Let S be a weak del Pezzo surface of degree 6. Show that its anticanonical model is 
isomorphic to a hyperplane section of the Segre variety sı ı,ı(P' x P! x P!) in P”. 


8.3 Show that a general point in P® is contained in three secants of a del Pezzo surface 
of degree 6. 


8.4 Prove that a del Pezzo surface of degree 6 in P® has the property that all hyperplanes 
intersecting the surface along a curve with a singular point of multiplicity > 3 have a 
common point in P®. According to [576] this distinguishes this surface among all other 
smooth projections of the Veronese surface V2 C P® to P® (see [583]). 


8.5 Describe all weak del Pezzo surfaces which are toric varieties (i.e. contain an open 
Zariski subset isomorphic to the torus (C*)? such that each translation of the torus 
extends to an automorphism of the surface). 
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8.6 Show that a del Pezzo surface of degree 5 embeds into P! x P? as a hypersurface 
of bidegree (1,2). 

8.7 Show that a canonical curve of genus 6 in P* lies on a unique del Pezzo quintic 
surface [29], [532]. 


8.8 Consider a nonsingular del Pezzo surface S of degree 5 in P? as the variety of lines 
intersecting five planes spanning a 3-dimensional space in the Plücker space. Prove that 
the pencil of hyperplanes through each of the planes cuts out on S a pencil of conics. 


8.9 Show that the Petersen graph of ten lines on a del Pezzo quintic surface contains 12 
pentagons and each pentagon represents five lines contained in a hyperplane. 


8.10 Show that the union of tangent planes to a nonsingular del Pezzo surface S' of 
degree d > 5 in P@ not isomorphic to a quadric is a hypersurface of degree 4(d — 3) 
which is singular along S with multiplicity 4 [204],[21], vol. 6, p.275. 


8.11 Show that the quotient of a nonsingular quadric by an involution with four isolated 
fixed points is isomorphic to a quartic del Pezzo surface with four nodes. 


8.12 A Dupont cyclide surface is a quartic cyclide surface with 4 isolated singular 
points. Find an equation of such a surface. 


8.13 Let S be a del Pezzo surface of degree 4 obtained by blowing up five points in the 
plane. Show that there exists a projective isomorphism from the conic containing the 
five points and the pencil of quadrics whose base locus is an anticanonical model of S 
such that the points are sent to singular quadrics. 


8.14 Show that the Wiman pencil of 4-nodal plane sextics contains two 10-nodal ratio- 
nal curves [203]. 


8.15 Show that the linear system of quadrics in P* with 8 — d base points in general 
position maps P? onto a 3-fold in P*! of degree d. Show that a del Pezzo surface of 
degree d < 8 in P is projectively equivalent to a hyperplane section of this threefold. 


8.16 Show that the projection of a del Pezzo surface of degree d in P? from a general 
point in the space is a surface of degree d in P@”! with the double curve of degree 
d(d — 3)/2. 

8.17 Compute the number of (—1)-curves on a weak del Pezzo surfaces of degree 1 or 
2; 


8.18 Let X be a Bordiga surface obtained by the blow-up of ten general points in the 
plane and embedded in P? by the linear system of quartic curves passing through the 
ten points. Show that X is a OADP surface. 

8.19 Let X be a rational elliptic surface. Show that any pair of two disjoint sections 
defines an involution on X whose fixed locus is a nonsingular curve of genus 3 and the 


quotient by the involution is isomorphic to the ruled surface F1. 


Historical Notes 


As the name suggests, P. del Pezzo was the first who laid the foundation of 
the theory. In his paper of 1887 [162] he proves that a non-ruled nondegener- 
ate surface of degree d in P@ can be birationally projected to a cubic surface 
in P? from d — 3 general points on it. He showed that the images of the tan- 
gent planes at the points are skew lines on the cubic surface and deduced from 
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this that d < 9. He also gave a blow-up model of del Pezzo surfaces of de- 
gree d > 3, found the number of lines and studied some singular surfaces. 
A realization of a del Pezzo surface of degree 5 as the variety of planes in 
P* intersecting five planes is due to C. Segre [520]. He called the five planes 
the associated planes. The quartic cyclides in P? with a nodal conic were first 
studied in 1864 by G. Darboux [152] and M. Moutard [395] and a year later 
by E. Kummer [351]. The detailed exposition of Darboux’s work can be found 
in [154], [155]. Some special types of these surfaces were considered much 
earlier by Ch. Dupin [193]. Kummer was the first to observe the existence of 
five quadratic cones whose tangent planes cut out two conics on the surface 
(the Kummer cones). They correspond to the five singular quadrics in the pen- 
cil defining the corresponding quartic surface in P*. A. Clebsch finds a plane 
representation of a quartic cyclide by considering a web of cubics through 
five points in the plane [109]. He also finds in this way the configuration of 16 
lines previously discovered by Darboux and proves that the Galois group of the 
equation for the 16 lines is isomorphic to 24 x G5. An ‘epoch-making mem- 
oir’ (see [526], p. 141) of C. Segre [517] finishes the classification of quartic 
cyclides by considering them as projections of a quartic surface in P*. Jessop’s 
book [320] contains a good exposition of the theory of singular quartic surfaces 
including cyclides. At the same time Segre classified the anticanonical models 
of singular del Pezzo surfaces of degree 4 in terms of the pencil of quadrics 
they are defined by. The Segre symbol describing a pencil of quadratic forms 
was introduced earlier by A. Weiler [598]. The theory of canonical forms of 
pencils of quadrics was developed by K. Weierstrass [597] based an earlier 
work of J. Sylvester [553]. J. Steiner was probably the first who related seven 
points in the plane with curves of genus 3 by proving that the locus of singular 
points of the net of cubic curves is a plane sextic with nodes at the seven points 
[543]. A. Clebsch should be considered as a founder of the theory of del Pezzo 
surfaces of degree 2. In his memoir [111] on rational double planes he consid- 
ers a special case of double planes branched along a plane quartic curve. He 
shows that the preimages of lines are cubic curves passing through a fixed set 
of seven points. He identifies the branch curve with the Steiner sextic and re- 
lates the Aronhold set of seven bitangents with the seven base points. Although 
C. Geiser was the first to discover the involution defined by the double cover, 
he failed to see the double plane construction. 

E. Bertini, in [40], while describing his birational involution of the plane, 
proves that the linear system of curves of degree 6 with eight double base 
points has the property that any curve from the linear system passing through 
a general point x must also pass through a unique point x’ (which are in the 
Bertini involution). He mentions that the same result was proved independently 
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by L. Cremona. This can be interpreted by saying that the linear system defines 
a rational map of degree 2 onto a quadric surface. Bertini also shows that the 
set of fixed points of the involution is a curve of degree 9 with triple points at 
the base points. 

The classification of double singular points on algebraic surfaces in P? started 
from the work of G. Salmon [485] who introduced the following notation C2 
for an ordinary node, B;, for binode (the tangent cone is the union of two dif- 
ferent planes), which depend on how the intersection of the planes intersect 
the surface, and unode U;, with the tangent cone being a double plane. The 
indices here indicates the difference k between the degree of the dual surface 
and the dual of the nonsingular surface of the same degree. This nomenclature 
can be applied to surfaces in spaces of arbitrary dimension if the singularity is 
locally isomorphic to the above singularities. For del Pezzo surfaces the defect 
k cannot exceed 8 and all corresponding singularities must be rational double 
points of types Ay = Co, Ay_1 = By, Dk-2 = Up, k = 6,7, Eg = Ug. Much 
later, P. Du Val [196] characterized these singularities as ones which do not 
affect the conditions on adjunctions, the conditions which can be applied to 
any normal surface. He showed that each RDP is locally isomorphic to either a 
node C9, or binode B, or unode U;, or other unodes Ug = Eg, Ug = Er and 
Uio = Es (he renamed Ug with Uz). A modern treatment of RDP singularities 
was given by M. Artin [16]. 

In the same series of papers, P. Du Val classifies all possible singularities 
of anticanonical models of weak del Pezzo surfaces of any degree and relates 
them to Coxeter’s classification of finite reflection groups. The relationship of 
this classification to the study of the singular fibres of a versal deformation 
of a simple elliptic singularities was found by J. Mérindol [384], H. Pinkham 
[439], [581], and E. Looijenga (unpublished). 

In a fundamental paper by G. Timms [565] one can find a detailed study of 
the hierarchy of del Pezzo surfaces obtained by projections from a Veronese 
surface of degree 9. In this way he finds all possible configurations of lines and 
singularities. Possible projections of a nonsingular del Pezzo surface from a 
point outside the surface were studied by H. Baker [21], vol. 6, p. 275. 

The Weyl group W (Eg) and W (E7) as the Galois group of 27 lines on a cu- 
bic surface and the group of 28 bitangents on a plane quartic were first studied 
by C. Jordan [322]. These groups are discussed in many classical text-books on 
algebra (e.g. [596], B. ID). S. Kantor [327] realized the Weyl groups W (En) 
as groups of linear transformations preserving a quadratic form of signature 
(1,n) and a linear form. A Coble [117], Part II, was the first who showed 
that the group is generated by the group of permutations and one additional 
involution. So we should credit him with the discovery of the Weyl groups 
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as reflection groups. Apparently independently of Coble, this fact was redis- 
covered by P. Du Val [195]. We refer to [52] for the history of Weyl groups, 
reflection groups and root systems. These parallel directions of study of Weyl 
groups have been reconciled only recently. 

The Gosset polytopes were discovered in 1900 by T. Gosset [257]. The no- 
tation n2ı belongs to him. They were later rediscovered by E. Elte and H. S. M. 
Coxeter (see [137]) but only Coxeter realized that their groups of symmetries 
are reflection groups. The relationship between the Gosset polytopes n21 and 
curves on del Pezzo surfaces of degree 5 — n was found by Du Val [195]. In 
the case of n = 2, it goes back to [501]. The fundamental paper of Du Val is 
the origin of a modern approach to the study of del Pezzo surfaces by means 
of root systems of finite-dimensional Lie algebras [163], [377]. 

We refer to modern texts on del Pezzo surfaces [526], [377], [163], [344]. 


9 


Cubic surfaces 


9.1 Lines on a nonsingular cubic surface 


9.1.1 More about the E;-lattice 


Let us study the lattice 716 and its sublattice Eg in more details. 


Definition 9.1.1 A sixer in I'® is a set of six mutually orthogonal exceptional 
vectors in I}. 


An example of a sixer is the set {e;,...,e¢}. 
Lemma 9.1.2 Let {v,,..., vg} be a sixer. Then there exists a unique root a 
such that 


(O30) 1, P12. 56. 
Moreover, (wi,...,W6) = (Ta(v1),---,Ta(ve)) is a sixer satisfying 
(uj, wj) = 1— diy. 
The root associated to (w1, . . . , We) is equal to —a. 


Proof The uniqueness is obvious since v),..., Ug are linearly independent, 
so no vector is orthogonal to all of them. Let 


vo = Ske +v + ve) € RM. 
Let us show that vo € I"6. Since I! is a unimodular lattice, it suffices to 
show that (vo, v) is an integer for all v € 7*6. Consider the sublattice N of 11% 
spanned by v1,..., U6, ke. We have (vo, vi) = 0,4 > 0, and (vo, ke) = —3. 
Thus (vo, 11°) C 3Z. By computing the discriminant of N, we find that it is 
equal to 9. By Lemma 8.2.1 N is a sublattice of index 3 of J+. Hence for any 
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x € I! we have 3x € N. This shows that 
1 
(vo, £) = 3 (v0, 3) EZ. 


Now let us set 


a = 2v9 — V1 — +++ — U6. (9.1) 
We check that a is a root, and (a,v;) = 1,i = 1,...,6. 
Since rą preserves the symmetric bilinear form, {wı,..., wg} is a sixer. We 


have 
(vi, wj) = (0, Ta(v;)) = (vi 0; + (vj,a)a) = (vi, vj) + (vi, a) (vj, a) 
= (v; vj) + 1 = 1 — ôi; 
Finally, we check that 


(ralvi), —a) = (r2 (vi), —rala)) = —(vj,a) =1. 














The two sixes with opposite associated roots form a double-six of excep- 
tional vectors. 

We recall the list of exceptional vectors in Eg in terms of the standard or- 
thonormal basis in 7+6. 


ee ee (9.2) 
b; = 2e9 -eı —---—eg +e; i=1,...,6; (9.3) 
Cij = €o — €; — €j, 1<i<j<6. (9.4) 


Theorem 9.1.3 The following is the list of 36 double-sixes with correspond- 
ing associated roots. 


1 of type D 
a1 a2 a3 au 5 aç Omax 
’ 
bi be b3 ba bs be —Qmax 
15 of type Dij 
a b; Cjk Cjl Cjm Cin Qij 
5 
aj bj Cik Cil Cim Cin Qij 
20 of type Dijk 
ai aj ak Cim Cmn Cin Qijk 


Cjk Cik Cij bn br bm —Qijk 


9.1 Lines on a nonsingular cubic surface 473 


Here Qmax is the maximal root of the root system a1,..., Og equal to 2e9 — 
eı — --: — eg. The reflection with respect to the associated root interchanges 
the rows, preserving the order. 


Proof We have constructed a map from the set of sixes (resp. double-sixes) 
to the set of roots (resp. pairs of opposite roots). Let us show that no two sixes 
{vui,...,ve} and {wı,..., we} can define the same root. Since w1, . . . , we, ke 
span a sublattice of finite index in I, we can write 


6 
vi = > a;w; + aoke (9.5) 
j=l 
with some a; € Q. Assume that v; 4 w; for all j. Taking the inner product of 
both sides with a, we get 


l=agt-:--+a¢. (9.6) 


Taking the inner product with —kg, we get 1 = aı +--- + ag — 3ao, hence 
ao = 0. Taking the inner product with wj, we obtain —a; = (v;, wj). Applying 
Proposition 8.2.21, we get a; < —1. This contradicts (9.6). Thus each v; is 
equal to some wj. 

The verification of the last assertion is straightforward. 














Proposition 9.1.4 The group W(Eg¢) acts transitively on sixes and double- 
sixes. The stabilizer subgroup of a sixer (resp. double-six) is of order 6! (2 -6}). 


Proof We know that the Weyl group W (Ex) acts transitively on the set of 
roots and the number of sixes is equal to the number of roots. This shows that 
all sixes form one orbit. The stabilizer subgroup of the sixer (ai,..., ag) (and 
hence of a root) is the group Ge. The stabilizer of the double-six D is the 
subgroup (G6, Sa,) of order 2.6!. 














One can check that two different double-sixes can share either four or six 
exceptional vectors. More precisely, we have 


#DN Dij = 4, #DN Dijk =6, 


4 if #{i,j} {k,l} =0, 
6 otherwise; 


#Dij O Dpi = l 


4 if #{i, j} N{k,l,m} = 0,2, 
#Dij N Dkim = { } t } 


6 otherwise; 
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4 if #Hij}n {k,l} = 1, 


Dijin A Dimn = 
#Dijk l f otherwise. 


A pair of double-sixes is called a syzygetic duad (resp. azygetic duad) if they 
have four (resp. six) exceptional vectors in common. 
The next Lemma is an easy computation. 


Lemma 9.1.5 Two double-sixes with associated roots a, B form a syzygetic 
duad if and only if (a, 8) € 2Z. 


This can be interpreted as follows. Consider the vector space 
V = E6 /2E6 = FS (9.7) 
equipped with the quadratic form 
q(x + 2Eg) = 3(2,2) mod 2. 


Notice that the lattice Eg is an even lattice. So, the definition makes sense. The 
associated symmetric bilinear form is the symplectic form 


(x + 2E6, y + 2Eg) = (x,y) mod 2. 





Each pair of opposite roots +a defines a vector v in V with q(v) = 1. It 
is easy to see that the quadratic form q has Arf-invariant equal to 1 and hence 
vanishes on 28 vectors. The remaining 36 vectors correspond to 36 pairs of 
opposite roots or, equivalently, double-sixes. 

Note that we have a natural homomorphism of groups 


W (Es) = O(6,F2)~ (9.8) 


obtained from the action of W (Eg) on V. It is an isomorphism. This is checked 
by verifying that the automorphism v ++ —v of the lattice Es does not belong 
to the Weyl group W and then comparing the known orders of the groups. 

It follows from the above that a syzygetic pair of double-sixes corresponds 
to orthogonal vectors v, w. Since g(v+w) = q(v)+q(w)+(v, w) = 0, we see 
that each nonzero vector in the isotropic plane spanned by v, w comes from a 
double-six. 

A triple of pairwise syzygetic double-sixes is called a syzygetic triad of 
double-sixes. They span an isotropic plane. Similarly, we see that a pair of 
azygetic double-sixes spans a non-isotropic plane in V with three nonzero vec- 
tors corresponding to a triple of double-sixes which are pairwise azygetic. It is 
called an azygetic triad of double-sixes. 


We say that three azygetic triads form a Steiner complex of triads of double- 
sixes if the corresponding planes in V are mutually orthogonal. It is easy to 
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see that an azygetic triad contains 18 exceptional vectors and thus defines a 
set of nine exceptional vectors (the omitted ones). The set of 27 exceptional 
vectors omitted from three triads in a Steiner complex is equal to the set of 
27 exceptional vectors in the lattice 7+8. There are 40 Steiner complexes of 
triads: 

10 of type 


Den = (D, Dijk, Dimn), (Dij, Dik, Dik), (Dim, Din, Dan 
30 of type 
Den = (Dij, Diki, Diki), (Dri, Demn, Dimn), (Dmn, Dmij, Di > 


Theorem 9.1.6 The Weyl group W (Es) acts transitively on the set of triads 
of azygetic double-sixes with stabilizer subgroup isomorphic to the group G3 x 
(G3 162) of order 432. It also acts transitively on Steiner complexes of triads 
of double-sixes. A stabilizer subgroup is a maximal subgroup of W (Es) of 
order 1296 isomorphic to the wreath product 63? 63. 


Proof We know that a triad of azygetic double-sixes corresponds to a pair 
of roots (up to replacing the root with its negative) a, 3 with (a, 8) = +1. 
This pair spans a root sublattice Q of Eg of type Ag. Fix a root basis. Since 
the Weyl group acts transitively on the set of roots, we find w € W such that 
w(a@) = Qmax. Since (w(P), max) = (8,a) = 1, we see that w(8) = 
+@;jr for some i, j, k. Applying elements from Gg, we may assume that 


m 








w(ß) = —@aıa3. Obviously, the roots a2, @23, Q45, &s6 are orthogonal to 
w(a) and w(ß). These roots span a root sublattice of type 2A2. Thus we ob- 
tain that the orthogonal complement of Q in Eg contains a sublattice of type 
2A, L Ap. Since |disc(A2)| = 3, it follows easily from Lemma 8.2.1 that Q+ 
is a root lattice of type A2 + Aa (2.As, for short). Obviously, any automorphism 
Wthe two roots a, 8 invariant leaves invariant the sublattice Q and its orthog- 
onal complement Q+. Thus the stabilizer contains a subgroup isomorphic to 
W (A2) x W(Aa) x W(Aa) and the permutation of order 2 which switches 
the two copies of Aa in Q+. Since W(Azg) = G3 we obtain that a stabilizer 
subgroup contains a subgroup of order 2 - 6° = 432. Since its index is equal to 
120, it must coincide with the stabilizer group. 

It follows from the above that a Steiner complex corresponds to a root sub- 
lattice of type 3.A2 contained in Eg. The group W (A2) ? G3 of order 3 - 432 is 
contained in the stabilizer. Since its index is equal to 40, it coincides with the 
stabilizer. 














Remark 9.1.7 The notions of syzygetic (azygetic) pairs, triads and a Steiner 
complex of triads of double-sixes is analogous to the notions of syzygetic 
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(azygetic) pairs, triads, and a Steiner complex of bitangents of a plane quar- 
tic (see Chapter 6). In both cases we deal with a 6-dimensional quadratic space 
F$. However, they have different Arf invariants. 


A triple v1, v2, v3 of exceptional vectors is called a tritangent trio if 
UL + v2 + v3 = —kg. 


If we view exceptional vectors as cosets in 7+6 /Zke, this is equivalent to say- 
ing that the cosets add up to zero. 
It is easy to list all tritangent trios. 


Lemma 9.1.8 There are 45 tritangent trios: 
30 of type 


aj, bj, Cij, t#J, 


15 of type 


Cij, Ckl, Cmn, {i, jt U {k, 1} U {m, n} = {1, 2, 3, 4, 5, 6}. 
Theorem 9.1.9 The Weyl group acts transitively on the set of tritangent trios. 


Proof We know that the permutation subgroup Gs of the Weyl group acts on 
tritangent trios by permuting the indices. Thus it acts transitively on the set of 
tritangent trios of the same type. Now consider the reflection w with respect to 
the root @193. We have 


Toes (ar) = €1 + A123 = €o — €3 — €4 = C34, 





Teyo3(b2) = (2e9 — e1 — €3 — €4 — €5 — eṣ) — A123 = €p — C5 — 6 = C56, 


Toes (c12) = €o — €1 — €2 = C12. 














Thus w(aı, ba, cı2) = (€34, €56, C12). This proves the assertion. 


Remark 9.1.10 The stabilizer subgroup of a tritangent trio is a maximal sub- 
group of W (Eg) of index 45 isomorphic to the Weyl group of the root system 
of type F4. 

Let Il; = {v1, v2, v3} and Ty = {wı, we, w3} be two tritangent trios with 
no common elements. We have 


(vi, w1 + w2 + w3) = —(vi, ke) = 1 


and, by Proposition 8.2.21, (v;, w;) > 0. This implies that there exists a unique 
j such that (v;, wj) = 1. After reordering, we may assume j = i. Let u; = 
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kg — vj — wi. Since u? = —1, (ui, ke) = —1, the vector u; is an exceptional 
vector. Since 


3 3 


3 
uy t+ uz tus = >°( ke — vi wi) = Ike Yu wi = —ke, 
i=1 


i=l i=l 





we get a new tritangent trio II; = (u1, ug, ug). The union I], UI U Ig 
contains nine lines v;, w;, u;, i = 1,2, 3. There is a unique triple of tritangent 
trios that consists of the same nine lines. It is formed by tritangent trios II; = 
(vi, Wi, ui), i = 1, 2,3. Any pair of triples of tritangent trios that consists of the 
same Set of nine lines is obtained in this way. Such a pair of triples of tritangent 
trios is called a pair of conjugate triads of tritangent trios. 

We can list all conjugate pairs of triads of tritangent trios: 


aj b; Cij Cij Ckl Cmn ai bj Cij 
(I) bk Cjk aj, (II) Cin Cim Chk» (III) bk al Ckl - 
Cik ak bi Ckm Cjn Ci Cik CGE Cin 
(9.9) 


Here a triad is represented by the columns of the matrix and its conjugate triad 
by the rows of the same matrix. Altogether we have 20 + 10 + 90 = 120 
different conjugate pairs of triads. 

There is a bijection from the set of pairs of conjugate triads to the set of 
azygetic triads of double-sixes. The 18 exceptional vectors contained in the 
union of the latter is the complementary set of the set of nine exceptional vec- 
tors defined by a triad in the pair. Here is the explicit bijection. 


bk Cjk aj D 
Cik &% bi 


ijs Dik, Djk; 
Cij Ckl Cmn 
Cin Cim Cjk > D, Dikn, Djim; 
Ckm Cjn Cil 
ai bj Cij 
bk a CH © Dinns Djkm; Djkn- 


Cik Cjl Cmn 


Recall that the set of exceptional vectors omitted from each triad entering in a 
Steiner complex of triads of azygetic double-sixes is the set of 27 exceptional 
vectors. Thus a Steiner complex defines three pairs of conjugate triads of tri- 
tangent trios which contains all 27 exceptional vectors. We have 40 such triples 
of conjugate pairs. 
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Theorem 9.1.11 The Weyl group acts transitively on the set of 120 conjugate 
pairs of triads of tritangent trios. A stabilizer subgroup H is contained in the 
maximal subgroup of W (Es) of index 40 realized as a stabilizer of a Steiner 
complex. The quotient group is a cyclic group of order 3. 


Proof This follows from the established bijection between pairs of conjugate 
triads and triads of azygetic double-sixes and Theorem 9.1.6. In fact it is easy 
to see directly the transitivity of the action. It is clear that the permutation 
subgroup Gg acts transitively on the set of pairs of conjugate triads of the 
same type. Since the Weyl group acts transitively on the set of tritangent trios, 
we can send a tritangent trio (C;j, Cki, Cmn) to a tritangent trio (a;, bj, cij). By 
inspection, this sends a conjugate pair of type III to a pair of conjugate triads 
of type I. Also it sends a conjugate pair of type II to type I or IH. Thus all pairs 
are W -equivalent. 














Remark 9.1.12 Note that each monomial entering into the expression of the 
determinant of the matrix (9.9) expressing a conjugate pair of triads represents 
three orthogonal exceptional vectors. If we take only monomials corresponding 
to even (resp. odd) permutations we get a partition of the set of nine exceptional 
vectors into the union of three triples of orthogonal exceptional vectors such 
that each exceptional vector from one triple has a nonzero intersection with 
two exceptional vectors from any other triple. 


9.1.2 Lines and tritangent planes 


Let S be an nonsingular cubic surface in P3. Fix a geometric marking & : 
I© — Pic(.S). We can transfer all the notions and the statements from the 
previous Subsection to the Picard lattice Pic(S). The image of an exceptional 
vector is the divisor class of a line on S. So, we will identify exceptional vec- 
tors with lines on S. We have 27 lines. A tritangent trio of exceptional vectors 
defines a set of three coplanar lines. The plane containing them is called a 
tritangent plane. We have 45 tritangent planes. 

Thus we have 72 sixes of lines, 36 double-sixes and 40 Steiner complexes 
of triads of double-sixes. If eo, €1,..., eg define a geometric marking, then we 
can identify the divisor classes e; with the exceptional curves of the blow-up 
S — P? of six points z1,..., xe in general position. They correspond to the 
exceptional vectors a;. We identify the proper transforms of the conic through 
the six points excluding the x; with the exceptional vector b;. Finally, we iden- 
tify the line through the points x; and x; with the exceptional vector c;;. Under 
the geometric marking the Weyl group W (Es) becomes isomorphic to the in- 
dex 2 subgroup of the isometry group of Pic(S) leaving the canonical class 
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invariant (see Corollary 8.2.16). It acts transitively on the set of lines, sixes, 
double-sixes, tritangent planes, and on the set of conjugate pairs of triples of 
tritangent planes. 

An elementary geometric proof of the fact that any nonsingular cubic sur- 
face contains 27 lines can be found in [457]. The first proof of A. Cayley 
applies only to general nonsingular cubic surfaces. For completeness sake, let 
us reproduce the original proof of Cayley [74]. 


Theorem 9.1.13 A general nonsingular cubic surface contains 27 lines and 
45 tritangent planes. 


Proof First of all, let us show that any cubic surface contains a line. Consider 
the incidence variety 


X ={(5,0) € |Ops(3)| x G: LC S}. 


The assertion follows if we show that the first projection is surjective. It is 
easy to see that the fibres of the second projections are linear subspaces of 
codimension 4. Thus dim X = 4 + 15 = 19 = dim |Ops(3)|. To show the 
surjectivity of the first projection, it is enough to find a cubic surface with only 
finitely many lines on it. Let us consider the surface $ given by the equation 


titats — tà = 0. 


Suppose a line £ lies on S. Let [ao, a1, a2, a3] € £. If ag Æ 0, then a; 4 0,1 4 
0. On the other hand, every line hits the planes t; = 0. This shows that £ is 
contained in the plane tọ = 0. But there are only three lines on S contained in 
this plane: t; = tg = 0,7 = 1,2 and 3. Therefore S contains only three lines. 
This proves the first assertion. 

We already know that every cubic surface S = V(f) has at least one line. 
Pick up such a line £,. Without loss of generality, we may assume that it is 
given by the equation: 

to = t3 = 0. 
Thus 
f = teqo(to, t1, ta, t3) + t3qi (to, t1, t2, t3) = 0, (9.10) 


where go and q; are quadratic forms. The pencil of planes II, ,, = V (At2— ts) 
through the line £o cuts out a pencil of conics on S. The equation of the conic 
in the plane II, is 


Aoo(A, pts + A11 (A, wt? + A22(A, u)ts+ 





2Ao1(A, w)totı + 2A12(A, w)tıta + 2Ao2(A, K)tota = 0, 
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where Aoo, A11, Aoı are binary forms of degree 1, Ao2, A12 are binary forms 
of degree 2 and Ag is a binary form of degree 3. The discriminant equation of 
this conic is equal to 


Aoo Ao Ao2 
Aoi Ait Ar! =0 
Aoa Aı2 Asa 


This is a homogeneous equation of degree 5 in variables A, u. Thus we ex- 
pect five roots of this equation which gives us five reducible conics. This is 
the tricky point because we do not know whether the equation has five dis- 
tinct roots. First, we can exhibit a nonsingular cubic surface and a line on it 
and check that the equation indeed has five distinct roots. For example, let us 
consider the cubic surface 


Qtotite tt + ti +t +t) =0. 


The equation becomes A(A? — u4) = 0. It has five distinct roots. This implies 
that, for general nonsingular cubic surface, we have five reducible residual 
conics. Note that no conic is a double line since otherwise the cubic surface is 
singular. 

Thus each solution of the quintic equation defines a tritangent plane II; of 
S consisting of three lines, one of them is fo. Thus we found 11 lines on X: 
the line Zo and five pairs of lines £;, €; lying in the plane Il;. Pick up some 
plane, say I. We have 3 lines £0, 41, £2 in I. Replacing £o by £44, and then by 
fy, and repeating the construction, we obtain four planes through (1 and four 
planes through Z> not containing fọ and each containing a pair of additional 
lines. Altogether we found 3 + 8+ 8+ 8 = 27 lines on S. To see that all lines 
are accounted for, we observe that any line intersecting either £o, or £1, or la 
lies in one of the planes we have considered before. So it has been accounted 
for. Now let £ be any line. We find a plane II through @ that contains three 
lines £, €’ and €” on S. This plane intersects the plane containing £,o £ı, and 44 
along a line. This line intersects S at some point on @ and on one of the lines 
Lo, 41, 24. Thus £ intersects one of the lines Zo, 41, 2} and has been accounted 
for. 

It remains for us to count tritangent planes. Each line belongs to five tri- 
tangent planes, each tritangent plane contains three lines. This easily gives the 
number of tritangent planes as being equal to 45. 














Remark 9.1.14 Reid’s extension of Cayley’s proof to any nonsingular sur- 
face uses some explicit computations. Instead, we may use that the number of 
singular conics in the pencil of conics residual to a line determines the topo- 
logical Euler-Poincaré characteristic of the surface. Using the additivity of the 
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Euler-Poincaré characteristic of a CW-complex, we obtain the formula 


x(X) = x(B)x(F) + So (x(t) - x(F)), (9.11) 


beB 


where f : X — B is any regular map of an algebraic variety onto a curve 
B with general fiber F and fibres F, over points b € B. In our case x(B) = 
x(F) = 2 and x(F,) = 3 for a singular fibre. This gives x(S) = 4 + s, 
where s is the number of singular conics. Since any two nonsingular surfaces 
are homeomorphic (they are parameterized by an open subset of a projective 
space), we obtain that s is the same for all nonsingular surfaces. We know that 
s = 5 for the example in above, hence s = 5 for all nonsingular surfaces. Also 
we obtain x(S) = 9, which of course agrees with the fact that S is the blow-up 
of six points in the plane. 


The closure of the effective cone Eff($) of a nonsingular cubic surface is 
isomorphic to the Gosset polytope Xe = 231. It has 72 facets corresponding 
to sixes and 27 faces corresponding to conic bundles on S. In a geometric 
basis €9,€1,..-,e6 they are expressed by the linear systems of types |eo — 
€1|,|2e9 — eı — €2 — e3 — e4|,|3e0 — 2eı — e2 — --- — eg|. The center of 
Eff($) is equal to O = -3Ks = (e1 +--+ + e€97)/27, where e1,..., e27 are 
the divisor classes of lines. A double-six represents two opposite facets whose 
centers lie on a line passing through O. In fact, if we consider the double-six 
(e;,e, = 2e9 — e1 —--- — es + €i), i = 1,...,6, then 








= 


1 6 6 
pe) + BL e = 0. 


The line joining the opposite face is perpendicular to the facets. It is spanned by 
the root corresponding to the double-six. The three lines e;, €j, €x in a tritan- 
gent plane add up to — Kg. This can be interpreted by saying that the center of 
the triangle with vertices e;, €j, ex is equal to the center O. This easily implies 
that the three lines joining the center O with e;, €j, ex are coplanar. 


Remark 9.1.15 Let a;,b;,c;; denotes the set of 27 lines on a nonsingular 
cubic surface. Consider them as 27 unknowns. Let F be the cubic form in 27 
variables equal to the sum of 45 monomials a;b;C;j, CijCkICmn Corresponding 
to tritangent planes. It was shown by E. Cartan that the group of projective 
automorphisms of the cubic hypersurface V (F) in P?° is isomorphic to the 
simple complex Lie group of type Es. We refer to [371] for integer models of 
this cubic. 
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9.1.3 Schur’s quadrics 


There are 36 double-sixes of lines on a nonsingular cubic surface S' corre- 
sponding to 36 double-sixes of exceptional vectors in I'®. Let (¢1,..., l6), 
(l, -- , 6) be one of them. Choose a geometric marking ¢ : I'° — Pic(S) 
such that d(e;) = e; = [¢;],i = 1,...,6. Then the linear system |eo| defines a 
birational map 71 : S — ıP? = |eo|Y which blows down the lines £; to points 
X1,-..,X6. The class of the line £; is equal to 2e9 — (e1 +--- + eg) + ei. Its 
image in the plane ıP? is the conic C; passing through all p; except p;. Let 
& : I — Pic(S) be the geometric marking such that d’(e;) = £. It is ob- 
tained from ¢ by composing ¢ with the reflection s = Sana, € O(I'°). We 
have 


en = 8(€9) = eo + 2(2eo — e1 — -+ + — e6) = den — 2e1 — + -- — 2eg. 


The linear system |e}| defines a birational map 7’ : S — 2P? = Jet” which 
blows down the lines @ to points x’, in 2P?. The Cremona transformation 


T =m om : P --> 3P? 


is the symmetric Cremona transformation of degree 5. It is given by the homa- 
loidal linear system |Z2, z, (5)|. The P-locus of T consists of the union of 
the conics C4. Note that the ordered sets of points (x1, .. . , £e) and (£1, ..., 2%) 
are not projectively equivalent. 

Consider the map 


1P? x oP? = |eo| x Jeb] — leo + ebl = | — 2Ks| S |Ops(2)| = P°. (9.12) 
P? x P? — P®, and its image is a 
hyperplane H in the space of quadrics in P?. Let Q be the unique quadric in 
the dual space of quadrics which is apolar to H. 


The following beautiful result belongs to F. Schur. 


It is isomorphic to the Segre map so 2 : 





Theorem 9.1.16 (F. Schur) The quadric Q is nonsingular. The polar of each 
line l; with respect to the dual quadric QY is equal to €. The quadric QY is 
uniquely determined by this property. 


Proof Let (€1,...,€6) and (£4,...,£) form a double-six. We use the no- 
tations a;,b;, Cij (resp. (ai, b}, c;j)) for lines defined by the geometric ba- 
sis (€9,...,€6) (resp. (eg,...,e€,)). The divisor class of the sum of six lines 
Qi, Qj, Cij and a;, bi, Cy is equal to 





ey +e; (eo ej ej) H2eo (er +--+: +eg—e;) +2e9—(e1 +--+: +e6—ex)+ 


(eo — ej — er) = 6ep — 2(e1 +--+ + e6) = —2Ks. 
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The corresponding quadric Q;;jr cuts out six lines distributed into two triples 
of coplanar lines a;, a}, cr and aj, a), Cine Thus Qij consists of the union of 
two planes H;; and H;; (note that k here could be equal to 7). This implies 
that, considered as points in the dual space, the polar plane (Hia) of Hij 
with respect to Q contains H;x. Let p;; be the point in the original space P? 
which corresponds to the hyperplane (H;, Fa} in the dual projective space. Then 
Hij C (pig Ov: or, pij € (His )ov- The inclusion H;, € (Ayn) means that 
pig € Hjr. Since Hoe € (Ha) for any three indices a, b, c, we get 


Pij € Ayr N Aji Hpi = {aj +a, +cjk} N {aj +a, + cji} {ar +4; + Ckit. 


The point a; N a; belongs to the intersection. Since no three tritangent planes 
intersect along a line, we obtain that p;; = a;Na/, and, similarly, pj; = aiNa;. 
Now, we use that pj; € (Hyiov and pi; € (His )ov- Since a; € H;,,a, C 
Hji, we obtain that the points p;; and pj; are orthogonal with respect to QY. 
Similarly, we find that the pairs Pki, Pik and Pjk, Pjk are orthogonal. Since a; 
contains Pji, Pki, and a’, contains Pik, Pij, We see that the lines a; and al, are 
orthogonal with respect to Q“. 























Pij Pik 
+ $ a 
Cij 
Pji ; 
$- Qj 
Pki j 
© Ar 
Qi Qj Ak 


Let us show that Q is a nondegenerate quadric. Suppose Q is degenerate, 
then its set of singular points is a non-empty linear space Lo. Thus, for any 
subspace L of the dual space of P3, the polar subspace lg contains Lo. There- 
fore, all the points p;; lie in a proper subspace of P*. But this is obviously 
impossible, since some of these points lie on a pair of skew lines and span P°. 
Thus the dual quadric Q” is nonsingular and the lines @;, £; are orthogonal with 
respect to QY. 

Let us show the uniqueness of QY. Suppose we have two quadrics Q, and 
Q2 such that £ = (Li), = 1,...,6. Let Q be a singular quadric in the 
pencil spanned by Qı and Q2. Let K be its space of singular points. Then K 
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is orthogonal to each subspace of P?. Hence, it is contained in l; and £;. Since 
these lines are skew, we get a contradiction. 














Definition 9.1.17 Let (4, ... , l6), (£1, -- - , 46) be a double-six of lines on a 
nonsingular cubic surface S. The unique quadric Q such that (4i) = & is 
called the Schur quadric with respect to the double-six. 


Consider the bilinear map corresponding to the pairing (9.12) 
Hs, Os(eo)) x H? (S, Os(5eo — 2e1 - ++ — 2e6)) 
> H°(8,05(-2Ks)) = H°(P*, Ops (2)). 


A choice of an equation of the dual of the Schur quadric defines a linear map 
H°(P?, Ops (2)) — C. Composing the pairing with this map, we obtain an 
isomorphism 


H? (S, Os(5eo — 2eı — --- — 2eg)) = H? (S, Og(eo))Y. 





This shows that the Schur quadric allows us to identify the plane ;P? and 2P? 
as the dual to each other. Under this identification, the linear system | — 2K s — 
€o| defines an involutive Cremona transformation P? --» P?. 

Fix six points 71,...,2¢ € P? in general positions. The linear system |6h — 
2x1 — +++ — 2a¢6| is equal to the preimage of the linear system of quadrics in 
P? = |3e9—a21—-- -—2x6|Y under the map P? --+ P? given by the linear system 
|3h — zı — - - - — ze. The preimage of the Schur quadric corresponding to the 
double-six (e€1,..., €s), (e4,.--, €g) is a curve of degree 6 with double points 
at %1,..., ze. It is called the Schur sextic associated with six points. Note that 
it is defined uniquely by the choice of six points. The proper transform of 
the Schur sextic under the blow-up of the points is a nonsingular curve of 
arithmetic genus 4. In the anticanonical embedding, it is the intersection of the 
Schur quadric with the cubic surface. 


Proposition 9.1.18 The six double points of the Schur sextic are biflexes, i.e. 
the tangent line to each branch is tangent to the branch with multiplicity > 3. 


Proof Let Q be the Schur quadric corresponding to the Schur sextic and £; 
be the lines on the cubic surface S corresponding to the points 71,..., 26. Let 
liN Q = {a,b} and £; N Q = {a’, b’}. We know that 


P,(Q)NQ={*#EQ:a€Tz(Q)}. 
Since € = (€;)5, we have 


Ero =(P (oO) 0B) 12 = {d',b}. 
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This implies that a’, b’ € T.(Q) and hence the lines aa’, ab’ span T,,(Q). The 
tangent plane T,,(Q) contains the line Z; and hence intersects the cubic surface 
S along 4; and some conic K (a). We have 


T.(K(a)) = T(S) NTa(Q) = Ta(QNS). 


Thus the conic K (a) and the curve C = QMS are tangent at the point a. Since 
the line @’. is equal to the proper inverse transform of the conic C” in P? passing 
through the points xj, j # i, the conic K (a) is the proper inverse transform 
of some line £ in the plane passing through x;. The point a corresponds to the 
tangent direction at x; defined by a branch of the Schur sextic at x;. The fact 
that K (a) is tangent to C at a means that the line £ is tangent to the branch 
with multiplicity > 3. Since the same is true, when we replace a with b, we 
obtain that x; is a biflex of the Schur sextic. 














Remark 9.1.19 A biflex is locally given by an equation whose Taylor expan- 
sion looks like ry + xy(ax + by) + fa(x, y) +--+. This shows that one has to 
impose five conditions to get a biflex. To get six biflexes for a curve of degree 6 
one has to satisfy 30 linear equations. The space of homogeneous polynomials 
of degree 6 in three variables has dimension 28. So, one does not expect that 
such sextics exist. 

Also observe that the set of quadrics Q such that a) = ¢' for a fixed pair 
of skew lines (£, 7’) is a linear (projective) subspace of codimension 4 of the 
9-dimensional space of quadrics. So the existence of the Schur quadric is un- 
expected! 

I do not know whether, for a given set of six points on P? defining a nonsin- 
gular cubic surface, there exists a unique sextic with biflexes at these points. 
We refer to [179], where the Schur sextic is realized as the curve of jumping 
lines of the second kind of a rank 2 vector bundle on P?. 


Example 9.1.20 Let S be the Clebsch diagonal surface given by two equa- 
tions in P4: 


het (9.13) 


It exhibits an obvious symmetry defined by permutations of the coordinates. 
Leta = $(1+-V5), a’ = $(1—V5) be two roots of the equation z?—x—1 = 0. 
One checks that the skew lines 


L: ti +t3 +atz = atz + t2 + t4 = at2 + atz — t5 = 0 


and 


l: ti +t + atı = t3 +a'tı + t4 = da'tı +a'ty —ts =0 
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lie on S. Applying to each line even permutations we obtain a double-six. The 
Schur quadric is I? = Ð t; = 0. 

Let m : S — ıP?,m2 : S — 2P? be two birational maps defined by 
blowing down two sixes forming a double-six. We will see later in Section 
9.3.2 that there exists a 3 x 3-matrix A = (a,,;) of linear forms such that S = 
V (det A). The map mı (resp. 72) is given by the left (resp. right) kernel of A. 
In coordinates, it is given by a row (resp. column) of adj(A). The composition 
of the map (71,72) : S — ıP? x 2P? with the Segre map 1P? x „P? — P® 
is given by x ++ [adj(A)(a)]. We immediately identify this map with the map 
(9.12). Thus the entries of adj(A) define the quadrics in the image of this map. 
They are apolar to the dual of the Schur quadrics. 

Let x = [z0,..., 23] be any point in P?. The polar quadric of S with center 
at x is given by the equation 

















Daıı Dai Daıs aii ai2 ai3 aıı ai2 a13 
a21 a22 a23 | +|Da21 Daze Daz3| +| azı a22 a23 | = 0, 
a3ı a32 a33 a3ı a32 a33 Dazi Das2 Dass 





where D is the linear differential operator X- ziz. It is clear that the left- 

hand side this equation is a linear combination of the entries of adj( A). Thus 
all polar quadrics of S are apolar to the duals of all 36 Schur quadrics. This 
proves the following. 


Proposition 9.1.21 The duals of the 36 Schur quadrics belong to the 5- 
dimensional projective space of quadrics apolar to the 3-dimensional linear 
system of polar quadrics of S. 


This result was first mentioned by H. Baker in [20], its proof appears in his 
book [21], Vol. 3, p. 187. In the notation of Theorem 9.1.3, let Qa is the Schur 
quadric corresponding to the double-six defined by the root a (see Theorem 
9.1.3). Any three of type Qamaxı Qar23; Qaase are linearly dependent. Among 
Qa; s at most five are linearly independent ([474]). 


Remark 9.1.22 We refer to [179] for the relationship between Schur quadrics 
and rank 2 vector bundles on P? with odd first Chern class. The case of cubic 
surfaces corresponds to vector bundles with cı = —1 and cg = 4. For higher 
n values the Schur quadrics define some polarity relation for a configuration 
of ae lines and (n — 2)-dimensional subspaces in P” defined by a White 
surface X, the blow-up of a set Z of (2) points in the plane which do not 
lie on a curve of degree n — 1 and no n points among them are collinear 
[599]. The case n = 3 corresponds to cubic surfaces and the case n = 4 


to Bordiga surfaces. The linear system |Zz(n)| embeds X in P”. The images 
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of the exceptional curves are lines, and the images of the curves through all 
points in Z except one (for each point, there is a unique such curve) spans a 
subspace of dimension n — 3. The configuration generalizes a double-six on a 
cubic surface. The difference here is that, in the case n > 3, the polarity of the 
configuration exists only for a non-general White surface. 


9.1.4 Eckardt points 


A point of intersection of three lines in a tritangent plane is called an Eckardt 
point. As we will see later, the locus of nonsingular cubic surfaces with an 
Eckardt point is of codimension 1 in the moduli space of cubic surfaces. 

Recall that the fixed locus of an automorphism 7 of order 2 of P” is equal 
to the union of two subspaces of dimensions k and n — k — 1. The number k 
determines the conjugacy class of 7 in the group Aut(P”) S PGL(n + 1). In 
the terminology of classical projective geometry, a projective automorphism 
with a hyperplane of fixed points is called a homology. A homology of order 2 
was called a harmonic homology. The isolated fixed point is the center of the 
homology. 


Proposition 9.1.23 There is a bijective correspondence between the set of 
Eckardt points on a nonsingular cubic surface S and the set of harmonic ho- 
mologies in P? with center in S. 


Proof Let x = lı N l2 N l3 € S be an Eckardt point. Choose coordinates 
such that x = [1, 0,0, 0] and the equation of the tritangent plane is tı = 0. The 
equation of S is 


tt, + 2tog2 + 93 = 0, (9.14) 


where ga, ga are homogeneous forms in tı, t2,t3. The polar quadric P.($) 
contains the three coplanar lines £, passing through one point. This implies 
that P, (S) is the union of two planes; one of them is V (t1). Since the equation 
of P(S) is totı + g2 = 0, we obtain that go = tig1(t1, te, t3). Making one 
more coordinate change to — to + gi, we reduce the equation to the form 
tet: + g4(t1, te, tz). The intersection V (to) N S is isomorphic to the cubic 
curve V (93). Now we define the homology 


T : |to, t1, ta, t3] > [—to, t1, t2, t3]. (9.15) 


It obviously leaves S invariant and has x as its isolated fixed point. The other 
component of the fixed locus is the cubic curve V (to) N V(S). 

Conversely, assume S' admits a projective automorphism 7 of order 2 with 
one isolated fixed point p on S. Choose projective coordinates such that 7 is 
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given by formula (9.15). Then S can be given by Equation (9.14). The surface 
is invariant with respect to 7 if and only if gg = 0. The plane V (to) is the 
tritangent plane with Eckardt point [1, 0, 0, 0]. 














It is clear that the automorphism 7 is defined by the projection from the 
Eckardt point x. It extends to a biregular automorphism of the blow-up 7 : 
S’ — S of the point x which fixes pointwisely the exceptional curve E of r. 
The surface S’ is a weak del Pezzo surface of degree 2. It has three disjoint 
(—2)-curves R; equal to the proper transforms of the lines £; containing z. 
The projection map S’ — P? is equal to the composition of the birational 
morphism 5’ — X which blows down the curves R; and a finite map of 
degree 2 X — P?. The surface X is an anticanonical model of S” with three 
singular points of type Aı. The branch curve of X — P? is the union of a 
line and a nonsingular cubic intersecting the line transversally. The line is the 
image of the exceptional curve E. 


Example 9.1.24 Consider a cyclic cubic surface 5 given by equation 
fs(to, ti, t2) + 3 = 0, 


where C = V(f3) is a nonsingular plane cubic in the plane with coordinates 
to, t1, t2. Let Z be an inflection tangent of C. We can choose coordinates such 
that Z = V(t,) and the tangency point is [1, 0, 0]. The equation of S becomes 


tata + totigi (ti, t2) + tige(ti, te) + t3 + t3 =0. 


The preimage of the line £ under the projection map [to, t1, t2, t3] — [to, t1, ta] 
splits into the union of three lines with equation tı = t3 + t3 = 0. The point 
[1,0,0,0] is an Eckardt point. Because there are nine inflection points on a 
nonsingular plane cubic, the surface contains nine Eckardt points. Note that 
the corresponding 9 tritangent planes contain all 27 lines. 


Example 9.1.25 Consider a cubic surface given by equations 


4 4 
So ait? = ti = 0, 
i=0 i=0 


where a; # 0. We will see later that a general cubic surface is projectively 
equivalent to such surface (but not the cyclic one). Assume ag = ay. Then 
the point p = [1, —1, 0,0,0] is an Eckardt point. In fact, the tangent plane at 
this point is to + tı = t2 + t3 + t4 = O. It cuts out the surface along the 
union of three lines intersecting at the point p. Similarly, we have an Eckardt 
point whenever a; = a; for some i Æ j. Thus we may have 1, 2, 3, 4, 6 or 10 
Eckardt points dependent on whether we have just two equal coefficients, or 
two pairs of equal coefficients, or three equal coefficients, or a pair and a triple 
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of equal coefficients, or four equal coefficients, or five equal coefficients. The 
other possibilities for the number of Eckardt points are nine as in the previous 
example, or 18 in the case when the surface is isomorphic to a Fermat cubic 
surface. We will prove later that no other case occurs. 


Let us prove the following, as it will be needed in the future. 


Proposition 9.1.26 Let x and y be two Eckardt points on S such that the line 
£L = Ty is not contained in S. Then £ intersects S in a third Eckardt point. 
Moreover, no three Eckardt points lie on a line contained in the surface. 


Proof Let be the harmonic homology involution of S defined by the Eckardt 
point x. Then £ intersects S at the point z = r(y). The points y and z are on 
the line zy. If £ is not contained in S, then it is not contained in the polar 
quadric P,,(.S), and hence does not intersect the 1-dimensional component F 
of the fixed locus of r. This shows that y # z. On the other hand, if £ is con- 
tained in S, then it is one of the three lines in the tritangent plane containing x. 
Suppose that we have two more Eckardt points on £. Then the plane that cuts 
out F intersects the corresponding tritangent planes of the two new Eckardt 
points. This implies that £ contains three fixed points of the involution 7, a 
contradiction. 














Proposition 9.1.27 Let x1, £2, £3 be three collinear Eckardt points. Then the 
involutions T; corresponding to these points generate a subgroup of automor- 
phisms isomorphic to 63. If two Eckardt points xı, x2 lie on a line £ C S, 
then the involutions commute, and the product fixes the line and the other line 
which contains the tangency points of three tritangent planes through £. 


Proof Suppose three Eckardt points lie on a line £. Obviously, each 7; leaves 
the line £ = 7173 invariant. Thus the subgroup G generated by the three invo- 
lutions leaves the line invariant and permutes three Eckardt points. This defines 
a homomorphism G — 63 which is obviously surjective. Let g be a nontrivial 
element from the kernel. Then it leaves three points fixed, and hence leaves 
all points on the line fixed. Without loss of generality, we may assume that 
g = T1T2 OF J = 717273. Since Tı and T2, and 7172, T3 act differently on Z, we 
getg=1. 

Now suppose that two Eckardt points lie on a line £ contained in the surface. 
Obviously, 7; fixes both points xı and x2. Since a finite automorphism group 
of P! fixing two points is cyclic, the product T = 7172 is of order 2; it fixes £ 
pointwise, and also fixes the line ¢’ equal to intersection of the planes of fixed 
points of 71,72. This line intersects each tritangent plane through £ at some 
point. Hence each such plane is invariant with respect to 7, and the tangency 
points of the remaining three tritangent planes lie on 7’. 
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Let us project S from a point x € S that is not an Eckardt point. Suppose 
x does not lie on any line in S. Then the blow-up S” of Sat x is a del Pezzo 
surface of degree 2. The projection map lifts to a finite double cover of P? 
branched along a nonsingular quartic curve B. The 27 lines, together with the 
exceptional curve E of the blow-up, map to the 28 bitangents of B. The image 
of a sixer of lines and the curve E is an Aronhold set of seven bitangents. This 
relationship between 27 lines on a cubic surface and 28 bitangents of a plane 
quartic was first discovered by C. Geiser [237] in 1860. 

If x lies on one line, S’ is a weak del Pezzo surface of degree 2 with one 
(—2)-curve R. The projection map lifts to a degree map S” — P? which factors 
through the blowing down map S — X of R and a finite map of degree 2 
X — P? branched over a 1-nodal quartic curve. If x lies on two lines, then we 
have a degree 2 map S’ — X — P?, where X has two A -singularities, and 
the branch curve of X — P? is a 2-nodal quartic. 


9.2 Singularities 


9.2.1 Non-normal cubic surfaces 


Let X be an irreducible cubic surface in P?. Assume that X is not normal and 
is not a cone over a singular cubic curve. Then its singular locus contains a 
1-dimensional part C of some degree d. Let m be the multiplicity of a general 
point of C. By Bertini’s Theorem, a general plane section H of X is an irre- 
ducible plane cubic that contains d singular points of multiplicity m. Since an 
irreducible plane cubic curve has only one singular point of multiplicity 2, we 
obtain that the singular locus of X is a line. 

Let us choose coordinates in such a way that C is given by the equations 
to = tı = 0. Then the equation of X must look like 


lot? + lıtotı + lat? = 0, 


where l;, i = 0, 1, 2, are linear forms in to, t1, t2. This shows that the left-hand 
side contains tə and ¢3 only in degree 1. Thus we can rewrite the equation in 
the form 


tof ttsg +h =O, (9.16) 


where f, g, h are binary forms in to, tı, the first two of degree 2, and the third 
one of degree 3. 

Suppose f,g are proportional. Then, the equation can be rewritten in the 
form (atı + bt2)f + h = 0, which shows that X is a cone. A pair of non- 
proportional binary quadratic forms f,g can be reduced to the form tê + 
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t2, at? + bt?, or totı, atë +totı (corresponding to the Segre symbol (2)). After 


making a linear change of variables ta, t3, we arrive at two possible equations 


tote + t3t7 + (ato + bti)t2 + (cto + dtı)tı = 0, 
tototı + tst + (ato + bt1)t2 + (cto + dtı)tı = 0. 














Replacing ta with t, = t2 + ato + bt, and t3 with t4 = t3 + cto + dtı, we 
obtain two canonical forms of non-normal cubic surfaces that are not cones. 

The plane sections through the singular line of the surface define a structure 
of a scroll on the surface. 


Theorem 9.2.1 Let X be an irreducible non-normal cubic surface. Then, 
either X is a cone over an irreducible singular plane cubic, or it is projectively 
equivalent to one of the following cubic surfaces singular along a line: 


(i) t2te + tits = 0; 
(ii) totot, + td +t? = 0. 


The two surfaces are not projectively isomorphic. 


The last assertion follows from considering the normalization X of the sur- 
face X. In both cases it is a nonsingular surface, however in (i), the preimage 
of the singular line is irreducible, but in the second case it is reducible. 

We have already seen two cubic scrolls in P? in Subsection 2.1.1. They are 
obtained as projections of the cubic scroll $1 4 in P* isomorphic to the rational 
minimal ruled surface F, (a del Pezzo surface of degree 8). There are two 
possible centers of the projection: on the exceptional (—1)-curve or outside 
of this curve. Case (i) corresponds to the first possibility, and case (ii) to the 
second one. 


9.2.2 Lines and singularities 


From now on we assume that S is a normal cubic surface that is not a cone. 
Thus its singularities are rational double points, and S' is a del Pezzo surface 
of degree 3. 

Let X be a minimal resolution of singularities of S. All possible Dynkin 
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curves on X can be easily found from the list of root bases in Eg. 


(r=6) Es, Ag, Dat Ao, X Aiti + + is = 6, 
k=1 


(r=5) Ds, D4 + Ai, So Ait te His = 5; 
k=1 


(r=4) Da, I Ai sti Heis =4, 
k=1 

(r =3) As, A2 + Aj, 3A1, 

(r = 2) Ao, Aj + Aj, 

r=1 


(r=1) A. 
The following Lemma is easily verified, and we omit its proof. 
Lemma 9.2.2 Let x9 = (1, 0,0, 0) be a singular point of S = V ( f3). Write 


fs = togaltı,ta,t3) + 93(t, te, ta), 


where ga, 93 are homogeneous polynomials of degrees 2 and 3, respectively. 
Let x = [ao, a1, 42, a3] € S. If the line Toz is contained in S, then the point 
q = [aı, a2, a3] is a common point of the conic V (gz) and the cubic V (g3). If, 
moreover, x is a singular point of S, then the conic and the cubic intersect at 
q with multiplicity > 1. 


Corollary 9.2.3 V(f3) has at most four singular points. Moreover, if V ( f3) 
has four singular points, then each point is of type A. 


Proof Let x, be a singular point which we may assume to be the point 
[1,0,0,0] and apply Lemma 9.2.2. Suppose we have more than 4 singular 
points. The conic and the cubic will intersect at least in four singular points 
with multiplicity > 1. Since they do not share an irreducible component (oth- 
erwise f3 is reducible), this contradicts Bézout’s Theorem. Suppose we have 
four singular points and xo is not of type Ai. Since xo is not an ordinary dou- 
ble point, the conic V (g2) is reducible. Then the cubic V (g3) intersects it at 
three points with multiplicity > 1 at each point. It is easy to see that this also 
contradicts Bézout’s Theorem. 














Lemma 9.2.4 The cases, Aj, +--+: + Aip, i1 ++ +ik = 6, except the cases 
3Aa, As + Aı do not occur. 





Proof Assume M = A;,+--:+Aj,,71+:-:+%, = 6. Then the discriminant 
dm of the lattice M is equal to (i1 + 1)--- (ik +1). By Lemma 8.2.1, 3|dm, 
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one of the numbers, say 7; + 1, is equal either to 3 or 6. If 23 + 1 = 6, then 
M = As + Ay. Ifi + 1 = 3, then (ig +1)... (ig + 1) must be a square, and 
ig+---+%, = 4. It is easy to see that the only possibilities are 72 = i3 = 2 and 
ig = 13 = ia = 15 = 1. The last possibility is excluded by applying Corollary 
22, 














Lemma 9.2.5 The cases D4 + A, and D4 + Ag do not occur. 


Proof Let xo be a singular point of S of type D4. Again, we assume that 
zo = [1,0,0,0] and apply Lemma 9.2.2. As we have already noted, the sin- 
gularity of type D; is analytically (or formally) isomorphic to the singularity 
z? + xy(x@ + y) = 0. This shows that the conic V(g2) is a double line 4. 
The plane z = 0 cuts out a germ of a curve with 3 different branches. Thus 
there exists a plane section of S = V(f3) passing through zo which is a plane 
cubic with 3 different branches at x9. Obviously, it must be the union of 3 
lines with a common point at zo. Now the cubic V(g3) intersects the line £ 
at 3 points corresponding to the lines through xo. Thus S cannot have more 
singular points. 














Let us show that all remaining cases are realized. We will exhibit the corre- 
sponding del Pezzo surface as the blow-up of six bubble points pı,...,ps in 
P?. 

A: 6 proper points in P? on an irreducible conic; 

Ag: pa 1 Pı; 

2A1: pa >1 Pi, Pa >1 P3; 

As: p4 >1 D3 1 Pa >1 P1; 

Aa + Aj: p3 1 P2 1 Pi, P5 1 Pa; 

Ag: ps 1 Pa 1 P3 1 P21 P1; 

341: p2 1 Pi, Pa >1 D3, P6 1 P5; 

2A2: p3 1 Pa 1 Pi, Pe >1 P5 1 Pa; 

As + Ai: p4 >1 P3 >1 Pa 1 P1, Pe ™1 P5; 

As: pe >1 Ps 1 Pa 1 P3 >ı P2 1 P1; 

Da: p2 1 pı, pa ~1 P3,P6 >ı Ps and p1, p3, ps are collinear; 

Ag +241: p3 >1 p2 1 Pi, Ps >1 pa, and |h — pı — p2 — ps| # Ó; 
Ag+ Ai: ps >1 pa >1 P3 >1 P2 1 Pı and |2h — pı — --- — pe| FO; 














Ds: ps =ı Pa 1 p31 pa ~1 pı and |h — pı — p2 — pol # 9; 
AA]: p1,..., pe are the intersection points of 4 lines in a general linear posi- 
tion; 
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2A2 + Al: p3 =1 P2 >1 Pı, Pe ~1 Ps >1 pa and |h — pi — p2 — pa| # Ó; 

Ag +24: p4 >1 P3 =ı Pa 1 P1, Pe ~1 Ps and |h — pı — p2 — p3| # Ø; 

As + Aj: pe ~1 Ps 1 Pa >ı P3 ~1 P2 1 pı and |2h — pı —--- — pel FO; 
Es: pe =1 Ps 1 Pa >ı P3 =1 P2 1 Pı and |h — pı — p2 — ps| #9; 


3Aa: p3 =ı P2 >1 Pi, P6 =ı Ps >ı Pa, |h — pı — po — ps| # OY, |h — pa 
ps — pol #9; 

Projecting from a singular point and applying Lemma 9.2.2 we see that each 
singular cubic surface can be given by the following equations. 











Ay: V(tog2(t1,t2,t3) + g3(tı, t2,t3)), where V (g2) is a nonsingular conic 
which intersects V (g3) transversally; 

Ag: V (totıt2 + g3 (tı, t2, t3)),where V (tıt2) intersects V (g3) transversally; 
2A1: V (toga(tı,ta,t3) + 93(t1, t2, t3)), where V (g2) is a nonsingular conic 
which is simply tangent to V (g3) at one point; 

As: V(totite + g3(tı, t2,t3)), where V(tit2) intersects V (g3) at the point 
[0, 0, 1] and at other 4 distinct points; 

Ao+Ai: V (totıt2+g3(t1, te, t3)), where V (ga) is tangent to V (t2) at [1, 0, OJ; 
Ag: V(totıta + 93(t1, to, t3)), where V (g3) is tangent to V (tı) at [0, 0, 1]; 
3A1: V(tog2(t1, te, t3) + g3(ti, te, t3)), where V (g2) is nonsingular and is 
tangent to V (g3) at 2 points; 

2Aa: V (totıt2+g3(t1, te, t3)), where V (t1) intersects V (g3) transversally and 
V (t2) is an inflection tangent to V (g3) at [1, 0, 0]; 

Az + Ay: V (totıt2 + 93(t1, t2, t3)), where V (g3) passes through [0, 0, 1] and 
V (tı) is tangent to V (g3) at the point [1, 0, 0]; 

As: V(totite + g3(t1, ta, t3)), where V (tı) is an inflection tangent of V (g3) 
at the point [0, 0, 1]; 

Da: V (tot + 93(tı, te, ts) 
As + 2A:: V (totıt2 + g3( 
points not equal to [0, 0, 1]; 
Ag+ Aj: V (totıt2 +g3(t1, te, t3)), where V (g3) is tangent to V (tı) at [0, 0, 1] 
and is tangent to V (t2) at [1, 0, 0]; 

Ds: V (tot? + 93(t1, t2, t3)), where V (tı) is tangent to V (g3) at [0, 0, 1]; 


), where V (tı) intersects transversally V (g3); 
t1, t2, t3)), where V (g3) is tangent V (tıt2) at two 


4A1: V(tog2(t1,t2,t3) + 93(tı,t2,t3)), where V (g2) is nonsingular and is 
tangent to V (g3) at 3 points; 

2As+ Al: V (toga (tı, ta, t3) +93 (tı, t2, t3)), where V (g2) is tangent to V (g3) 
at 2 points [1, 0, 0] with multiplicity 3; 
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A3 +2A,: V (totıta + g3(t, t2, t3)), where V (g3) passes through [0, 0, 1] and 
is tangent to V (tı) and to V (t2) at one point not equal to [0, 0, 1]; 

As + Ai: V(totite + g3(t1, t2,t3)), where V (tı) is an inflection tangent of 
V (g3) at the point [0, 0, 1] and V (t2) is tangent to V (gs); 

Es: V (tot? + 9s(t1, tz, t3)), where V(t1) is an inflection tangent of V (g3). 
3Aa: V (totıta + 93(t1, t2, t3)), where V (t1), V(t2) are inflection tangents of 
V (g3) at points different from [0, 0, 1]. 





Remark 9.2.6 Applying a linear change of variables, one can simplify the 
equations. For example, in type X XI (see Table 9.1), we may assume that 
the inflection points are [1, 0, 0] and [0, 1, 0]. Then g3 = t3 + tıtaL(tı,ta,ts). 
Replacing to with tj = to + L(tı, ta, t3), we reduce the equation to the form 


totıt2 + t3 = 0. (9.17) 


Another example is the /¢-singularity (type XX). We may assume that the 
inflection point is [0, 0, 1]. Then g3 = t3 +t1g2(t1, te, t3). The coefficient at t3 
is not equal to zero, otherwise the equation is reducible. After a linear change 
of variables we may assume that gg = t2 +at? +btıt2 + ct3. Replacing to with 
to + atı + bt2, we may assume that a = b = 0. After scaling the unknowns, 
we get 


tot? + titi + t1t2 +t = 0. (9.18) 


Table 9.1 gives the classification of possible singularities of a cubic surface, 
the number of lines and the class of the surface. 






































Type | Singularity | Lines | Class Type | Singularity | Lines | Class 
I 0 27 12 XII D4 6 6 
I Aj 21 10 XIII Aa +2Aı 8 5 

MI As 15 9 XIV A4 + Ai 4 5 
TV 2Aı 16 8 XV Ds 3 5 
V A3 10 8 XVI 4A, 9 4 
VI Ag+ Aj 11 7 XVII | 2A2+ Ai 5 4 
VII Aa 6 7 XVII | A3 +2Aı 5 4 
Vill 3A) 12 6 XIX As + Ai 2 4 
IX 2Aa 7 6 XX Es 1 4 
x A3+ Ai 7 6 XXI 3Aa 3 3 
XI As 3 6 



































Table 9.1 Singularities of cubic surfaces 


Note that the number of lines can be checked directly by using the equations. 
The map from P? to $ is given by the linear system of cubics generated by 
V (gs), V (t192), V (t292), V (t3g2). The lines are images of lines or conics that 
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intersect a general member of the linear system with multiplicity 1 outside 
base points. The class of the surface can be computed by applying the Plücker- 
Teissier formula from Theorem 1.2.7. We use that the Milnor number of an 
An, Dn, En singularity is equal to n, and the Milnor number of the singularity 
of a general plane section through the singular point is equal to 1 if type is A, 
and 2 otherwise. 


Example 9.2.7 The cubic surface with three singular points of type Aa given 
by Equation (9.17) plays an important role in the Geometric Invariant The- 
ory of cubic surfaces. It represents the unique isomorphism class of a strictly 
semistable point in the action of the group SL(4) in the space of cubic surfaces. 
Table 9.1 shows that it is the only normal cubic surface whose dual surface is 
also a cubic surface. By the Reciprocity Theorem X = (X¥)Y, the dual sur- 
face cannot be a cone or a scroll. Thus the surface of type XXI is the only 
self-dual cubic surface. 

Another interesting special case is the surface with four A, -singularities. In 
notation above, let us choose coordinates such that the three tangency points 
of the conic V(g2) and the cubic V (g3) are [1,0,0], [0, 1, 0], [0, 0, 1]. After 
scaling the coordinates, we may assume that g2 = tite + tits + tet3. An 
example of a cubic tangent to the conic at the three points is the union of three 
tangent lines 


h= (ty + to) (ty + t3)(ta + t3) = ga(ti + t2 + t3) = tytats. 


Any other cubic can be given by equation lga + h = 0, where l is a linear form. 
Replacing to with t = — (to +! +t; + t2 + t3), we reduce the equation to the 
form 





1 1 1 
to(tıta + tits + tots) + titets = totıtats(= + 
0 


1 
=0. 91 
eae 0. (9.19) 


A cubic surface with four nodes is called the Cayley cubic surface. As we see, 
all Cayley cubics are projectively equivalent. They admit G, as its group of 
automorphisms. 

Let us find the dual surface of a Cayley surface. Table 9.1 shows that it 
must be a quartic surface. The equation of a tangent plane at a general point 
[a, b, c, d] is 

to t , ta t 


fi 
T T 
aa b & æ 





=0. 
Thus the dual surface is the image of S under the map 


lto; t1, t2, t3] > (£0, &1,&2,&] = [1/t6, 1/t7, 1/5, 1/63]. 
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Write t; = 1//&; and plug in Equation (9.19). We obtain the equation 
(V EErEE)? (V Eo + Vr + VE + Vés) = 0. 


This shows that the equation of the dual quartic surface is obtained from the 
equation 











Viot+ Vist Via t+ VE =0 


by getting rid of the irrationalities. We get the equation 


3 
(DOG -2 I, Et)’ — 64Eokr aks = 0. 
i=0 0<i<j<3 
The surface has three singular lines t; + tk = tı + tm = 0. They meet at one 
point |1, 1, 1, 1]. The only quartic surface with this property is a Steiner quartic 
surface from Subsection 2.1.1. Thus the dual of the Cayley cubic surface is a 
Steiner quartic surface. 


9.3 Determinantal equations 


9.3.1 Cayley-Salmon equation 


Let 5’ be a minimal resolution of singularities of a del Pezzo cubic surface S. 
Choose a geometric marking ¢ : T18 — Pic(S’) and consider the image of 
one of 120 conjugate pairs of triples of tritangent trios from (9.9). Write them 
as a matrix: 

€11 €12 €13 

€21 €22 €23- (9.20) 

€31 €32 €33 


Suppose the divisor classes e;; are the classes of (—1)-curves on S”. Then their 
images in S are lines ¢;;. The lines defined by the i-th row (the j-th column) 
lie in a plane A; (A/;), a tritangent plane of S. The union of the planes A; 
contains all nine lines ¢;;. The same is true for the planes Aj. The pencil of 
cubic surfaces spanned by the cubics A; + Ag + Ag and A} + AS + Az must 
contain the cubic S. This shows that we can choose the equations l; = 0 of A; 
and the equations m; = 0 of AV such that S can be given by equation 


ly mı 0 
Iılalz + mimm = det 0 Ip ma = 0. (9.21) 
—_Mmz 0 l3 
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The equation of a cubic surface of the form (9.21), where the nine lines de- 
fined by the equations l; = m; = 0 are all different, is called Cayley-Salmon 
equation. Note that the lines £;; are skew (otherwise we have four lines in one 
plane). We say that two Cayley-Salmon equations are equivalent if they define 
the same unordered sets of three planes V (l;) and V(m,). 

Suppose a cubic surface can be given by a Cayley-Salmon equation. Each 
plane V (l;) contains three different lines 0;; = V (L) O V (m;), j = 1,2,3 and 
hence is a tritangent plane. After reindexing, we may assume that the lines £;; 
are skew lines. Let e;; be the divisor classes of the preimages of the lines in 
S’. Then they form the image of a conjugate pair of tritangent trios under some 
geometric marking of S”. 


Theorem 9.3.1 Let S be a normal cubic surface. The number of the equiv- 
alence classes of Cayley-Salmon equations for S is equal to 120 (type I), 10 
(type II), 1 (type III, IV, VIII), and zero otherwise. 


Proof We know that the number of conjugate pairs of triads of tritangent trios 
of exceptional vectors is equal to 120. Thus the number of conjugate triads of 
triples of tritangent planes on a nonsingular cubic surface is equal to 120. 

Suppose S has one node. We take a blow-up model of S” as the blow-up of 
Six proper points on an irreducible conic. We have 10 matrices of type II in 
(9.9) which give us 10 pairs of conjugate triples of tritangent planes. 

Suppose S has three nodes. We take the blow-up model corresponding to a 
bubble cycle xı + +--+ ze with 24 > %1,%5 > £2, £6 > £3. The set of lines 
Lij are represented by the divisor classes of 





eu — €1 — €4, €0 — €2 — €5, C9 — €3 — €6, €k, 2€0 —€1 —- +t — e6 tek, k = 4, 5, 6. 


It is easy to see that this is the only possibility. 
We leave it to the reader to check the assertion in the remaining cases. 














Suppose a normal cubic surface S contains three skew lines (1, £2, (3. Con- 
sider the pencil of planes P; through the line /,. For any general point x € P? 
one can choose a unique plane II; € P; containing the point x. This defines a 
rational map 


f :P? --> Py x Po x P3. (9.22) 


Suppose the intersection of the planes II; contains a line £. Then @ intersects 
Lı, l2, £3, and hence either belongs to S or does not intersect S at a point out- 
side the three lines. This shows that the restriction of the map f to S is a 
birational map onto its image X. 


9.3 Determinantal equations 499 
The composition of map (9.22) with the Segre map defines a rational map 


fir 3 Ser, 





where S is isomorphic to the Segre variety s(P! x P! x P!). Since the pencils 
P; generate the complete linear system |V| of cubic surfaces containing the 
lines £;, the map f is given by |V|. Since our cubic S is a member of |V], it 
is equal to the preimage of a hyperplane section H of X. The Segre variety S 
is of degree 6, so H is isomorphic to a surface Sg of degree 6 in P® and the 
restriction of f to S is a birational map onto Sg. The hyperplane section H is 
defined by a divisor of tridegree (1, 1,1) on the Segre variety. This gives the 
following. 





Theorem 9.3.2 (F. August) Any cubic surface containing three skew lines 
£1, l2, €3 can be generated by three pencils P; of planes with base locus £; 
in the following sense. There exists a correspondence R of degree (1,1,1) on 
Pi x Pax P3 such that 


S = {x € P? : x € Il N I N Is for some (Th, I2, I3) € R}. 


Note that a del Pezzo surface Se of degree 6 containing in the Segre variety 
s(P! x Pt xP!) has three different pencils of conics. So, it is either nonsingular, 
or has one node. In the first case, it is a toric surface which can be given by the 
equation 


ugovowo + uvıwı = 0, 


where (uo, u1), (vo, v1), (wo, w1) are projective coordinates in each factor of 
(P')?. The equation can be considered as a linear equations in the space P7 
with coordinates u,v; wz. If S6 is singular, it is not a toric surface. The cor- 
responding weak del Pezzo surface is the blow-up of three collinear points. It 
contains only three lines. 

Suppose Sg is a nonsingular surface. Then we can identify the coordinates 
(uo, u1) with the coordinates in the pencil P, of planes through @; and, simi- 
larly, for the other two pairs of coordinates. Thus the cubic surface is equal to 
the set of solutions of the system of linear equations 


uolı (to, t1, te, t3) = uima(to, ti, te, ts), 
Vola (to, t1, t2, t3) = vime(to, ti, ta, ts), 
wol3(to, t1, te, t3) = wims(to, tı, t2, ts), 

where l;, m; are linear forms and ugvowo + uivıwı = 0. This immediately 


gives Cayley-Salmon equation of S. Conversely, the choice of Cayley-Salmon 
equation gives August’s projective generation of S. 
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Remark 9.3.3 The rational map f : P --» S C P” isa birational map. To see 
this, we take a general line 44 in P3. The image of this line is a rational curve 
of degree 3 in X. The composition of f and the projection P” --» P? from 
the subspace spanned by f (£4) is a rational map T : P? --+ P®. It is given by 
the linear system of cubics passing through the lines £1, l2, (3, l4. Since four 
skew lines in P? have two transversals (i.e. lines intersecting the four lines), 
the base locus of the linear system also contains the two transversal lines. The 
union of the six lines is a reducible projectively normal curve of arithmetic 
genus 3. The transformation T is a bilinear Cremona transformation. The P- 
locus of T consists of the union of four quadrics Qx, each containing the lines 
Li, i # k (since it must be of degree 8, there is nothing else). In particular, 
the map f blows down the quadric Q4 to a curve parameterizing the ruling of 





Q, that does not contain the lines £1, l2, £3. If Sg is a nonsingular surface, we 
must blow down exactly three lines on S, hence the lines £44, l2, 23 have three 
transversals contained in S. Also, if Sg is nonsingular, the singular points of 5 
must lie on the lines £44, l2, 23. This can be checked in all cases where Cayley- 
Salmon equation applies. 


Corollary 9.3.4 Let S be a nonsingular cubic surface. Then S is projectively 
equivalent to a surface 


V (totite + t3(to + ti + t2 + t3)l(to,...,¢3)). 


A general S can be written in this form in exactly 120 ways (up to projective 
equivalence). 


Proof We will prove later that a nonsingular cubic surface has at most 18 
Eckardt points. Thus we can choose the linear forms mı, ma, ma such that 
the lines £14, €2;,€3;,7 = 1,2,3 do not intersect. This implies that the linear 
forms Iı,12,13, m; are linearly independent. Similarly, we may assume that 
the linear forms m1, ma, M3, lj, j = 1,2,3 are linearly independent. Choose 
coordinates such that l4 to, lg = t1,l3 = te,m, = t3. The equation of S 
can be written in the form totıta + tamama = 0. Let mz = J` a;t;. It follows 
from the previous assumption, that the coefficients a; are all nonzero. After 
scaling the coordinates, we may assume that ma = to + tı + t2 + t3 and we 
take 1 = m3. 




















9.3.2 Hilbert-Burch Theorem 


The Cayley-Salmon equation has a determinantal form and hence gives a de- 
terminantal representation of a cubic surface. Unfortunately, it applies to only 
a few of the 21 different types of cubics. By other methods we will see that a 
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determinantal representation exists for any normal cubic surface of type differ- 
ent from XX. We will use the following result from commutative algebra (see 
[208]). 


Theorem 9.3.5 (Hilbert-Burch) Let I be an ideal in a polynomial ring R 
such that depth(I) = codimI = 2 (thus R/I is a Cohen-Macaulay ring). 
Then there exists a projective resolution 








DE Re $5 R— RJI — 0. 


The i-th entry of the vector (a1,..., an) defining Qı is equal to (-1)'c;, where 
c; is the complementary minor obtained from the matrix A defining &a by delet- 
ing its i-th row. 


We apply this Theorem to the case when R = Cfto,tı, t2] and I is the 
homogeneous ideal of a closed 0-dimensional subscheme Z of P? = Proj( R) 
generated by four linearly independent homogeneous polynomials of degree 3. 
Let Zz be the ideal sheaf of Z. Then (Iz)m = H°(P?,Zz(m)). By assumption 


H? (P?,77(2)) = 0. (9.23) 


Applying the Hilbert-Burch Theorem, we find a resolution of the graded ring 
R/I 





0 — R(—4)}? 3 R(-3) Ż5 R — R/I > 0, 


where &a is given by a 3 x 4-matrix A whose entries are linear forms in 
to, t1, t2. Passing to the projective spectrum, we get an exact sequence of 
sheaves 


0 — U 8 Op (4) Ż> V 9 Oe (3) 5 Tz — 0, 


where U, V are vector spaces of dimension 3 and 4. Twisting by Op2 (3), we 
get the exact sequence 


0 — U 8 Op (—1) SV @ Op Ż5> Tz(3) — 0. (9.24) 
Taking global sections, we obtain 
V = H’(P?,Tz(3)). 


Twisting fact sequence (9.24) by Op2(—2), and using the canonical trace iso- 
morphism H?(P?, Op2(—3)) & C, we obtain that 


U = H'(P?,Tz(1)). 
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The exact sequence 
0-Z,(1)- Op2(1) — Oz > 0 
shows that 
U = Coker(H°(P*, Op2(1)) + H°(Oz)) = Coker(C? + C*(92)), 


Since dim U = 3, we obtain that h°(Oz) = 6. Thus Z is a 0-cycle of length 
6. 

Now we see that the homomorphism bo of vector bundles is defined by a 
linear map 


¢: E => Hom(U,V) =UY @V, (9.25) 


where P? = |E|. We can identify the linear map & with the tensor t € EY @ 
UY & V. Let us now view this tensor as a linear map 


p: VY + Hom(E,UY) = EY @UY. (9.26) 
The linear map (9.25) defines a rational map, the right kernel map, 
f: [E| > |VY| = |Zz(3)1Y, [o] > |o(v)(U)". 


It is given by the linear system |Zz(3)|. In coordinates, it is given by maximal 
minors of the matrix A defining da. Thus S is contained in the locus of [a] such 
that a belongs to the preimage of the determinantal locus in Hom( E, UY). It 
is a cubic hypersurface in the space Hom( E, U”). Thus the image of f is con- 
tained in a determinantal cubic surface S. Since the intersection scheme of two 
general members C1, C2 of the linear system |7z(3)| is equal to the 0-cycle 
Z of degree 6, the image of f is a cubic surface. This gives a determinantal 
representation of S. 


Theorem 9.3.6 Assume S is a normal cubic surface. Then S admits k equiv- 
alence classes of linear determinantal representations, where k depends on 
type of S, and is given in the following Table. 





I Il HI IV V VI Vil VII | Ix X XI 
72 50 24 34 60 64 52 66 60 58 42 
XI | XI | XIV | XV | XVI | XVI | XVII | XIX | XX | XXI 
48 62 50 32 64 58 56 40 0 54 
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Table 9.2 Number of determinantal representations 
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Proof Let S’ be a minimal resolution of singularities of S. It follows from the 
previous construction that a blowing-down structure defined by a bubble cycle 
of six points not containing in a conic, gives a determinantal representation of 
S. Conversely, suppose S C P(V), and we have a linear map (9.26) for some 
3-dimensional vector spaces E and U defining a determinantal representation 
of S. Then 4 defines a map of vector bundles U @ Op2(—4) > V 8 Op2(—3), 
and the cokernel of this map is the ideal sheaf of a 0-cycle of length 6. Its blow- 
up is isomorphic to S. Since S' is normal, the ideal sheaf is integrally closed, 
and hence corresponds to a bubble cycle 7 whose blow-up is isomorphic to 9”. 

So, the number of equivalence classes of linear determinantal representa- 
tions is equal to the number of nef linear systems |eo| on 5’ which define a 
birational morphism S” — P? isomorphic to the blow-up of bubble cycle 7) of 
six points not lying on a conic. It follows from the proof of Lemma 9.1.1 that 
there is a bijection between the set of vectors v € I" with v? = 1,v-kg = —3 
and the set of roots in Eg. The corresponding root a can be written in the form 
a = 2e — vı — +++ — Ve, where (v1,..., ug) is a unique sixer of exceptional 
vectors. If we choose a geometric marking ¢ : [1° — Pic($’) defined by 
this sixer, then (a) is an effective root if and only if the bubble cycle corre- 
sponding to this marking lies on a conic. Thus the number of determinantal 
representations is equal to the number of non-effective roots in K u modulo 
the action of the subgroup Wo of W (Es) generated by the reflections in nodal 
roots. In other words, this is the number of roots in Eg (equal to 72) minus 
the number of roots in the root sublattice defining the types of singularities on 
S. Now we use the known number of roots in root lattices and get the result. 
Note the exceptional case of a surface with a Ee-singularity. Here all roots are 
effective, so S does not admit a determinantal representation. 














Consider the left and right kernel maps for the linear map (9.26) 
l: S -->|E|, wv: --» |U]. 


The composition of these maps with the resolution of singularities S’ > S 
is the blowing-down map l : S’ — |E| and tv’ : S” — |U|. When S is 
nonsingular, these are two maps defined by a double-six. The correspond- 
ing Cremona transformation |E| --> |U| is given by the homaloidal linear 
system |72(5)| = |5e9 — 2(eı — --- — e¢)|. To identify the space U with 
H°(|E|,Z2(5))” , we consider the linear map 


2 2 
P): PVY) + PE @UY) > A EY NUS EgV, 


where the last isomorphism depends on a choice of volume forms on EY and 
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UV. Dualizing, we get a linear pairing 
EY @UY > S? (V). 


If we identify H°(S,Os(—2Ks)) with SV, and EY with H°(S,Ogs(eo)), 
then UY can be identified with H° (S, Os(—2Ks — eo)). Note that we have 
also identified U with the cokernel of the map r : E — H°(P?, Oz). Let 
us choose a basis in Æ & C? and an order of points in Z, hence a basis in 
H°(P?, Oz) = Cê. The map CË — U = Coker(r) gives six vectors in U. The 
corresponding six points in |U] is the bubble cycle defining the blowing-down 
structure t : S — |U|. This is a special case of the construction of associated 
sets of points (see [176], [209], [569]). 

Remark 9.3.7 We can also deduce Theorem 9.3.6 from the theory of determi- 
nantal equations from Chapter 4. Applying this theory we obtain that S admits 
a determinantal equation with entries linear forms if it contains a projectively 
normal curve C such that 


H°(8,Os(C)(-1)) = H?(S,Os(C)(—2)) = 0. (9.27) 


Moreover, the set of non-equivalent determinantal representations is equal to 
the set of divisor classes of such curves. Let 7 : S’ — S be a minimal reso- 
lution of singularities and C” = n*(C). Since 7*Og(—1) = Og (Ks), the 
conditions (9.27) are equivalent to 


H®(S', Os (C + Kgr)) = H?(S', Og: (C +2Ks)) = 0. (9.28) 
Since C” is nef, H'(S’, Os: (C' + Ksv)) = 0. Also 
H?(S", Og: (C’ + Kx S')) = H°(S’, Os:(—C’)) = 0. 
By Riemann-Roch, 
0=x(Os:(C’ + Ksr)) = 3((C’ + Ks)? — (C' + Ko): Ks) +1 
= 4(C7+C'- Kg) +1. 


Thus C” is a smooth rational curve, hence Č is a smooth rational curve. It is 
known that a rational normal curve in P” must be of degree n. Thus — Kg, - 
C’ = 3, hence C’? = 1. The linear system |C’| defines a birational map 
m : S! --» P?. Let eo = [C’], e1, . . . , eg be the corresponding geometric basis 
of Pic(.S’). The condition 


0 = H?(X, Os (C! +2Kg)) = H°(S', Os: (—C’ — Kgr)) =0 
is equivalent to 


baat occa E (9.29) 
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9.3.3 Cubic symmetroids 


A cubic symmetroid is a hypersurface in P” admitting a representation as a 
symmetric (3x 3)-determinant whose entries are linear forms in n+1 variables. 
Here we will be interested in cubic symmetroid surfaces. An example of a 
cubic symmetroid is the Cayley 4-nodal cubic surface 


tpaie. ts t3 
totit2 + totıt3 + totət3 + Hitets = det | t3 titt; t l, 
ts tj btt 


which we have already encounter before. By choosing the singular points to 
be the reference points [1,0,0,0], [0,1,0,0], [0,0,1,0], [0,0,0, 1], it is easy 
to see that cubic surfaces with 4 singularities of type A, are projectively iso- 
morphic. Since the determinantal cubic hypersurface in P° is singular along a 
surface, a nonsingular cubic surface does not admit a symmetric determinantal 
representation. 


Lemma 9.3.8 Let L C |Op2(2)| be a pencil of conics. Then it is projectively 
isomorphic to one of the following pencils: 


(i) Altotı — tote) + ultıta — tote) = 0; 
(ii) Altotı + tot2) + ptite = 0; 

(iii) Altotı + t2) + utota = 0; 

(iv) At2 + utotı = 0; 

(v) At2 + (tote + t) = 0; 

(vi) At2 + ut? = 0; 

(vii) Atotı + utota = 0; 

(viii) Atot + wt? = 0. 





Proof The first five cases correspond to the Segre symbols [1, 1, 1], [(2)1], [(3)], 
[(11)1], [(12)], respectively. For the future use, we chose different bases. The 
last three cases correspond to pencils of singular conics. 














Theorem 9.3.9 A cubic symmetroid is a del Pezzo surface if and only if it is 
projectively isomorphic to one of the following determinantal surfaces: 


(i) C3 = V(totite + totits + totets + titet3) with four RDP of type Ai; 

(ii) C} = V(totit2 + t1t3 — tat?) with two RDP of type A, and one RDP 
of type As; 

(iii) CY = V (totıta — t3(to + t2) — tıt3) with one RDP of type A, and 
one RDP of type As. 
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Proof Let A = (l;;) be a symmetric 3 x 3 matrix with linear entries |;; 
defining the equation of S. It can be written in the form A(t) = to Ao +t1A1+ 
ta Aa +t3 Az, where A;,i = 1, 2,3,4, are symmetric 3 x 3 matrices. Let W be 
a linear system of conics spanned by the conics 


C; = [to, t1, ta] -A- ty = 0. 


Each web of conics is apolar to a unique pencil of conics. Using the previ- 
ous Lemma, we find the following possibilities. We list convenient bases in 
corresponding dual 4-dimensional spaces of quadratic forms. 


O) &, Ef, E2, 2(o€1 + Eike + E02); 
ii) &, 7, €3, 2(€0€1 — E02); 

ii) &, €, 2€o&1 — &, 21; 

(iv) &, €7, 2€0€2, 2(€162 — 01); 
(V) 2o€2 — EF, E2, 2ok1, 26162; 

(vi) &, 2€0£1, 26162, 2082; 

(vii) é, E, 20 

(viii) &7, &, 28062, 26162. 


The corresponding determinantal varieties are the following. 


(i) 
to t3 ts 
det | t3 tı t3 | =totite + t3(—to — te — tı + 2ts) =0. 
t3 t3 te 


It has four singular points [1,0,0,0], (0, 1,0,0], [0,0, 1, 0], and [1, 1, 1, 1]. 


’ ’ ’ 


The surface is a Cayley 4-nodal cubic. 


(ii) 
to t3 —t3 
det | t3 t 0 | =totite — tit} — tet} = 0. 
—t3 0 ta 
It has two ordinary nodes [0,1,0,0], [0,0,1,0] and a RDP [1,0,0,0] of 
type A3. 
(iii) 





to te 0 
det | t2 ti t3 | =—totite — tot3 + t =O. 
0 t3 —te 
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The surface has an ordinary node at [1,0,0,0] and a RDP of type As at 


(0, 1, 0}. 
(iv) 
to —t3 ta 
det | —t3 ti #3 | = #8(—to — 2t2) — titi = 0. 
t t 0 
It has a double line t3 = t2 = 0. 
(v) 
O t2 to 
det | t2 —to t3 | = —tit? + 2totət3 + #3 = 0. 
to t3 t 
The surface has a double line tọ = t2 = 0. 
(vi) 
0 t t 
det |tı 0 t| =—tot? + 2tıtət3 = 0. 
t3 t2 to 


The surface is the union of a plane and a nonsingular quadric. 


(vii) 


to 0 0 
det | 0 4 t3 | = to(tıt2 — t$) = 0. 
0 t3 ta 
The surface is the union of a plane and a quadratic cone. 
(viii) 
0 0 t 
det | 0 to t3 | =totS = 0. 
tə t3 t 


The surface is reducible. 














Remark 9.3.10 Let S be a cone over a plane cubic curve C’. We saw in Exam- 
ple 4.2.18 that any irreducible plane cubic curve admits a symmetric determi- 
nantal representation. This gives a symmetric determinantal representation of 
the cone over the cubic; however, it is not defined by a web of conics. In fact, 
we see from the list in the above that no irreducible cone is given by a web of 
conics. I have not seen an a priori proof of this. 

If S is irreducible non-normal surface, then S admits a symmetric determi- 
nantal representation. This corresponds to cases (iv) and (v) from the proof of 
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the previous Theorem. Case (iv) (resp. (v)) gives a surface isomorphic to the 
surface from case (i) (resp. (ii)) of Theorem 9.3.9. We also see that areducible 
cubic surface that is not a cone admits a symmetric determinantal represen- 
tation only if it is the union of an irreducible nonsingular (singular) quadric 
and its tangent (non-tangent) plane. The plane is a tangent if the quadric is 
nonsingular; it intersects the quadric transversally. 


Remark 9.3.11 The three symmetroid del Pezzo cubic surfaces S' can be char- 
acterized among all del Pezzo cubics by the property that they admit a double 
cover m : $ — S ramified only over the singular points. They can be obtained 
by a projection of a quadric surface from Example 8.6.6. 


9.4 Representations as sums of cubes 


9.4.1 Sylvester’s pentahedron 


Counting constants, we see that it is possible that a general homogeneous cubic 
form in four variables can be written as a sum of five cubes of linear forms in 
finitely many ways. Since there are no cubic surfaces singular at five general 
points, the theory of apolarity tells us that the count of constants gives a correct 
answer. The following result of J. Sylvester gives more. 


Theorem 9.4.1 A general homogeneous cubic form f in four variables can 
be written as a sum: 


f=B+B+B + +l, (9.30) 


where l; are linear forms in four variables, no two are proportional. The forms 
are defined uniquely, up to scaling by a cubic root of unity. 


Proof The variety of cubic forms f € S®(EY) represented as a sum of 
five cubes lies in the image of the dominant map of 20-dimensional spaces 
(EY)? — S°®(EY). The subvariety of (EV)? that consists of 5-tuples of lin- 
ear forms containing four linearly dependent forms is a hypersurface. Thus, we 
may assume that in a representation of f as a sum of five cubes of linear forms, 
any set of four linear forms are linearly independent. 

Suppose 


5 
D 
i=1 i=1 
Let x;,y; be the points in the dual space (P?)Y corresponding to the hyper- 


planes V (l;), V(m;). The first five and the last five are distinct points. Con- 
sider the linear system of quadrics in (P*)Y which pass through the points x5, 
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Yı, ---, y5. Its dimension is larger than or equal 3. Choose a web |W] con- 
tained in this linear system. Applying the corresponding differential operator 
to f we find a linear relations between the linear forms l1, la, 13,14. Since we 
assumed that they are linearly independent, we obtain that all quadrics in the 
web contain 71,..., £4. Thus all quadrics in the web pass through 2;, yj. 

Suppose the union of the sets X = {z1,..., £5} and Y = {yı,...,y5} 
contains nine distinct points. Since three quadrics intersect at < 8 points unless 
they contain a common curve, the web |W] has a curve B in its base locus. 
Because an irreducible nondegenerate curve of degree 3 is not contained in the 
base locus of a web of quadrics, deg B < 2. Suppose B contains a line o. 
Since neither X nor Y is contained in a line, we can find a point x; outside £ọ. 
Consider a plane II spanned by £o and x;. The restriction of quadrics to Il is a 
pencil of conics with fixed line Zo and the base point x;. This implies that |W | 
contains a pencil of quadrics of the form II U II’, where IT’ belongs to a pencil 
of planes containing a line £ passing through x;. Since X U Y is contained in 
the base locus of any pencil in |W], we see that X UY C IIU £. Now we 
change the point x; to some other point y; not in II. We find that X U Y is 
contained in II’ U Z’. Hence the set is contained in (TUN (IT U Z’). It is the 
union of lo and a set Z consisting of either the line zyz or a set of < 3 points. 
This implies that one of the sets X and Y has four points on £o. Then X or Y 
spans a plane, a contradiction. 

Suppose B is a conic. Then we restrict |W | to the plane II it spans, and 
obtain that |W | contains a net of quadrics of the form II U II’, where II’ is 
a net of planes. This implies that X U Y is contained in II U Z, where Z is 
either empty or consists of one point. Again this leads to contradiction with 
the assumption on linear independence of the points. 

We may now assume that m; = A5é5,m4 = Aula, for some nonzero con- 
stants A4, As, and get 


3 3 


So B+ (1— AD + (1 — AD =Y mi}. 


i=l i=1 


Take the linear differential operator of the second order corresponding to the 
double plane containing the points y1, yo, y3. It gives a linear relation be- 
tween Iı,...,is which must be trivial. Since the points y1, Y2, y3,y4 = T4 
and y1, Y2, Y3, Ys = T5 are not coplanar, we obtain that A? = A3 = 1. Taking 
the differential operator of the first order corresponding to the plane through 
Y1, Y2, Y3, we obtain a linear relation between the quadratic forms 17, 13, 13. 
Since no two of l4, l2, l3 are proportional, this is impossible. Thus all the coef- 
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ficients in the linear relation are equal to zero, hence 71, 2a, £3, Y1, ya, ya are 
coplanar. 

The linear system of quadrics through yı,...,%s is 4-dimensional. By an 
argument from above, each quadric in the linear system contains 71, 22,3 in 
its base locus. Since x1, 22, £3, Y1, Y2, Y3 lie in a plane II, and no three points 
x;’8 or y;’s are collinear, the restriction of the linear system to the plane is 
a fixed conic containing the six points. This shows that the dimension of the 
linear system is less than or equal to 3. This contradiction shows that the sets 
{x1, £2, £3}, {y1, Y2, y3} have two points in common. Thus, we can write 


B+ (1 —A3)B + (1— A3)B = m3. 


The common point of the planes V (l1), V(l2), V (l3) lies on V(mı). After 
projecting from this point, we obtain that the equation of a triple line can be 
written as a sum of cubes of three linearly independent linear forms. This is 
obviously impossible. So, we get A3 = A3 = 1, hence mı = Alı, where 
A} = 1. So, all cubes A? are equal to 1. 














Corollary 9.4.2 A general cubic surface is projectively isomorphic to a sur- 
face in P* given by equations 


4 4 
ae =) sl (9.31) 
i=0 } 


The coefficients (ao, .. . ,a4) are determined uniquely up to permutation and a 
common scaling. 


Proof Let S = V (f) be a cubic surface given by Equation (9.31). Let boli + 
++ bals = 0 be a unique, up to proportionality, linear relation. Consider the 
embedding of P? into P4 given by the formula 


lyo,- - , ya] = [li (to,..-,3),---,l5(to,.--, ¢3)]. 


Then the image of 5 is equal to the intersection of the cubic hypersurface 
V(>> y?) with the hyperplane V (X` b;y;). Now make the change of coordi- 
nates z; = biyi, if b; # 0 and z; = y; otherwise. In the new coordinates, we 
get Equation (9.31), where a; = b}. The Sylvester presentation is unique, up to 
permutation of the linear functions /;, multiplication l; by third roots of 1, and 
a common scaling. It is clear that the coefficients (ao,..., a4) are determined 
uniquely up to permutation and common scaling. 














We refer to equations (9.31) as Sylvester equations of a cubic surface. 
Recall from Subsection 6.3.5, that a cubic surface V (f) is called Sylvester 
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nondegenerate if it admits Equation (9.30), where any four linear forms are 
linearly independent. 


It is clear that in this case the coefficients a1, ..., a; are all nonzero. 
If four of the linear forms in (9.30) are linearly dependent, after a linear 
change of variables, we may assume that lı to, la t1, 13 to, la 








t3,l5 = ato + bt, + cta. The equation becomes 
f =t3 + g(to, t1, t2), (9.32) 


where g3 is a ternary cubic form. We called such surfaces V (f) cyclic. 


Remark 9.4.3 Suppose a cubic surface V(f) admits Sylvester equations. 
Then any net of polar quadrics admits a common polar pentahedron. The con- 
dition that a net of quadrics admits a common polar pentahedron is given by 
the vanishing of the Toeplitz invariant A from (1.64). Using this fact, Toeplitz 
gave another proof of the existence of Sylvester pentahedron for a general cu- 
bic surface [564]. 


9.4.2 The Hessian surface 


Suppose S is given by the Sylvester equations (9.31). Let us find the equation 
of its Hessian surface. Recall that this is the locus of points whose polar quadric 
is singular. For our surface S in the plane H = V (X> z;) C P* this means that 
this is the locus of points z = [ao,...,a4] € H with X` a; = 0 such that the 
polar quadric is tangent to H at some point. The equation of the polar quadric 
is) 2? = 0. 

It is tangent to H if the point [1,..., 1] lies in the dual quadric }> ma 
0. Here we omit the term with a; = 0. Thus, the equation of the Hessian surface 
is 





2_ 
us = 





4 
1 
ae =0, s-l 


i=0 “** 
where we have to reduce to the common denominator to get an equation of a 
quartic hypersurface. If all a; # 0, we get the equation 


Ai x 
0. (Q —)= a, (9.33) 


where A; = (ao: a5)/a;. If some coefficients a; are equal to zero, say ap = 
... = ak = 0, the Hessian surface becomes the union of planes V(z;) N 
V(>> zi), i =0,...,k, anda surface of degree 3 — k. 
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Assume that S = V(f) is Sylvester nondegenerate, so the Hessian surface 
He( S) is irreducible. The 10 lines 


big =V(%) NV (23) NV (D_ z) 


are contained in He( S). The 10 points 
Piz = V (2) NV (zi) NV (zi) OVD, z) 


are singular points of He(S). 
The union of the planes V (z;)NV ($ z;) is called the Sylvester pentahedron, 
the lines £;; are its edges, the points p;;, are its vertices. 


Remark 9.4.4 Recall that the Hessian of any cubic hypersurface admits a bi- 
rational automorphism o which assigns to the polar quadric of corank 1 its 
singular point. Let X be a minimal nonsingular model of He(S). It is a K3 sur- 
face. The birational automorphism ø extends to a biregular automorphism of 
X. It exchanges the proper inverse transforms of the edges with the exceptional 
curves of the resolution. One can show that for a general S, the automorphism 
of X has no fixed points, and hence the quotient is an Enriques surface. 


We know that a cubic surface admitting a degenerate Sylvester equation 
must be a cyclic surface. Its Hessian is the union of a plane and the cone over 
a cubic curve. A cubic form may not admit a polar pentahedral, so its equation 
may not be written as a sum of powers of linear forms. For example, consider 
a cubic surface given by equation 


#3 + #3 4 t3 + t3 + 3t3(ato + bti + cto) = 0. 


For a general choice of the coefficients, the surface is nonsingular and non- 
cyclic. Its Hessian has the equation 


totıtatz + totıta(ato + bti + cto) — tz(a’tıta + b tote + toti) = 0. 


It is an irreducible surface with an ordinary node at [0,0,0,1] and singular 
points [0, 0, 1, 0], [0, 1, 0, 0], [1,0,0,0] of type A3. So we see that the surface 
cannot be Sylvester nondegenerate. The surface does not admit a polar pen- 
tahedral, it admits a generalized polar pentahedral in which two of the planes 
coincide. We refer to [472] and [151] for more examples of cubic surfaces 
with degenerate Hessian. 


Proposition 9.4.5 A cubic surface given by a nondegenerate Sylvester Equa- 
tion (9.31) is nonsingular if and only if, for all choices of signs, 








| 
Pr +0. (9.34) 
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Proof The surface is singular at a point (zo,..., 24) if and only if 


2 2 2 2 2 
40% Aı2ı A222 A323 A424 = 
rank ( 1 1 1 1 1 ) =1. 
This gives a2? = c,i = 0,...,3, for some c Æ 0. Thus z; = +c/,/a; for 
some choice of signs, and the equation X` z; = 0 gives (9.34). Conversely, 
if (9.34) holds for some choice of signs, then [4 | satisfies 








, 1 _ 1 
bag E Zur 
È zi = 0 and X a;z? = 0. It also satisfies the equations a;t? = ajt}. Thus it 


is a singular point. 

















9.4.3 Cremona’s hexahedral equations 


The Sylvester Theorem has the deficiency that it cannot be applied to any non- 
singular cubic surface. The Cremona’s hexahedral equations that we consider 
here work for any nonsingular cubic surface. 


Theorem 9.4.6 (L. Cremona) Assume that a cubic surface S is not a cone 
and admits a Cayley-Salmon equation (e.g. S is a nonsingular surface). Then 
S is isomorphic to a cubic surface in P° given by the equations 





Ya’ t=) ati=0. (9.35) 








Proof Let S = V (liləl3 +MımMməmz) be a Cayley-Salmon equation of S. Let 
us try to find some constants such that the linear forms, after scaling, add up to 
zero. Write 


Since S is not a cone, four of the linear forms are linearly independent. After 
reordering the linear forms, we may assume that the linear forms l4, la, l3, mı 
are linearly independent. Let 
ma = alı + blə + cl3 + dm, m3 = alı + bly + cls + d'ly. 

The constants A,, 4; must satisfy the following system of equations 

Ay + apg + a’ u3 =0, 

A2 + bug + bus = 0, 

Ag + Cha + ug = 0, 

Hı + dp + dus = 0, 

Ai A2A3 + Hı u23 = 0. 
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The first four linear equations allow us to express linearly all unknowns in 
terms of u2, 43. Plugging in the last equation, we get a cubic equation in 
2/3. Solving it, we get a solution. Now set 


a=h+h-, 2=h4+l,-, 2=4+h-4, 
24 = H3 + H3 — Hj, % = H3 +h H2 2% = H1 + Hg — H3- 


One checks that these six linear forms satisfy the equations from the assertion 
of the Theorem. 














Equations (9.35) of a del Pezzo cubic surface are called Cremona’s hexahe- 
dral equations. 


Corollary 9.4.7 (T. Reye) A general homogeneous cubic form f in four vari- 
ables can be written as a sum of six cubes in 00? different ways. In other words, 


dim VSP(f,6)° = 4. 
Proof This follows from the proof of the previous theorem. Consider the map 
(C46 > C”, (l1,..., lg) > B+ +l. 


It is enough to show that it is dominant. We show that the image contains the 
open subset of nonsingular cubic surfaces. In fact, we can use a Cayley-Salmon 
equation lıl2l3 + mımamsz for S = V ( f) and apply the proof of the Theorem 
to obtain that, up to a constant factor, 


f=} + +t t. 














Suppose a nonsingular S is given by equations (9.35). They allow us to 
locate 15 lines on S such that the remaining lines form a double-six. The equa- 
tions of these lines in P° are 


6 
zi + zj =0, a + 2% =0, Zm + 2n = 0, X a= 0, 
i=1 
where {i, j, k,l, m,n} = {1,2,3,4,5, 6}. Let us denote the line given by the 
above equations by lij kı,mn- 

Let us identify a pair a,b of distinct elements in {1,2,3,4,5,6} with a 
transposition (ab) in Gg. We have the product (i7)(kl)(mmn) of three com- 
muting transpositions corresponding to each line lij ki,mn. The group Ge ad- 
mits a unique (up to a composition with a conjugation) outer automorphism 
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which sends each transposition to the product of three commuting transposi- 
tions. In this way we can match lines lij ki,mn With exceptional vectors can of 
the Eg-lattice. To do it explicitly, one groups together five products of three 
commuting transpositions in such a way that they do not contain a common 
transposition. Such a set is called a total and the triples (ij, kl, mn) are called 
synthemes. Here is the set of six totals 


Tı = (12)(36)(45), (13)(24)(56), (14)(26)(35), (15)(23)(46), (16) (25) (34), (9.36) 
Tz = (12)(36)(45), (13)(25)(46), (14)(23)(56), (15)(26)(34), (16) (24) (35), 
T3 = (12)(35)(46), (13)(24)(56), (14)(25)(36), (15)(26)(34), (16)(23)(45), 
Ta = (12)(34)(56), (13)(25)(46), (14)(26)(35), (15)(24)(36), (16)(23)(45), 
Ts = (12)(34)(56), (13)(26)(45), (14)(25)(36), (15)(23)(46), (15) (24) (35), 
Te = (12)(35)(46), (13)(26)(45), (14)(23)(56), (15)(24)(36), (16) (25) (34). 


Two different totals T,, Tẹ contain one common product (ij)(kl)(mn). The 
correspondence (a,b) + (ij)(kl) (mn) defines the outer automorphism 


a: Gg > Ge. (9.37) 


For example, a((12)) = (12)(36)(45) and a((23)) = (15)(26) (34). 

After we matched the lines lij ki,mn With exceptional vectors Cap, we check 
that this matching defines an isomorphism of the incidence subgraph of the 
lines with the subgraph of the incidence graph of 27 lines on a cubic surface 
whose vertices correspond to exceptional vectors Cap . 


Theorem 9.4.8 Cremona’s hexahedral equations of a nonsingular cubic sur- 
face S defines an ordered double-six of lines. Conversely, a choice of an or- 
dered double-six defines uniquely Cremona hexahedral equations of S. 


Proof We have seen already the first assertion of the theorem. If two surfaces 
given by hexahedral equations define the same double-six, then they have in 
common 15 lines. Obviously, this is impossible. Thus the number of different 
hexahedral equations of S is less than or equal to 36. Now consider the identity 


(zi t++++26)((z1 +22 +23)” + (24+25 +26)? - (21 + 22+23)(z4+ 25 +26)) 





= (z1 + 29 + z3)? + (za + z5 + z6) = 23+ +28 
+3(z2 + 23)(21 + 23)(21 + 22) + 3(z4 + 25)(25 + z6)(z4 + 26). 
It shows that Cremona hexahedral equations define a Cayley-Salmon equation 
(z2 + 23)(zı + 23)(21 + 22) + (z4 + 25)(25 + z6)(z4 + 26) = 0, 


where we have to eliminate one unknown with help of the equation ) a;z; = 
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0. Applying permutations of z1,..., 26, we get 10 Cayley-Salmon equations 
of S. Each set of nine lines formed by the corresponding conjugate pair of 
triads of tritangent planes are among the 15 lines determined by the hexahe- 
dral equation. It follows from the classification of the conjugate pairs that we 
have 10 such pairs of lines ¢;;’s (type II). Thus a choice of Cremona hexahedral 
equations defines exactly 10 Cayley-Salmon equations of S. Conversely, it fol- 
lows from the proof of Theorem 9.4.6 that each Cayley-Salmon equation gives 
three Cremona hexahedral equations (unless the cubic equation has a multiple 
root). Since we have 120 Cayley-Salmon equations for S we get 36 = 360/10 
hexahedral equations for S. They match with 36 double-sixes. 














9.4.4 The Segre cubic primal 


Let p1,...,DPm be a set of points in P”, where m > n + 1. For any ordered 
subset (pi,,---;Pin4,) Of n + 1 points we denote by (i1...%n41) the de- 
terminant of the matrix whose rows are projective coordinates of the points 
(Pi,,-++>Pin,,) im this order. We consider (71 ...%n41) as a section of the in- 
vertible sheaf Ont pt, Opn (1) on (P”)™. It is called a bracket-function. A 
monomial in bracket-functions such that each index 7 € {1,...,m} occurs 


exactly d times defines a section of the invertible sheaf 


La = Q) pi Orn (d). 
i=1 


According to the Fundamental Theorem of Invariant Theory (see [182]) the 
subspace (R”)(d) of H°((P")™, La) generated by such monomials is equal 
to the space of invariants H°((P")™, £4)5'("+1, where the group SL(n + 1) 
acts linearly on the space of sections via its diagonal action on (P”)™. The 
graded ring 


oo 


RR = RR) (a) (9.38) 
d=0 
is a finitely generated algebra. Its projective spectrum is isomorphic to the GIT- 
quotient 


Pm := (Pr) //SL(n +1) 


of (P”)™ by SL(n + 1). The complement U* of the set of common zeros of 
generators of the algebra Ry admits a regular map to P?”. The set U** does not 
depend on the choice of generators. Its points are called semi-stable. Let U* be 
the largest open subset such that the fibres of the restriction map US — Pi" 
are orbits. Its points are called stable. 
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It follows from the Hilbert-Mumford numerical stability criterion that a 
points set (p1,..., Pm) in P! is semi-stable (resp. stable) if and only if at most 
im (resp. < im) points coincide. We have already seen the definition of the 
bracket-functions in the case m = 4. They define the cross ratio of four points 

i jz (12)(34) 

P1, P2, P3, P4] = (13) (24) : 
The cross ratio defines the rational map (P!)* --» Pt. It is defined on the open 
set U* of points where no more than two coincide and it is an orbit space over 
the complement of three points 0, 1, 00. 

In the case of points in P? the condition of stability (semi-stability) is that at 
most im (resp. < im) coincide and at most 3m (resp. < 3m) points are on 
a line. 


Proposition 9.4.9 Let P = (pı,::: , pe) be an ordered set of distinct points 
in P!. The following conditions are equivalent. 


(i) There exists an involution of P! such that the pairs (pı, p2), (p3, pa), 
(ps, pe) are orbits of the involution. 

(ii) The binary forms g;,i = 1,2,3, with zeros (pı, p2), (p3, p4), (ps, pe) 
are linearly dependent. 

(iii) Let x; be the image of p; under a Veronese map P! — P?. Then the 
lines ©{X2,%3%4,X5X6 are concurrent. 


(iv) The bracket-function (14)(36)(25) — (16)(23)(54) vanishes at P. 


Proof (i) = (ii) Let f : Pt — P! be the degree 2 map defined by the invo- 
lution. Let f be given by [to, tı] +> [91 (to, t1), go(to, t1)], where g1, g2 are bi- 
nary forms of degree 2. By choosing coordinates in the target space, we may as- 
sume that f(pi) = f(p2) = 0, f(ps) = f(pa) = 1, f (ps) = f (pe) = ©, i.e. 
91(pı) = g1(P2) = 0, g2(p3) = g2(p4) = 0, (g1 — 92)(P5) = (91 — 92) (Pe) = 
0. Obviously, the binary forms g1, 92, 93 = 91-92 are linearly dependent. Con- 
versely, suppose g1, g2, g3 are linearly dependent. By scaling, we may assume 
that g3 = gı — g2. We define the involution by [to, t1] > [91 (to, t1), go(to, t1)]. 

(ii) & (iii) Without loss of generality, we may assume that p; = [1, a;] and 
gı = ti — (ay + ag)toty + ayagt), go = tî — (az + au)totı + agast, 93 = 
t? — (as + ag)totı + a5agt?. The condition that the binary forms are linearly 
dependent is 


1 a, T 4&2 A1A2 
D=det|1 az+taı azas]| =0. (9.39) 
1 a5 +a6 As5de 
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The image of p; under the Veronese map [to, ti] +> [¢2, totı,t2] is the point 
xi = [1, ai, a2]. The line 72; has equation 


to ti te 
det | 1 a; a? = (a; = ai)(aiajto = (ai + aj)tı + t2) =0. 
1 aj a? 


Obviously, the three lines are concurrent if and only if (9.39) is satisfied. 
Gii) & (iv) We have 





1 aı TA? A1QA2 a? az az 
1 a3 744 a3a4 y —a, —a3 —a5 
1 a5 +a6 a45d6 1 1 1 


(a3 — aı)(a3 — a2) (as — a1) (as — a2) 
(ay — a3)(a1 — a4) 0 (as — a3)(@5 — a4) 
(ay — as) (az — 46) (a3 — 45)(Q3 — ag) 0 





Taking the determinant, we obtain 





D(aı — a3)(a1 — a5)(a3 — a5) = 





0 (a3 — a1)(az — a2) (as — a1)(a5 — az) 
= det (a1 _ a3)(a1 _ aa) 0 (as a3)(as a4) = 
(aı == as) (a4 = as) (a3 = as) (az = ag) 0 





= (a3—a@5)(@5—a1)(ai—as)[(a1—a4)(a3—a6) (a5—a2)+(a6—a1)(a2—a3)(a4—as)]. 





Since the points are distinct, canceling by the product (a3 — as5)(a5 —a1)(a1 
a3), we obtain 


(a1 — a4)(a3 — a6)(as — a2) + (ag — a1) (a2 — a3) (a4 — as) = 


= (14)(36)(25) — (16)(23)(54) = 0. 














We let 
lij, kl, mn] := (il) (kn) (jm) — (gk) (Im) (ni). (9.40) 


For example, [12, 34,56] = (14)(36)(25) — (16)(23)(54). Note that determi- 
nant (9.39) does not change if we permute (a;, ai+1), i = 1,3,5. It also does 
not change if we apply an even permutation of the pairs, and changes the sign 
if we apply an odd permutation. 

Let us identify the set (1, 2,3, 4,5, 6) with points (00, 0,1, 2, 3, 4, 5) of the 
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projective line P!(F;). The group PSL(2, F5) © 25 acts on P!(F;) via Moe- 
bius transformations z +> a2 tb Let uo = [000, 14, 23] and let u;, i = 1,...,4, 
be obtained from uo via the action of the transformation z +> z + i. Let 











U] := Up + Uy + Ug + UZ + U4 


= ([000, 14, 23] + [001, 20, 34] + [002, 31, 40] + [003, 42, 01] + [004, 03, 12]). 


Obviously, U] is invariant under the subgroup of order 5 generated by the 
transformation z > z+ 1. It is also invariant under the transformation T : z > 
—1/z. It is well known that 21; is generated by these two transformations. The 
orbit of Us under the group Xle acting by permutations of 00, 0, . . . , 4 consists 
of six functions U1, Ua, U3, U4, Us, Ue. We will rewrite them now returning to 
our old notation of indices by the set (1, 2, 3, 4,5, 6). 


U 0 [12,36,45] [13,24,56] [14,35,26] [15,46,23] [16,25,34] 1 
Us 0 (15, 26,34] [13,46,25] [16,35,24] [14, 23, 56] 1 
Us | _ 0 [16,23,45] [14,25,36] [12,35,46] 1 
Us | 0 [12,34,56] [15, 36, 24] 1 
Us 0 [13, 45, 26] 1 
Us 0 1 

(9.41) 

where the matrix is skew-symmetric. We immediately observe that 
U, + U2 + U3 + U4 + U5 + Ue = 0. (9.42) 


Next observe that the triples of pairs [ij, kl, mn] in each row of the matrix 
constitute a total from (9.36). One easily computes the action of Gg on U;’s. 
For example, 


(12) : (U1, U2, U3, U4, U5, U6) œ> (—U2, —U1, —U6, —Us, —U4, —U3). 





Its trace is equal to 1. 

Recall that there are four isomorphism classes of irreducible 5-dimensional 
linear representations of the permutation group Gg. They differ by the trace of 
a transposition (ij). 

If the trace is equal to 3, the representation is isomorphic to the standard 
representation Vs in the space 


V ={(21,...,%8) E CÊ : z1 +--+ + z6 = 0}. 


It coincides with the action of the Weyl group W (Ae) on the root lattice Ag. It 
corresponds to the partition (5, 1) of 6. 

If the trace is equal to —3, the representation is isomorphic to the tensor 
product of the standard representation and the 1-dimensional sign representa- 
tion. It corresponds to the dual partition (2, 1, 1,1, 1). 
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If the trace is equal to 1, the representation is isomorphic to the composition 
of the outer automorphism a : Gg — Gg and the standard representation. It 
corresponds to the partition (3, 3). 

If the trace is equal to -1, the representation is isomorphic to the tensor prod- 
uct of the previous representation and the sign representation. It corresponds 
to the partition (2, 2, 2). 

So, our representation on the linear space V = (R®)(1) associated with the 
partition (3, 3). 

One checks that the involution (12)(34)(56) acts as 





(U1, U2, U3, U4, Us, U6) => ( U], Ua, Us, Us, U4, Ug). (9.43) 


Its trace is equal to —3. A well-known formula from the theory of linear repre- 
sentations 


1 
dim VE = — > Trace(g) 
#G geG 


shows that the dimension of the invariant subspace for the element (12) (34) (56) 
is equal to 1. It follows from (9.43) that the function U4 — Us is invariant. On 
the other hand, we also know that the function [12, 34, 56] is invariant too. This 
gives U4 — Us = c[12, 36, 54] for some scalar c. Evaluating these functions on 
a point set (pi,...,p6) with pı = po,p3 = pe, pa = ps we find that c = 6. 
Now applying permutations we obtain: 








Uy — U2 = 6[12, 36, 45], U1 — U3 = 6[13, 24, 56], Ur — U4 = 6[14, 35, 26], (9.44) 
Un — Us = 6[15, 46, 23], U1 — Us = 6[16, 25, 34], U2 — U3 = 6[15, 26, 34], 
U2 — U4 = 6[13, 46, 25], U2 — Us = 6[16, 35, 24], U2 — Ug = 6[14, 23, 56], 
U3 — U4 = 6[16, 45, 23], Us — Us = 6[14, 25, 36], U3 — Us = 6[12, 46, 35], 
U4 — Us = 6[12, 43, 56], Us — Ue = 6[15, 36, 24], Us — Ug = 6[13, 45, 26]. 


Similarly, we find that U] + Ug is the only anti-invariant function under o and 

hence coincides with c(12)(36)(45). After evaluating the functions at a point 
set (p1,..-, pe) with pı = p3,p2 = p4, ps = pe we find that c = 4. In this 
way we get the relations: 








, U1 + U3 = 4(13 
‚U + Ue = 4(16 


(45) , U1 + U4 = 4(41)(53)(26), (9.45) 
(32) 

(25), Ua + Us = 4(16 

(32) 

(56) 


(42) (56) ) 

(25) (34), U2 + U3 = 4(15)(26) (43), 

(35) (42), U2 + Ue = 4(14)(23) (56), 
, U3 + Us = 4(14)(25)(63) ) 
, Us + Us = 4(15)(36) (24) ) 


, U3 + Ug = 4(12)(46) (53), 
, Us + Ug = 4(13) (45) (62). 





SS AS Ss 
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By using (9.42), we obtain 


U, = (12)(36)(45) + (13)(42)(56) + (14)(35) (26) + (15)(46)(32) + (16) (25) (349,46) 
U2 = (12)(36)(45) + (13)(46)(25) + (14)(56)(23) + (15)(26)(43) + (16)(24) (53), 
U3 = (12)(53)(46) + (13)(42)(56) + (14)(52)(36) + (15)(26)(43) + (16)(23)(45), 
Ua = (12)(34)(56) + (13)(46)(25) + (14)(35)(26) + (15)(24)(36) + (16)(23) (45), 
Us = (12)(34)(56) + (13)(54)(26) + (14)(52)(36) + (15)(46)(32) + (16)(24)(53), 
Ue = (12)(53)(46) + (13)(54) (26) + (14)(56)(23) + (15)(36) (24) + (16)(25)(34). 














We see that our functions are in bijective correspondence with six totals from 
above. The functions U;,..., Ug are known as the Joubert functions. 

It is easy to see that the functions U; do not vanish simultaneously on semi- 
stable point sets. Thus they define a morphism 


J:P£-P°. 


Theorem 9.4.10 The morphism J defined by the Joubert functions is an iso- 
morphism onto the subvariety S3 of P? given by the equations 


5 
ser, (9.47) 
i=0 i=0 
Proof It is known that the graded ring R$ is generated by the following 
bracket-functions (standard tableaux): 


(12)(34) (56), (12)(35)(46), (13)(24)(56), (13)(25)(46), (14)(25) (36) 


(see [176]). The subspace of R§(1) generated by the Joubert functions is in- 
variant with respect to Gg. Since R(1) is an irreducible representation, this 
implies that the relation > U; = 0 spans the linear relations between the Jou- 
bert functions. Consider the sum © = U}. Obviously, it is invariant with 
respect to 21g. One immediately checks that an odd permutation in Gg trans- 
forms each sum X to —X. This implies that & = 0 whenever two points p; and 
pj coincide. Hence © must be divisible by the product of 15 functions (ij). 
This product is of degree 5 in coordinates of each point but X is of degree 3. 
This implies that © = 0. Since the functions U; generate the graded ring RS, 
by definition of the space Pf, we obtain an isomorphism from Pf to a closed 
subvariety of S3. Since the latter is irreducible and of dimension equal to the 
dimension of Pf, we obtain the assertion of the theorem. 














The cubic threefold S3 is called the Segre cubic primal. We will often con- 
sider it as a hypersurface in P4. 

It follows immediately by differentiating that the cubic hypersurface S3 has 
10 double points. They are the points p = [1,1,1,—1,—1,—1] and others 
obtained by permuting the coordinates. A point p is given by the equations 


522 Cubic surfaces 


zi + zj =0,1<71< 3,4< j < 6. By using (9.42) this implies that p is the 
image of a point set with pı = p4 = pe Or pa = p3 = ps. Thus the singular 
points of the Segre cubic primal are the images of semi-stable, but not stable, 
point sets. 

Also S3 has 15 planes with equations z; +2; = ze + 2% = 21+ 2m = 0. 
Let us see that they are the images of point sets with two points that coincide. 
Without loss of generality, we may assume that z1 + z2 = z3 + 24 = % + 
zg = 0. Again from (9.42), we obtain that (12)(36)(45), (16)(23)(45) and 
(13) (26) (45) vanish. This happens if and only if p4 = ps. 

We know that the locus of point sets (q1, . . . , qe) such that the pairs (qj, qj), 
(de; q), and (qm,Qn) are orbits of an involution are defined by the equa- 
tion [i7, kl, mn] = 0. By (9.44), we obtain that they are mapped to a hyper- 
plane section of S3 defined by the equation za — z = 0, where a((ab)) = 
(ij) (kl) (mn). 

It follows from Cremona’s hexahedral equations that a nonsingular cubic 
surface is isomorphic to a hyperplane section of the Segre cubic. In a Theorem 
below we will make it more precise. But first we need some lemmas. 





Lemma 9.4.11 Let xı,...,xs be six points in P?. Let {1,...,6} = {i,j} U 
{k,l} U {m,n}. The condition that the lines T;T;, LETI, Tmn are concurrent 
is 


(ij, kl, mn) := (kli)(mnj) — (mni)(klj) = 0. (9.48) 


Proof The expression (kli)(mnx) — (mni)(klx) can be considered as a lin- 
ear function defining a line in P?. Plugging in x = x; we see that it passes 
through the point z;. Also if x is the intersection point of the lines 7,277 and 
ZmTn, then, writing the coordinates of x as a linear combination of the coor- 
dinates of 7,2), and of 2», we see that the line passes through the point zx. 
Now equation (9.48) expresses the condition that the point x; lies on the line 
passing through x; and the intersection point of the lines 7,2 and Zm£n. This 
proves the assertion. 














The functions (ij, kl, mn) change the sign after permuting two numbers in 
one pair. They change sign after permuting two pairs of numbers. 

Itis known (see [176]) that the space RS (1) is generated by bracket-functions 
(ijk)(Imn). Its dimension is equal to 5 and it has a basis corresponding to 
standard tableaux 


(123)(456), (124)(356), (125)(346), (134)(256), (135)(246). 


The group ©; acts linearly on this space via permuting the numbers 1,...,6. 
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Let 

Uy 0 (12,36,45) (13,24,56) (14,26,35) (15,46,23) (16, 34, 25) 1 
U2 0 (15, 26,34) (13,25,46) (16,35,24) (14,56, 23) 1 
Us | _ 0 (16,45,23) (14,36,25) (12, 46,35) 1 
U| 0 (12,56,34) (15, 36, 24) 1 
Us 0 (13, 45, 26) 1 
Us 0 1 


Equations (9.44) extend to the functions Uj. 
Note that the transposition (12) acts on the functions U as 


(Ui, Uo, Us, Us, Us, Us) =e (Uo, Ti, Us, Us, U4, Us). 


The trace is equal to —1. This shows that the representation (R§)(1) is different 
from the representation (RS)(1); it is associated to the partition (2, 2, 2). One 
checks that the substitution (12)(34)(56) acts by 


(Ui, Uo, Us, Us, Us, Us) => (Oi, Us, Us, Us, Us, Us). 


The trace is equal to 3. This implies that the sign representation enters the 
representation of the cyclic group ((12)(34)(56)) on (R$) (1) with multiplicity 
1. Thus the space of anti-invariant elements is one-dimensional. It is spanned 
by U4 — Us. Since the function (12)(34)(56) is anti-invariant, we obtain that 
U, — Us = c(12)(34)(56). Again, as above, we check that c = 6. In this way, 
the equations (9.44) extend to the functions U; with [ij, kl.mn] replaced with 


(ij)(kl)(mn). 
Lemma 9.4.12 We have the relation 
U) + Uz + U3 = —6(146) (253) (9.49) 

and similar relations obtained from this one by permuting the set (1,...,6). 
Proof Adding up, we get 

U) + Uz + U3 = ((14, 26, 35) + (14, 56, 23) + (14, 25, 36)) + ((16, 34, 25) 
+(16, 35, 24) + (16, 45, 23)) + ((15, 46, 23) + (13, 25, 46) + (12, 46, 35)). 
Next we obtain 


(14, 26, 35) + (14, 56, 23) + (14, 25, 36) = (142)(536) — (146) (532) + (146)(523) 
—(143) (526) + (142) (563) — (143)(562) = —2(146) (253), 

(16, 34, 25) + (16, 35, 24) + (16, 45, 23) = (163)(524) — (164) (523) + (165)(243) 
—(163) (245) + (164) (325) — (165) (324) = —2(146) (253), 


(15, 46, 23) + (13, 25, 46) + (12, 46, 35) = (465)(312) — (462)(315) + (463) (152) 
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—(461) (153) +(465) (123) —(463)(125) = 2((465)(312)—(462)(315)+(463)(152)). 
Now we use the Pliicker relation (10.3) 

(ijk) (Imn) — (ijl)(kmn) + (ijm)(kln) — (ijn)(klm) =0. (9.50) 
It gives 


(465) (312) — (462)(315) + (463)(152) = —(146) (253). 











Collecting all of this together, we get the assertion. 





Let (pi,...,p6) be a fixed ordered set of six points in P?. Consider the 
following homogeneous cubic polynomials in coordinates x = (to, ti, t2) of a 
point in P?. 


Fı = (12x) (36x) (45x) + (13x) (42x) (56x) + (14x) (26x) (352) + (15x) (462) (32x) + (16x 
Fa = (122) (36x) (45x) + (132) (252) (46x) + (14x) (56x) (232) + (15x) (26x) (43x) + (16x 
F3 = (12x)(35a2)(46x) + (132) (42x) (56x) + (14x) (52x) (36x) + (15x) (26x) (43x) + (16x 
Fa = (12x) (34x) (56x) + (13x) (46x) (25x) + (142) (35x) (26x) + (15x) (36x) (24x) + (16x 
Fs = (12x) (34x) (56x) + (132) (54x) (26x) + (14x) (52x) (36x) + (15x) (462) (322) + (16x 
Fe = (12x)(532) (46x) + (132) (54x) (26x) + (14x) (56x) (232) + (15x) (36x) (24x) + (16x 











Theorem 9.4.13 The rational map 
ọ : P? --> P3, cr [(Fi(2),..., Fe(z)] 


has the image given by the equations 








23 + 23 t 23 +23 +z +z =0, (9.51) 
Z1 + Z2 + Z3 + 24 + 25 + z6 = 0, 
a121 + a222 + a323 + d424 + Q525 + agz6 = 0, 
where (an, .. . a6) are the values of (U1, . . . , U6) at the point set (p1,..., pe). 


They satisfy ay + + aş = 0. 


Proof Take x = (1,0,0), then each determinant (ijx) is equal to the determi- 
nant (ij) for the projection of pı,... , pe to P!. Since all the bracket-functions 
are invariant with respect to SL(3) we see that any (ijx) is the bracket-function 
for the projection of the points to P! with center at x. This shows that the rela- 
tions for the functions U; imply similar relations for the polynomials F;. This is 
an example of Clebsch’s transfer principle, which we discussed in Subsection 


9.4 Representations as sums of cubes 525 


3.4.2. Let us find the additional relation of the form Eio aizi = 0. Consider 
the cubic curve 


C= aıFı (x) +e ++ asFeę(x) = 0, 


where a1, ...,@g are as in the assertion of the theorem. We have already noted 
that (ij, kl, mn) are transformed by Gg in the same way as (ij)(kl)(mn) up 
to the sign representation. Thus the expression )>; a; F;(x) is transformed to 
itself under an even permutation and is transformed to — 5°, a; F(x) under an 
odd permutation. Thus the equation of the cubic curve is invariant with respect 
to the order of the points p;,..., ps. Obviously, C vanishes at the points p;. 
Suppose we prove that C vanishes at the intersection point of the lines D1p2 
and p3p4, then by symmetry it vanishes at the intersection points of all possible 
pairs of lines, and hence contains five points on each line. Since C is of degree 
3 this implies that C vanishes on 15 lines, hence C is identically zero and we 
are done. 

So, let us prove that the polynomial C vanishes at p = P1p2 N p3pa4. Recall 
from analytic geometry (or multi-linear algebra) that p can be represented by 
the vector (vı X v2) X (v3 X v4) = (vı A va A v3)04 — (v1 A v2 A v4)03 = 
(123)v4 — (124)v3. Thus the value of (17x) at p is equal to 


(ijp) = (123) (14) — (124) (493) = (12)(ij)(34). 059 
Applying Clebsch’s transfer principle to (9.45), we obtain 
F, (a) + Fo(x) = 4(122) (36x) (452), Fy (a) + Fs(x) = 4(12x) (34x) (562), 








Fy (x) + Fe(x) = 4(16x) (25x) (342), Fa(x) + Fe(a) = 4(12x) (53x) (46x), 


F(x) + F3(x) = (152) (262) (432). 


This implies that Fa + Fa, Fy + Fs, Fi + Fe, Fs + Fe, Fo + Fs all vanish 
at p. Thus the value of C at p is equal to 


(a4 — a5)Fa(p) + (a2 + as — a1 — a3) F6(p) 
= (a4 — a5)(F4(p) + Fo(p)) + (a2 + as + as — a1 — az — a4) F6(p) 


= (a4 — a5)(F'4(p) + Fo(p)) + (a2 + as + a6)(Fi(p) + F3(p)). 


Here we used that aı + --- + ag = 0 and F(p) + F3(p) + 2F6(p) = 0. By 
Lemma 9.4.12, 


a4—a5 = (as+ai+a2)—(as+ai+az2) = 6(125) (436)—6(126) (435) = 6(12, 43, 56). 
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az + as + as = 6(346) (125). 
By using reftrit2 and (9.52), we get 
Fı(p) + Fe(p) = (51p)(42p)(36p) = (42p)(12, 34, 15) (12, 36, 34), 





Fi (p) + F3(p) = (13p)(42p)(56p) = (42p) (12, 56, 34)(12, 13, 34). 
Collecting this together, we obtain that the value of aC at p is equal to 

(12, 43, 56) (42p)[(12, 34, 15) (12, 36, 34) + (125)(436) (12, 13, 34)). 
It remains for us to check that 


(12, 34, 15) (12, 36, 34) + (125) (436) (12, 13, 34) 


= (125) (314) (123) (364) + (125) (463) (123)(134) = 0. 














Recall that the Segre cubic contains 15 planes defined by equations 
Ilajktymn i 2 + 23 = 2e + 2 = 2m + 2Zn =O, 


where {7,7} U {k, 1} U {m,n} = [1, 6]. The intersection of this plane with the 
hyperplane H : X` a;z; = 0 is the union of three lines on the cubic surface. In 
this way we see 15 lines. Each hyperplane H;; : zi +z; = 0 cuts out the Segre 
cubic S3 along the union of three planes IT; xı,mn, where the union of {k,l} 
and {m,n} is equal to [1,6] \ {7,7}. The hyperplane H intersects H;; N S3 
along the union of three lines. Thus we see 15 tritangent planes and 15 lines 
forming a configuration (153). This is a subconfiguration of the configuration 
(275,453) of 27 lines and 45 tritangent planes on a nonsingular cubic surface. 
The Segre cubic is characterized by the property that it has 10 nodes. 


Theorem 9.4.14 Let S be a normal cubic hypersurface in P* with 10 ordi- 
nary double nodes. Then S is isomorphic to the Segre cubic primal. 


Proof Choose projective coordinates such that one of the singular points is 
the point [1,0, 0,0, 0]. The equation of $ can be written in the form 


to A(ti,...,ta) + B(t1,...,¢) = 0. 
By taking the partials, we obtain that the degree 6 curve C = V(A, B) in P? 
has nine singular points. Since [1,0,0,0,0] is an ordinary double point, the 


quadratic form A is nondegenerate. Thus the curve C is a curve of bidegree 
(3,3) on a nonsingular quadric V(A). It is a curve of arithmetic genus with 
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nine singular points. It is easy to see that this is possible only if C' is the union 
of six lines, two triples of lines from each of the two rulings. Since Aut(P!) 
acts transitively on the set of ordered triple of points, we can fix the curve C. 
Two cubics V (B) and V(B’) cut out the same curve C on V (A) if and only if 
B' — B = AL, where L is a linear form. Replacing to by to + L, we can fix 
B. 














It follows from the proof that no cubic hypersurface in P4 has more than 
ten ordinary double points. Thus the Segre cubic primal can be characterized, 
up to projective equivalence, by the property that it has maximal number of 
ordinary double points. 


Proposition 9.4.15 Let pı,...,p5 be points in P? in general linear posi- 
tion. The linear system of quadrics through these points defines a rational map 
P? --+ P? whose image is isomorphic to the Segre cubic primal. 


Proof Itis clear that the dimension of the linear system is equal to 4. To com- 
pute the degree of the image, we have to compute the number of intersection 
points of three general quadrics from the linear system and subtract the num- 
ber of base points. Three general quadrics intersect at eight points, subtracting 
five, we get three. So, the image of the rational map is a cubic hypersurface 
S in P*. For each line ¢;; = pipz, the general member of the linear system 
intersects €;; only at the points p;, pj. This implies that the image of the line 
in P* is a point. It is easy to see that no other line in P*, except the ten lines 
Lij, is blown down to a point. This implies that the image of @;; is an isolated 
singular point of S. Let Y — P? be the blow-up of the points p;,..., ps. The 
composition f : Y — P? --» P* defines a regular birational map from Y 
to S. It is a small resolution of S in the sense that the preimages of the sin- 
gular points are not divisors but curves. Let Y’ — Y be the blow-up of the 
proper transforms of the lines £;; in Y. The normal bundle of a line £ n P? is 
isomorphic to O(1) © O¢(1). It follows from some elementary facts of the 
intersection theory (see [231], Appendix B.6) that the normal bundle of the 
proper transform £;; of £;; is isomorphic to O7,,(—1) 8 O7,,(—1). This im- 
plies that the preimage of lij in Y’ is isomorphic to the product P! x Pt. Thus 
the composition Y’ + Y — S is a resolution of singularities with the excep- 
tional divisor over each singular point of S isomorphic to P! x P!. It is well 
known that it implies that each singular point of S is an ordinary double point 
of S. Applying Theorem 9.4.14, we obtain that S is isomorphic to the Segre 
cubic primal. 














Remark 9.4.16 According to [219], the Segre cubic primal admits 1024 small 
resolutions in the category of complex manifolds. By the action of Gg they 
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are divided into 13 isomorphism classes. Six of the classes give projective 
resolutions. 


The coefficients (a1, .. . , ag) in Theorem 9.4.13 can be viewed as elements 
of the 5-dimensional linear space V = (R$)(1). Since the functions U; add up 
to zero, a; +--+ + ag = 0. They map the moduli space P$ of ordered sets of 
six points in P? to the hyperplane V (X` t;) in P’. We know that the action of 
6, on P$ defines an irreducible representation of type (2,2, 2) on V and the 
functions U; are transformed according to the same representation. It is known 
that the algebra RÊ is generated by the space (R$)(1) and one element Y from 
(R§)(2). We have 


Y = (123)(145) (246) (356) — (124) (135) (236) (456). (9.53) 


If we replace 6 with x and consider this as an equation of a conic in P?, we ob- 
serve that the expression vanishes when & = p1, p2, p3, p4, ps. Thus the conic 
passes through the points pı, p2, P3, P4, ps, x. So, the function Y vanishes on 
the set of points (p1,..., pe) lying on a conic. This is a hypersurface X in P$. 
One shows that Y? is a polynomial of degree 4 in generators of (R$)(1). This 
implies that the image of X is a quartic hypersurface in P(V). Since the map 
X — P(V) is Ge-equivariant, the image of X can be given by a G¢-invariant 
polynomial in t;. Since the representation V is self-dual, and is obtained from 
the standard representation of Gg on V by composing with the outer automor- 
phism, the invariant functions are symmetric polynomials. So, the equation of 
the image of X is equal to 


s2 + às4 = 0, 


where sk = Yai t®. The coefficient À can be found from the fact that the hy- 

persurface X is singular at the locus of strictly semi-stable points represented 

by points sets p; = p; and the remaining four points are collinear. The lo- 

cus consists of 15 lines. A simple computation shows that the only symmetric 

quartic with this property is the quartic V (s3 — 4s4) (see [?], Theorem 4.1). 
The quartic threefold CR, in P* given by the equations 


5 
Y,u4=0 DEP -4),6=0 (9.54) 
1=0 1=0 i=0 


will be called the Castelnuovo-Richmond quartic. 


Corollary 9.4.17 The variety P$ is isomorphic to the double cover of P* 
ramified over the Castelnuovo-Richmond quartic. It can be given by the equa- 
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tions 
5 5 5 


B+ (le)? -4 0H =0, Sli =0. (9.55) 


i=0 i=0 i=0 


in P(1,1,1,1,1,2). 


The involution (to,...,t6) — (to,...,t5,—te) is the association involu- 
tion. Applying it to the projective equivalence class of a general point set 
(p1,---,;Pe6) we obtain the projective equivalence class of a set (q1,..-, 46) 
such that the blow-ups of the two sets are isomorphic cubic surfaces, and the 
two geometric markings are defined by a double-six. We refer for all of this to 
[176]. 

Consider the dual variety (S3)” of the Segre cubic primal. Since Są has 
10 ordinary nodes, the Plücker-Teissier Formula shows that (S3)¥ is a quartic 
hypersurface. The duals of the hyperplanes H;; define 15 points in the dual Pt. 
The duals of the planes Il;j xı,mn are 15 lines. They are singular lines of CR4. 
The 15 lines and 15 points form a configuration (153) in the dual space. 


Proposition 9.4.18 The dual variety of the Segre cubic primal is isomorphic 
to the Castelnuovo-Richmond quartic hypersurface: 


CR, & (S3)“. 


Proof We may assume that S3 is given by the equation >; B- Oo ti)’ = 
0 in P*, and the group Ge acts by letting its subgroup Gs permute to,...,ty 
and sending the transposition (56) to the transformation t; > t;, i < 4, t4 =œ 
— L, where L = to + :-- + t4. The polar map is given by polynomials F; = 
t? — L?,i =0,...,4. After a linear change of the coordinates y; in the target 


space 
' 1 
y; = yi — Zo tM +y2tys), i=0,...,4, 


we obtain that the linear representation of Gg on the target space is isomorphic 
to the representation on the t,’s. Thus the dual hypersurface is isomorphic to a 
quartic threefold in P* given by the equations 


5 
So yi =0, s2 + Asa =0, 
i=0 


where są = Sar yf. Under the polar map, the 15 planes in G3 are mapped to 
15 singular lines on the dual variety. A straightforward computation shows that 
this implies that the parameter A is equal to —4 (see [236], Theorem 4.1). 
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9.4.5 Moduli spaces of cubic surfaces 


The methods of the Geometric Invariant Theory (GIT) allows one to construct 
the moduli space of nonsingular cubic surfaces Meu as an open subset of the 
GIT-quotient 


P(S°((C*)Y)//SL(4) = Proj ® SEC. (9.56) 


d=0 


The analysis of stability shows that, except one point, the points of this variety 
represent the orbits of cubic surfaces with ordinary double points. The excep- 
tional point corresponds to the isomorphism class of a unique surface with 
three As-singularities. So, the GIT-quotient can be taken as a natural compact- 
ification M yy of the moduli space Meu. The computations from the classical 
invariant theory due to G. Salmon [490], [494] and A. Clebsch [103] (see a 
modern exposition in [308]) show that the graded ring of invariants is gener- 
ated by elements J, of degrees d = 8, 16, 24, 32,40 and 100 (a modern proof 
of completeness can be found in [38]). The first four basic invariants are in- 
variants with respect to the group G of invertible matrices with the determinant 
equal to +1. This explains why their degrees are divisible by 8 (see [182]). The 
last invariant is what the classics called a skew invariant, it is not an invariant 
of G but an invariant of SL(4). There is one basic relation expressing [759 as 
a polynomial in the remaining invariants. The graded subalgebra generated by 
elements of degree divisible by 8 is freely generated by the first five invariants. 
Since the projective spectrum of this subalgebra is isomorphic to the projective 
spectrum of the whole algebra, we obtain an isomorphism 





Mew = P(8, 16, 24, 32, 40) = P(1, 2,3, 4,5). (9.57) 


This, of course, implies that the moduli space of cubic surfaces is a rational 
variety. 

The discriminant A of a homogeneous cubic form in four variables is ex- 
pressed in terms of the basic invariants by the formula 


A = (I — 64116)? — 2** (Igo + 277 Ig I4) (9.58) 


(the exponent —3 is missing in Salmon’s formula and also the coefficient at [32 
was wrong, it has been corrected in [151]). 

We may restrict the invariants to the open Zariski subset of Sylvester non- 
degenerate cubic surfaces, It allows one to identify the first four basic invari- 
ants with symmetric functions of the coefficients of the Sylvester equations. 
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Salmon’s computations give 


Ig = 07 — 40305, lhe = o108, Ina = 0405, I39 = 090%, Iso = o$, 

(9.59) 
where g; are elementary symmetric polynomials. Evaluating A from above, we 
obtain a symmetric polynomial of degree 8 obtained from (9.34) by eliminating 
the irrationality. 

The invariant J49 restricts to (apaıa2a3a4)°. It does not vanish on the set of 
Sylvester nondegenerate cubic surfaces. Its locus of zeros is the closure of the 
locus of Sylvester-degenerate nonsingular cubic surfaces. 

The skew-invariant [199 is given by the equation 





1 1 1 1 1 
N ao ai a2 a3 a4 
= 2 2 2 2 2 
Thoo = (aoa1a2a304) "det | aĝ a a aj 
3 3 3 3 3 


a Gy m Gg 0 
1 1 1 1 1 
It vanishes on the closure of the locus of nonsingular surfaces with an Eckardt 


point. Observe that it vanishes if a; = a, and that agrees with Example 9.1.25. 
Following [151] we can interpret (9.59) as a rational map 


P(C*)/Gs5 = P(1, 2,3, 4,5) --> Ma & P(1, 2, 3,4, 5). 





We have 
2 2 
_ the _ I32 _ I54 — Ig lao — dals _ Iio 
Os) MT Mo ee Bi 
05 05 05 05 05 


This gives the inverse rational map 
Me --+ P(C?)/65. 


The map is not defined at the set of points where all the invariants [gz vanish 
except J. It is shown in [151], Theorem 6.1 that the set of such points is the 
closure of the orbit of a Fermat cubic surface. 


Remark 9.4.19 One should compare the moduli space P$ of ordered sextu- 
ples of points in the plane and the moduli space Mu» of cubic surfaces. The 
blow-up of a set of six points in general position is isomorphic to a cubic sur- 
face. It comes equipped with a geometric basis. The Weyl group W (Eg) acts 
transitively on geometric bases, and the birational quotient of P$ by the action 
of W (Eg) is isomorphic to Mcup. The forgetful map 


P$ --> Ma (9.60) 


is of degree equal to #W (Eg). The action of the subgroup Gg of the Weyl 
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group is easy to describe. It is a regular action on PÊ via permuting the points. 
In the model of P$ given by Equation (9.55), the action is achieved by permut- 
ing the coordinates tp, . . . , t5 according to the representation of type (2, 2, 2). 
The quotient is isomorphic to the double cover 


(P5)/Ss = Pt/S6 = P(2,3,4, 5, 6). 


It is ramified over the image of the hypersurface V(Y) C P$ parameteriz- 
ing points sets on a conic. The branch locus is the image of the Castelnuovo- 
Richmond quartic CR, in the quotient. It is isomorphic to P(2,3, 5,6). In the 
cubic surface interpretation the ramification locus is birationally isomorphic to 
cubic surfaces with a node. This shows that the moduli space of singular cu- 
bic surfaces is birationally isomorphic to P(2,3,5,6), and hence is a rational 
variety. 

The quotient (P$)/&« can be viewed as a birational model of the moduli 
space of cubic surfaces together with a choice of a double-six. The previous 
isomorphism shows that this moduli space is rational. It is not known whether 
the moduli space of cubic surfaces together with a sixer of lines is a rational 
variety. 

Note that the functions U;, taken as generators of the space (R$)(1), al- 
low one to identify some special loci in P$ with ones in Meu. For exam- 
ple, we know from (9.44) that U) — Us = 0 represents the locus of points 
sets (pı, . . . , pe) such that the lines D1P2, D3Pe, paps are collinear. This corre- 
sponds to a cubic surface with an Eckardt point. Changing the order of points, 
this gives 15 hypersurfaces in P$ permuted by Gg. Another example is a hy- 
persurface V (U1 + Uz + U3). According to Lemma 9.4.12, it corresponds to 
the locus of points set (p1,...,p6), Where the points pı, p4,p6 OF Pa, Ps, Ds 
are collinear. They are permuted by Gg and give 20 hypersurfaces in PS. The 
image of these hypersurfaces under the map (9.60) is contained in the locus of 
singular surfaces. 


A cubic surface in P? can be given as a hyperplane section of a cubic 
threefold in Pt = |W]. In this way the theory of projective invariants of 
cubic surfaces becomes equivalent to the theory of projective invariants of 
PGL(5) in the space S3(WY) x WY. The Cremona hexahedral equations 
of a cubic surface represents a subvariety of this representation isomorphic 
to Cê, Clebsch’s transfer principle (for a modern explanation see [308]) al- 
lows one to express projective invariants of GL(4) as polynomial functions on 
C°. The degree of an invariant polynomial of degree m equal to their weights 
3m/4. In particular, the basic polynomials Ig, ..., L199 become polynomials 
Je, J12, Jıs, J24, J30, J75 in (a1,... a6) of degrees indicated in the subscript. 
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The first five polynomials are symmetric polynomials in aı,..., ag, the last 
one is a skew-symmetric polynomial. For example, 


Je = 24(403 — 303 — 160204 + 1206) 


(see [117] Part III, p. 336, and [538]). 

The skew-invariant J75 defining the locus of cubic surfaces with an Eckardt 
points is reducible. It contains as a factor of degree 15 the discriminant Į J; < j (a;— 
aj) of the polynomial (X — aı):-- (X — ag). The remaining factor of degree 
60 is equal to the product of 30 polynomials of the form 


T1256:3 = (126)(356)(134)(253) — (136) (256) (123) (354), (9.61) 


where we use Lemma 9.4.12 to express the product of two brackets as a func- 
tion a;+a,;+a x. The vanishing of 71256;3 expresses the condition that the conic 
through the points pı, p2, p3, ps, Pe is touched at p3 by the line p3pq (equiva- 
lently, the tritangent plane defined by the lines e3, 2e9 — )> €;, €o — e3 — e4 has 
an Eckardt point). Together with 15 polynomials U; — Ü,, this accounts for 45 
hypersurfaces defining the locus of cubic surfaces with an Eckardt point. Note 
that the formulas for U; — U. j and Ti256;3 allow one to compute the number 
of Eckardt points on a surface given by Cremona’s hexahedral equations. For 
example, if we have one pair of equal coefficients a;, we have an Eckardt point 
on the surface. However, it is not a necessary condition, because an Eckardt 
point may arise from the vanishing of a function of type T1256.3. For example, 
a cyclic cubic surface has nine Eckardt points, and they cannot be found only 
from the equalities of the coefficients a;. 

We can also find the expression of the discriminant invariant A (9.58) in 
terms of the coefficients ag,..., a5. 

We know that the quartic symmetric polynomials 03 — 404 in a1,..., a6 
equal to the squares of the function Y from (9.53) representing points sets on 
a conic. Thus we see that the discriminant invariant in (ao,...,a5), being of 
of degree 24, must be a scalar multiple of the product of powers of (a2 — 404) 
and powers of (a; + a; tar), 1<i< j < k < 5 representing points sets 
with three collinear points. The only way to make a symmetric polynomial of 
degree 24 in this way is to take all factors in the first power. We also use that 
a, vanishes on (a1,...,@¢). The computer computation gives the following 
expression in terms of the elementary symmetric polynomials: 


2 42 2 2 2 22 4 
A= (02-404) (0307 -202030406+0320303 +2030405 — 2020305 4202030406 — 


2 2 3 2 2 4 2 2 2 22 
8030406 — 203030506 +8020304050506 + 2030506 +0206 — 8020406 + 160406). 
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Remark 9.4.20 The story goes on. The group W (Ee) acts birationally on 
the space P$ by changing the markings and Coble describes in [117], Part 
II, rational invariants of this action. He also defines a linear system of degree 
10 of elements of degree 3 in R$ which gives a W(Eg)-equivariant embed- 
ding of a certain blow-up of P$ in P® corresponding to some irreducible 10- 
dimensional linear representation of the Weyl group. For a modern treatment 
of this construction we refer to [124] and [234]. Other W (Eg )-equivariant bi- 
rational models of R$ were given in [412] and [274]. 

We also refer to a recent construction of the GIT-moduli space of cubic 
surfaces as a quotient of a complex 4-dimensional ball by a reflection group 
[6],[185]. The embedding of the moduli spaces in P® by means of automorphic 
forms on the 4-dimensional complex ball is discussed in [7] and [225]. 


9.5 Automorphisms of cubic surfaces 


9.5.1 Cyclic groups of automorphisms 


Let W be the Weyl group of a simple root system of type A, D, E. The con- 
jugacy classes of elements of finite order can be classified (see table 9.3). We 
will use the classification of conjugacy classes of elements in W. This can be 
found in [125], [65] or [377]. We also include the information about the char- 
acteristic polynomial of the action of an element w € W on the root space, 
in particular, its trace. The fourth column gives the order of the centralizer 
subgroup of the conjugacy class. 

We know that the automorphism group Aut(S) of a nonsingular cubic sur- 
face acts faithfully on Pic(S). We will identify elements g € Aut(S) with 
the corresponding elements g* € W (S). We fix a geometric basis to identify 
element of W (S) with the Weyl group W (Eg). 

To apply the previous information about elements of the Wey] group to auto- 
morphisms of a cubic surface, we use the following two Lemmas. The first one 
is the well-known Lefschetz’s fixed-point formula, which can be found in most 
of topology text-books. From now on, S denotes a nonsingular cubic surface. 














Lemma 9.5.1 Let o be an automorphism of a nonsingular cubic surface S 
and Fix(c) be its fixed locus. Let Tr(a) be the trace of o in its action on Kz. 
Then the topological Euler-Poincaré characteristic of Fix(c) is given by the 
formula 


x(Fix(o)) = 3 + Tr(o). 


Since any automorphism of S is a restriction of a projective automorphism 
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Atlas Carter Manin | Ord | #C | Tr Char 
x | 1A ø cı 1 | 51840 | 6 (t-1)° 
x | 2A 4A, C3 21.1522 pit- 
x| 2B 2Aı C2 2 192 | 2 pi(t—1)* 
2C Ay C16 2 | 1440 | 4 pi(t — 1)° 
2D 3Aı C17 2 96 | 0 pi(t—1)* 
x | 3A 342 en 3 648 | -3 p 
x | 3C As c6 3 216 | 3 p2(t — 1)* 
x | 3D 2A, C9 3 108 | 0 pa(t — 1)” 
x | 4A Da(aı) CA 4 96 | 2 Fllen: 
x | 4B | Aı+As C5 4 16 | 0 pips(t — 1)” 
4C | 2Aı +As | c9 4 % | -2 pips(t — 1)” 
4D As Cis 4 32 | 2 p3(t — 1)° 
x | 5A Ay C15 5 10 1 pa(t — 1)? 
x | 6A E6(a2) C12 6 72 1 pal -t+ 
x | 6C Da C21 6 36 1 pilt® + 1)(t— 1)” 
x 6E Aı + As C10 6 36 -2 Pips 
x | 6F | 2Aı + Aa Cs 6 24 | -1 pip2(t — 1) 
6G | A+A C7 6 36 1 pip2(t — 1)? 
6H | Ai +242 C22 6 36 -2 pipa(t — 1) 
61 As C23 6 2 |0 ps(t — 1) 
x | 8A Ds C20 8 8 0 pm + 1)(t— 1) 
x | 9A E6(a1) C14 9 9 0 CEP LT 
10A Aı + Aa C25 10 10 -1 pıpa(t — 1) 
x | 12A Es C13 12 12 | -1 p2(!-1? +1) 
12C Ds(a1) C24 12 12 1 | Œ+ +1- 1) 



































Table 9.3 Conjugacy classes in W (Eg) 


of P? (because |— Ks| = |Os(1)| is invariant) we will identify automorphisms 
of S with projective automorphisms of Pè. It is clear that the fixed locus Fix (o) 
of ø in S is equal to the intersection of the fixed locus F (c) of o in P? with S. 

Let n > 1 be the order of o in PGL(4). We can represent o by a matrix 
A € GL(4) such that A” = cl4. Multiplying A by 1/a, where a” = 1/A, 
we may assume that A is of order n. Let A1, . . . , A4 be eigenvalues of A. They 
determine the type of the fixed locus F'(c) of ø. Let k be the number of distinct 
eigenvalues. We have 


e k = 4: F(o) consists of four isolated points; 
e k = 3: F(c) consists of a line and two isolated points; 
e k = 2: F(o) consists of two lines or a plane and an isolated point. 


Let us see what the possibilities are for Fix(o) = SO F(a). If k = 4, Fix(o) 
may consist of N < 4 isolated fixed points. If k = 3, Fix(o) may consist of 
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a line and N < 2 isolated points, or N < 5 isolated fixed points. If k = 2, 
Fix(o) may consist of a plane cubic curve, necessarily nonsingular and N < 1 
isolated points, or two lines, or a line and N < 3 points, or N < 6 points. 

Some of these possibilities can be excluded. If Fix(o) consists of two lines, 
then a general line intersecting the two lines contains a third intersection point 
with S. It must be a fixed point contradicting the assumption. Also, a line £ 
in F'(c) either is contained in S or intersects S at three points. In fact, if £ is 
tangent to S at a point x, then the action of ø in the tangent space Ty (S) has one 
eigenvector with eigenvalue equal to 1. So, one can choose local coordinates 
u,v at x such that the action is locally given by (u,v) — (u, ev). The curve 
locally given by v = 0 belongs to Fix(c), contradicting the assumption that x 
is an isolated fixed point. 

We will start from the case when ø is of order 2. In this case, F (ø) is a plane 
plus a point, or two lines. In the first case, if Fix(o) consists of a curve only, 
we have x(Fix(o)) = 0,Tr(o) = —3, and Table 9.3 shows that there is no 
element of order 2 with trace —3. Thus Fix(c) consists of a plane and a point, 
and o belongs to the conjugacy class 2A. We choose the equation of the plane 
to be V (t3) and the isolated fixed point to be [1, 0,0, 0]. We may assume that 
the action is defined by the diagonal matrix diag/1, 1,1, —1]. The equation of 
S becomes 


at} + t31(to, t1, t2) + tsq(to, t1, t2) + 93(to, t1, t2) = 0, 


where V (g3) is a nonsingular plane curve in V(x3). Since the surface is ø- 
invariant, we must have a = q = 0. Reducing the equation V(g3) to a Hesse 
form, we get the equation 


#3 (ato + bti + ca) + tå + t? + #3 + ctotite = 0. (9.62) 


Suppose that F'(c) is the union of two lines. If Fix(a) consists of six points, 
then x(Fix(c)) = 6, Tr(a) = 3, and Table 9.3 shows that there are no elements 
of order 2 with trace 3. So, Fix(c) must consist of a line and 3 points, and 
o is of type 2B. We can choose coordinates such that 41 = V (to) N V (t1) 
and l2 = V (t1) N V (t2). The element ø is represented by a diagonal matrix 
diag[1, 1, —1, —1]. The equation of S becomes 


tor (tz,ts) + tiga(te,ts) + D> tot{aij(te, ts) + ga(to,t1) =0. (9.63) 
i+j=2 

Since § is o-invariant, the linear forms a;;(t2, t3) must be equal to zero. Since 

S is nonsingular, g3 has no multiple zeros, so it can be reduced to the form 

tg + t}. For the same reason, 12,12 enter in qı or q2. If qı and q2 have the 


same roots, one checks that the surface is singular. So, after a linear change of 
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variables t2, t3, we reduce qj, ga to the form qı = t2(at3 + ct2), q2 = t3(bta + 
dt3), where c, d Æ 0 (otherwise, t2 or t3 enters the equation in degree < 1, and 
the surface is singular). After scaling t2,t3, we may assume c = d = 1. This 
gives the equation 


tote (te + atz) + tits(t3 + bt2) + + =0. (9.64) 


Now, the information about the characteristic polynomial tells us the conjugacy 
class of a power of o. Suppose o is of order 2k. It follows from above that o* 
must be of type 2A or 2B. Going through the list of the conjugacy classes, we 
find that the classes 


4C, 4D, 6G, 6H, 6I, 10A, 12C 


do not occur. 
Let us tabulate all possible cases, the corresponding values of T’r(c), and 
possible conjugacy classes with this trace. 

















Order F(g) Fix(o) x | Tr(o) | Conjugacy class 
n 22 | plane+l pt. | curve+point | 1 -2 2A,6E 
curve 0 -3 3A 
n22 2 lines line+3 pts. 5 2 2B,4A 
6 pts. 6 3 3C 
n>3 | line+2pts. line+2pts. 4 1 5A,6A,6C 
line+1 pt. 3 0 3D,4B,8A,9A 
line 2 -1 6F, 12A 
5 pts. 5 2 2B, 4A 
4 pts. 4 1 5A,6A, 6C 
3 pts. 3 0 3D,8A,9A 
n>4 4 pts. 4 pts. 4 1 5A,6A,6C,6G 
3pts. 3 0 4B,61,8A,9A 
2pts. 2 -1 6F,12A 
1 pt. 1 -2 6E 
































Table 9.4 Fixed points 
Now, we are in business. In the following, en denotes a primitive n-th root 
of unity. 
e a is of type 3A. 


In this case F'(c) is the union of a plane and a point, and Fix(c) consists of 
a single curve. We can choose coordinates such that o is represented by the 
diagonal matrix diag/1, 1, 1, €3]. It is easy to see that the equation must be 


t3 + 93 (to, t1, t2) = 0. 
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The surface is a cyclic surface. Since V (g3) must be nonsingular, we can re- 
duce it to a Hesse form to obtain the equation 


#3+t3 +t? +3 + atotyte = 0. (9.65) 
e ais of type 3C. 


In this case F'(c) is the union of two lines, and Fix(c) consists of six points. 
We can choose coordinates such that o is represented by the diagonal matrix 
diag[1, 1, €3, €3]. Write the equation of $ in the form 


3 k 
XOY tti ‘ain(te, ts) = 0, 


where aj, is a binary form of degree 3 — k. Applying o, we see that aj; = 
ai2 = 0. The equations become 


g3(to, t1) + hg(to, t3) = 0. 
Since S is nonsingular, the binary forms g3, h3 have no multiple zeros. Thus, 
after a linear change of coordinates, we reduce equation to the Fermat form. 
e ais of type 3D. 


In this case F'(o) is the union of a line and two points, Fix (ø) consists of either 
three points or a line plus one point. Consider the first case. We can choose 
coordinates such that ø is represented by the diagonal matrix diag[1, 1, es, €3], 
where the line is tg = t3 = 0. Since the isolated fixed points [0, 0, 1,0] and 
(0, 0,0, 1] are not in S, we can write the equation of S in the form 


t3 +13 + tatsar(to, t1) + ga(to, t1) + > ththai;(to, t1) =0, 


where (i, j) # (3,0), (0,3), (1,1), (0,0). Since all monomials tt} with such 
(i, j) are not o-invariant, we obtain that a;; = 0. Thus S can be given by the 
equation 


t + t + totzaı (to, tı) + 93 (to, t1) = 0. 


To make it different from case 3C, we have to assume that a, # 0. By a further 
change of coordinates, we can reduce it to the equation 


t3 + t3 + tets(to + atı) + tò +t =0. (9.66) 


Consider the second case. We keep the coordinates from the previous case. 
The equation becomes 


f= J, Biel) =0. 


0<i+j<3 
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As we saw in the previous case, each monomial entering in f must be divisible 
by t3, t3, t2t3. This shows that the variables to, tı enter with degree < 1. This 
implies that the surface is singular. So, this case does not occur. 


e ois of type 4A. 


Note that o? belongs to the conjugacy class 2A. Hence we can choose coor- 
dinates such that ø acts via the diagonal matrix [1, 1, —1, i] and S is given by 
the equation 


t3l(to,tı,t2) + g3(to, t1, t2) =0. 


This equation is o-invariant only if l(to, t1, t2) = atz and g3(to, t2,—t2) = 
93(to, t1, t2). This gives the equation 


t3t2 + thg(to, ti) + h(to, ti) = 0. 
We can further reduce it to the form 

tta + tt, + t + atot? + bt? = 0. (9.67) 
Note that Fix(c) consists of five isolated points. 
e c is of type 4B. 


In this case F (ø) consists of four isolated points and Fix(c) consists of three 
points. Since g? is of type 2B, we may write equation in the form (9.64). 


toqi (tz, t3) + t1q2(t2, t3) + 93(to, t1) = 0. 


We may assume that ø acts via the matrix diag[1,—1,7, —i]. Since S is non- 
singular, one of the monomials t3, tt; and one of the monomials t}, t? must 
enter in g3. It is clear that both t} and tł cannot enter in g3. After switch- 
ing the variables, we may assume that t enters. In order for S to remain 
invariant with respect to ø, we must have q} = ctgt3,q2 = at} + bt? and 
g3(to, ti) = dt? + etot?. If c = 0, we get a singular surface. So, we may 
assume that c = 1, and, after scaling the coordinates, we get the equation! 


Atotats + ti (t3 + t2) +t + tot? = 0. (9.68) 


If we choose the new coordinates to transform tatz to t + t2, after rescaling, 
we get the equation 


#8 + tolt? + t2 + £2) + Atitats = 0. (9.69) 
e a is of type 5A. 


1 This corrects the mistake in [188], where the equation defines a singular surface. 
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In this case F'(o) is either the union of a line and two points, or the union 
of four points. Let us see that the first case does not occur. If Fix(c) contains a 
line £, we can reduce the equation to the form (9.63), where £ = V (t2)NV (ts). 
The quadratic forms q1, q2 must be invariant with respect to an automorphism 
of order 5 of the line V (to) NV (t1). This forces qı = q2 = 0, and shows that 
this case does not occur. 

So, we may assume that F (ø) consists of four points. In this case we may as- 
sume that ø acts via the matrix diag[1, es, e2, e2]. Since [1, 0, 0, 0], . . . , [0, 0, 0, 1] 
are on the surface, the equation does not contain t3, . . . , t3. Since every mono- 
mial contains one of the powers t? (otherwise S is singular), we can write the 
equation in the form 


teao(t, ta, t3) + trax (to, ta, t3) + t3aa(to, th, t3) + t3a3(to, ti, t2) =0. 
(9.70) 
The only way to make it invariant is to assume (after permuting the variables, 
if necessary) that ao = Cota,aı = Cito,a2 = C2t3, a3 = C3tı. After scaling 
the coordinates, we get the equation 


tate + tty + tts +t, =0. (9.71) 
e ois of type 6A. 


Similarly to the previous case, we prove that Fix(o) cannot contain a line. So 
Table 9.4 shows that it consists of four points. Note that o° is of type 2A and 
g? is of type 3A. So, we can choose coordinates to assume that ø acts via 
diag[1, 1, —1, €3], and the equation is in the form (9.65) 

t3 + 93 (to, t1, t2) = 0. 


The only way to make it invariant is to assume that g3 = t3(ato + btı) + 
h3(to, t1). Reducing hg to the sum of cubics, and scaling t2, we get the equa- 
tion 

t3 +t (to + bti) ++ =0. (9.72) 
e a is of type 6C. 


In this case o° is of type 2A. We can choose the equation of the form 





t3 (ato + bt + ct2) + g3(to, ti, t2) = 0, (9.73) 
and the action to one defined by the matrix diag|1, 1, eh, cs], where i = +2. In 
order to make the equation invariant, we must assume that i = —2,a = b = 0 


and g3 = dt3 + h3(to, tı). After additional change of coordinates, we reduce 
the equation to the form 


tto +8 +8 +72 =0. (9.74) 
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e c is of type 6E. 
In this case, g? is of type 2A. We can choose the equation of the form 
t3 (ato + btı + ct2) + 93(to, t1, t2) = 0. 


and the action is defined by diag|1, e$, es, es], where i = 1 or 2. Table 9.4 
shows that F (o) consists of four points and Fix(c) is a single point. This shows 
that all eigenvalues are different, soi = 2. Suppose a Æ 0. Then all monomials 
entering in the equation have eigenvalue e3. This implies that t3, t3to, t3t1, tots 
do not enter. This makes S singular at the point [0, 0, 1, 0]. So a = 0, and after 
switching tı, to, if necessary, we may assume that b 4 0, c = 0. This makes 
all monomials invariant. After scaling the coordinates, we get the equation 


titi + ta + tI + t5 + atotit, =0. (9.75) 
e a is of type 6F. 


As in case 6A, we show that Fix(c) does not contain a line. Consulting Table 
9.4, we find that F'(g) has four isolated fixed points. Thus ø can be represented 
by the diagonal matrix with all distinct eigenvalues. We find that o? is of type 
3C. Thus we can reduce the equation to the form 


93(to, t1) + hg(te, t3) = 0. 


The element o acts via the matrix diag/1, a ee, cs]. To make the equation 
invariant, we must (after permuting (to,tı) and (t2,t3)) take g3 = ati + 
btot?, hg = ct3+dtat2. After scaling the coordinates, we arrive at the equation 


B + tot? + #3 + tof? = 0. (9.76) 
e a is of type 8A. 


The square of o is an element of order 4 from the conjugacy class 4A. So we 
can choose coordinates such that the equation of S' is reduced to the form 


tita + thg(to, t1) + halto,tı) = 0 





and ø acts via diag|1, ed, ei, eg], where i = 2 or i = 6. If i = 2, the equation is 
invariant only if it is of the form 





tte + atety + tı (bt + ct?) = 0. 
If i = 6, we must have 


tate +atztı + to(big + ct?) = 0. 
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Switching to,tı, we may choose the second one. Here a,b,c # 0 because 
otherwise S is singular. After scaling the unknowns, we get the equation 


tate + tt, + #3 + tot? = 0. (9.77) 
e ois of type 9A. 


The cube of o is an element of type 3A. So, the surface S is a cyclic surface 
with Equation (9.65) with o acting via diag/1, é, €}, €g]. All monomials enter- 
ing the equation must be eigenvectors with eigenvalue e3. Thus, no cubes of 
the variables to, t1, t2 enter the equation. Since S is nonsingular, t, t?, t2 must 
divide some of the monomials. This gives, up to a permutation of variables, the 
equation 


t3 + tti + te + tto = 0. (9.78) 
e co is of type 12A. 


The square of ø is an element of order 6 of type 6A. So, the equation can be 
reduced to the form 


t3 + t3(ato + btı) + halto,tı) = 0. 


The automorphism acts via the matrix diag|1, —1, ei, €e], where i = 1 or 3. 
This forces us to take b = 0 and hg to be a linear combination of monomials 
t?, t2t,. After scaling the coordinates, we arrive at the equation 


E + E + tty + tat, =0. (9.79) 


We sum up our findings in Table 9.5. 


9.5.2 Maximal subgroups of W (Es) 


We will need some known information about the structure of the Weyl group 
of type Es. 


Theorem 9.5.2 Let H be a maximal subgroup of W (Es). Then one of the 
following cases occurs: 


(i) H = 24 : Gs of order 24 - 5! and index 27; 

(ii) H = 66 x 2 of order 2 - 6! and index 36; 

(iii) H = 34*? : 264 of order 1296 and index 40; 

(iv) H S 63263 & 3° : (G4 x 2) of order 1296 and index 40; 
(v) H & (2.(M4 x A4).2).2 of order 1152 and index 45. 
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o Action Equation Fix(o) 
2A 1,1,1,-1] | t3l(to,ti, t2) + to +t, +13 + ctotite | cubic+1 pt. 
2B [1,1,—1,—1] | tot2(t2 + ats) + tıt3(t3 + bt2) +t +1? | line+l pt. 
3A (1,1, 1,63] +t +0 +E + atotite cubic 
3C fl,ljez,e3) | EHEHEHE 6 pts. 
3D [1, 1, €3, €3] ts + t3 + t2t3(to + atı) + to + t? 3 pts. 
4A [1,1,—1,i) | 1212 +13t, + to + atot, + bt} 5 pts. 
4B 1,—1,i,—i] | totets + t(at3 + bt?) + të + btot? 3 pts. 
5A 1,€5,€2,€2] | tata + tito + ts + táto 4 pts. 
6A 1,1,—1,e3] | t3 +12(to +btı) +0844 4 pts. 
6C 1,1,&,e] | Ht +++ 4 pts. 
6E 1,€3,¢3,e6] | tati +te+ +13 + atotite 1 pt. 
6F | T1,-1,&,e6] | to + tot? +13 + tat 2 pts. 
8A | [1,—1,-—i,eg] | to + tti + to + tot? 3 pts. 
9A 1, €3, €3, €9 t3 + toti + titz + toto 3 pts. 
12A | [i,-l,i,e] | t +t + tt + tati 2 pts. 






































Table 9.5 Cyclic groups of automorphisms 


Here we use the notations from the Atlas [125], where Z/nZ = n, semi- 
direct products: Hx G = H : G, 3i denotes the group of order 3° of 
exponent p, and A.B denote a group with normal subgroup isomorphic to A 
and quotient isomorphic to B. 

Let us identify the group W (Es) with the Weyl group of the lattice K oa 
defined by a nonsingular cubic surface S. We recognize a maximal subgroup 
from (i) as the stabilizer subgroup of a line on S. 

A maximal subgroup H of type (ii) is the stabilizer subgroup of a double-six. 
Its subgroup isomorphic to Gg permutes lines in one of the sixes. 

I do not know a geometric interpretation of a maximal subgroup of type (iii). 

By Theorem 9.1.6, a maximal subgroup of type (iv) is isomorphic to the 
stabilizer subgroup of a Steiner complex of triads of double-sixes. It is also 
coincides with a stabilizer subgroup of the root sublattice of type A2 + A2+4+ Aa. 
There is another interpretation of this subgroup in terms of a compactification 
of the moduli space of cubic surfaces (see [412]). 

A maximal subgroup of type (v) is the stabilizer subgroup of a tritangent 
plane. 


Proposition 9.5.3 W (Es) contains a unique normal subgroup W (Es). It is 
a simple group and its index is equal to 2. 


Proof Choose a root basis (a1, ...,@s) in the root lattice Eg. Let so, ... , S5 
be the corresponding simple reflections. Each element w € W(Eg) can be 
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written as a product of the simple reflections. Let (w) be the minimal length of 
the word needed to write w as such a product. For example, £(1) = 0, €(s;) = 
1. One shows that the function £ : W(Es) > Z/2Z, w 4H (w) mod 2 
is a homomorphism of groups. Its kernel W(Eg)’ is a subgroup of index 2. 
The restriction of the function £ to the subgroup H = Gg generated by the 
reflections sı,...,s5 is the sign function. Suppose K is a normal subgroup of 
W (Es). Then K N H is either trivial or equal to the alternating subgroup Ag 
of index 2. It remains for us to use the fact that H x (r) is a maximal subgroup 
of W (Eg) and s is a reflection which does not belong to W (Ee)’. 














Remark 9.5.4 Recall that we have an isomorphism (9.8) of groups 
W (Es) S 0(6, F>)”. 


The subgroup W (E¢)’ is isomorphic to the commutator subgroup of O(6, Fa). 


Let us mention other realizations of the Weyl group W (Eg). 


Proposition 9.5.5 
W(Es) = SU4(2), 


where SU4(2) is the group of linear transformations with determinant 1 of Fi 
preserving a nondegenerate Hermitian product with respect to the Frobenius 
automorphism of F4. 


Proof Let F : x ++ x? be the Frobenius automorphism of F4. We view the 
expression 
3 3 

Se =) ah) 
i=0 i=0 
as a nondegenerate Hermitian form in F4. Thus SU4(2) is isomorphic to the 
subgroup of the automorphism group of the cubic surface S defined by the 
equation 


8+82+8+8=0 


over the field Fa. The Weyl representation (which is defined for nonsingu- 
lar cubic surfaces over fields of arbitrary characteristic) of Aut( S) defines a 
homomorphism SU,4(2) > W (Ee). The group SU,4(2) is known to be sim- 


ple and of order equal to $|W(Eg)|. This defines an isomorphism SU4(2) S 
W (E¢)’. 














Proposition 9.5.6 
W (E6) = SO(5, F3), W(Es)' = SO(5, F3)", 
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where SO(5, F3)* is the subgroup of elements of spinor norm 1. 


Proof Let V = E¢/3Eg. Since the discriminant of the lattice Eg is equal to 
3, the symmetric bilinear form defined by 


(v + 3Ee, w + 3Eg) = -(v,w) mod 3 
is degenerate. It has a 1-dimensional radical spanned by the vector 
vo = 2a, + ay + 204 +05 mod 3Ee. 


The quadratic form q(v) = (v,v) mod 3 defines a nondegenerate quadratic 
form on V = V/F3v9 = F3. We have a natural injective homomorphism 
W (Es) — O(5, F2). Comparing the orders, we find that the image is a sub- 
group of index 2. It must coincide with SO(5, F3). Its unique normal subgroup 
of index 2 is SO(5, F3)*. 

















Remark 9.5.7 Let E be a vector space of odd dimension 2k + 1 over a finite 
field F, equipped with a nondegenerate symmetric bilinear form. An element 
v € E is called a plus vector (resp. minus vector) if (v, v) is a square in Fy 
(resp. is not a square € F7). The orthogonal group O(E) has three orbits in 
|E|: the set of isotropic lines, the set of lines spanned by a plus vector and 
the set of lines spanned by a minus vector. The isotropic subgroup of a non- 
isotropic vector v is isomorphic to the orthogonal group of the subspace v*. 
The restriction of the quadratic form to vt is of Witt index k if v is a plus 
vector and of Witt index k — 1 if v is a minus vector. Thus the stabilizer group 
is isomorphic to O(2k, F,)*. In our case, when k = 2 and q = 3, we obtain 
that minus vectors correspond to cosets of roots in V = Eg/3Eg, hence the 
stabilizer of a minus vector is isomorphic to the stabilizer of a double-six, i.e. 
a maximal subgroup of W (Es) of index 36. The stabilizer subgroup of a plus 
vector is a group of index 45 and isomorphic to the stabilizer of a tritangent 
plane. The stabilizer of an isotropic plane is a maximal subgroup of type (iii), 
and the stabilizer subgroup of an isotropic line is a maximal subgroup of type 


(iv). 





9.5.3 Groups of automorphisms 


Now we are ready to classify all possible subgroups of automorphisms of a 
nonsingular cubic surface. 

In Table 9.6 we use the notation H3(3) for the Heisenberg group of unipo- 
tent 3 x 3-matrices with entries in F3. 


Theorem 9.5.8 The following is the list of all possible groups of automor- 
phisms of nonsingular cubic surfaces. 


546 Cubic surfaces 







































































Type Order Structure f (to, t1, te, ts) Eckardt 
I 648 37:64 2+r+ + 18 
II 120 G5 toti + tite + thts + t3to 10 
II 108 | H3(3):4 to +t} + t3 + t3 + Cati tots 9 
IV 54 H3(3) :2 te +t? + t3 + t3 + Cati tots 9 
V 24 64 te + tolt? + t3 +13) + atıtatz 6 

VI 12 63 x 2 t3 + t3 + atets(to + t1) + ti +t? 4 
VII 8 8 tte + 13tı + to + tot? 1 
Vil 6 63 t3 +13 + atts (to + btı) + to + ti 3 
IX 4 4 tito + t2tı +15 + tot? + at? 1 
X 4 22 t2 (ty + to + bt3) + t? + t3 + t3 + 6atıtzt3 2 
XI 2 2 t2(t1 + bta + ct3) + tf + t3 + t3 + ctitets 1 

















Table 9.6 Groups of automorphisms of cubic surfaces 


Here, in the third row, a is a root of the equation 87° + 202° — 1 = 0, 
and in the next row, a # a and also a # a, otherwise the surface is of 
Type II. Similar restrictions must be made for other parameters. There are also 
conditions for the surface to be nonsingular. 


Proof Let S be a nonsingular cubic surface. 


e Suppose Aut(S) contains an element from the conjugacy class 3C. 


Table 9.5 shows that S$ is isomorphic to the Fermat cubic V (t +t3 +t3+t3). 
Obviously, its automorphism group contains a subgroup G isomorphic to 3° : 
64. To see that it coincides with this group, we use that G is a subgroup of 
index 2 of a maximal subgroup H of type (iv). As we noted before, the group 
H is the stabilizer subgroup of a root lattice Ag + Ag + Ag. It contains an 
element represented by a reflection in one copy of the lattice, and the identity 
on other copies. This element has trace equal to 4, so belongs to the conjugacy 
class 2C. It is not realized by an automorphism of a nonsingular cubic surface. 
This gives Type I from the Table. 


e Suppose Aut( S) contains an element of order 5. 


Table 9.5 shows that S is isomorphic to the surface 


tty + tte + tats + tp = 0. (9.80) 
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Consider the embedding of S in P* given by the linear functions 


zo = to + tı + t2 + t3, (9.81) 
zı = eto + ti + efta + ets, 
Z2 = eto + ety + eto + etts, 
Z3 = eto + efti + etz + etz, 


24 = ety + et + etg + ets, 





where e = 1. One checks that par zi = 0 and (9.80) implies that also 
y 4 23 = 0. This shows that S is isomorphic to the following surface in P*: 


4 4 
a= sel (9.82) 
i=0 i=0 
These equations exhibit a subgroup G of automorphisms of 5 isomorphic to 
Gs. 

Assume that G is a proper subgroup of Aut(S). Note that the only maximal 
subgroup of W (Eg) that contains a subgroup isomorphic to Gs is a subgroup 
H of type (i) or (ii). If H is of type (i), then Aut(S) contains one of the invo- 
lutions from the subgroup 24. The group H is isomorphic to the Weyl group 
W (Ds). We encountered it as the Weyl group of a del Pezzo surface of degree 
4. It follows from the proof of Proposition 8.6.7 that nontrivial elements of the 
subgroup 2* are conjugate to the composition of reflection sq, © Saz- Its trace 
is equal to 1. Thus, this element belongs to the conjugacy class 2D that is not 
realized by an automorphism. If H is of type (ii), then G is contained in Gg 
or contains an element which commutes with G. It is immediately seen that 
the surface does not admit an involution which commutes with all elements 
in G. Since Gs is a maximal subgroup of Gg, in the first case, we obtain that 
Aut( S) contains a subgroup isomorphic to Gg. However, a cyclic permutation 
g of order 6 acts on Eg by cyclically permuting vectors e;,..., €s and leaving 
eo invariant. Its trace is equal to 1. This shows that g belongs to the conjugacy 
class 6I and is not realized by an automorphism. This gives us type II from 
Table 9.5. 


e Suppose Aut( S) contains an element of type 3A. 


From Table 9.5, we infer that S' is a cyclic surface which is projectively iso- 
morphic to the surface go S = V(t} + t3 +13 +13 + atıtət3). Obviously, 
it contains a group of automorphisms G isomorphic to 3.(3? : 2). The cen- 
tral element of order 3 is realized by the matrix diag[1, 1, 1, €3]. The quotient 
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group is isomorphic to a group of projective automorphisms of the plane cubic 
C = SNV (ts). In the group law, the group is generated by translations by 
points of order 3 and the inversion automorphism. For special parameter a we 
get more automorphisms corresponding to a harmonic or an equianharmonic 
cubic. Let us see that there is nothing else in Aut( S). An equianharmonic cu- 
bic is projectively isomorphic to the Fermat cubic, so it will give Type I. The 
remaining two cases will give us surfaces of types III and IV. 

The subgroup 3.3? is isomorphic to the Heisenberg group H3(3) of upper- 
triangular 3 x 3 matrices with entries in F3 with 1 at the diagonal. In the nota- 
tion of the Atlas, it is group 3r We see that it is contained in the only maxi- 
mal subgroup which is of type (iii). The element generating the center of rag 
is a central element in the maximal subgroup. Thus any extra automorphism 
commutes with the central element, and hence descends to an automorphism 
of the cubic curve C. This proves that G = Aut(S). 


e Suppose Aut(S) contains an element of type 8A. 


Consulting Table (9.5), we infer that S is isomorphic to the surface of type 
VII. The only maximal subgroup of W (Es) which contains an element of or- 
der 8 is a subgroup H of order 1152. As we know it stabilizes a tritangent 
plane. In our case the tritangent plane is t2 = 0. It has the Eckardt point 
x = [0,0,0,1]. Thus G = Aut(S) is a subgroup of the linear tangent space 
TzS. If any element of G acts identically on the set of lines in the tritangent 
plane, then it acts identically on the projectivized tangent space, and hence G 
is a cyclic group. Obviously this implies that G is of order 8. Assume that 
there is an element r which permutes cyclically the lines. Let G’ be the sub- 
group generated by o and r. Obviously, 7? = o*. Since G does not contain 
elements of order 24, we may assume that k = 2 or 4. Obviously, 7 normalizes 
(a) since otherwise we have two distinct cyclic groups of order 8 acting on a 
line with a common fixed point. It is easy to see that this is impossible. Since 
Aut(Z/8Z)) = (Z/2Z)? this implies that o and r commute. Thus o7 is of 
order 24, which is impossible. This shows that Aut(S) S Z/8Z. 

By taking powers of elements of order 9 and 12, we obtain surfaces with 
automorphism groups which we have already classified. So, we may assume 
that Aut(S) does not contain elements of order 5, 8, 9, 12. In a similar manner, 
we may assume that any element of order 3 belongs to the conjugacy class 3D, 
and an element of order 6 belongs to the conjugacy class of type 6A or 6E. 


e Suppose Aut(S) contains an element of type 3D. 


Assume Aut(S) contains an element o from conjugacy class 3D. Then the 
surface is isomorphic to V (t3 + t3 + tot3(to + at1) + tg + t3). We assume that 
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a # 0. Otherwise, the surface is cyclic, and has an automorphism of type 3A2. 
This has been already taken care of. Let r be an involution which exchanges 
the coordinates tz and t3. The subgroup H generated by o and r is isomorphic 
to G3. The involution 7 is of type 2A, it is a harmonic homology. Thus the 
three involutions in H define three Eckardt points x1, x2, £3. They are on the 
line £ = V (to) O V(tı). The group H acts faithfully on the set of the three 
Eckardt points. 

By Proposition 9.1.27, a triple of collinear Eckardt points defines a subgroup 
of Aut(S) isomorphic to G3. If the triples are disjoint, then the subgroups 
do not have a common involution, hence they intersect only at the identity. 
Otherwise, they have one common involution. 

Suppose we have an automorphism g ¢ H. If gHg~! = H, then, replacing 
g with the product with some involution in H, we may assume that g commutes 
with o. This shows that we can simultaneously diagonalize the matrices rep- 
resenting g and ø. It is immediately checked from the equation of the surface 
that this is possible only if a = 1 and g is the transformation which switches 
to and tı. So, if gHg~' # H, we obtain that Aut(S) is isomorphic to G3 or 
2 x G3. This gives types VI and VII. 

Let us assume that H’ = gHg~! ¢ H. Then H’ is the subgroup defined 
by the three Eckardt points y; on the line # = g(£). Since each of the invo- 
lutions corresponding to the points x; commutes with at most one involution 
corresponding to the points y;, we obtain that one of the lines 7;Y; contains 
the third Eckardt point and defines a subgroup of Aut( S) isomorphic to G3 
which one common involution with H. Replacing H’ with this subgroup, we 
may assume that the lines Z and £’ intersect at x; = yı and, hence span a plane 
II. Each of the pairs of lines (z192, z193), i = 2,3, contains at most one line 
contained in S. Applying Proposition 9.1.27, we either get a complete quadri- 
lateral in II with 6 Eckardt points as its vertices and its three diagonals lying 
on S, or we get more than 9 Eckardt points on IT. Note that a plane section of 5 
not containing a line on S intersects the 27 lines at 27 points, an Eckardt point 
is counted with multiplicity 3. This shows that an irreducible plane section of 
S contains < 9 Eckardt points. If it contains a line with two Eckardt points 
on it, then the number is at most seven. This eliminates the second possibil- 
ity. It follows from the structure of W (Es), that the first possibility gives that 
the four subgroups isomorphic to G3 defined by the sides of the quadrilateraal 
generate a subgroup G of Aut(S) isomorphic to G4. The list of maximal sub- 
groups of W (Es) shows that either G = Aut( S), or Aut( S) & G; and hence 
S is the Clebsch diagonal surface given by equation (9.80). 





e Suppose Aut($) contains an element of type 2B. 
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Then the equation of the surface is (9.64). After a linear change of the vari- 
ables to, tı the equation can be reduced to equation as (9.69). So we get the 
surface of type V. 


e Suppose Aut(,$) contains an element of order 4. 


If o belongs to the conjugacy class 4B, then the equation must be as in 
(9.69). Then Aut($) contains an additional cyclic group of type 3D. This leads 
to a surface of type V with Aut($) S 64. If o belongs to 4A then the equation 
of the surface is (9.67). This is a cubic surface of type IX with cyclic group 
of automorphisms of order 4. Here we have to assume that the surface is not 
isomorphic to the surface of type VII. It follows from the proof of the next 
Corollary that in all previous cases, except type VII, the automorphism group 
is generated by involutions of type 441. Thus our surface cannot be reduced to 
one of the previous cases. 

Finally, it remains for us to consider the following case. 


e Aut(S) contains only involutions of type 2A, i.e. harmonic homologies. 


Suppose we have two such involutions. They define two Eckardt points x1 
and x. By Proposition 9.1.27, if the line 7173 is contained in S, then the in- 
volutions commute. If the line does not belong to S, then the two involutions 
generate G3, and hence contains an element of order 3. Suppose we have a 
third involution defining a third Eckardt point x3. Then we have a tritangent 
plane formed by the lines 7;7;. Obviously, it must coincide with each tritan- 
gent plane corresponding to the Eckardt points x;. This contradiction shows 
that we can have at most two commuting involutions. This gives the last two 
cases of our theorem. The condition that there is only one involution of type 
2A is that the line V(t, + t2 + atz) does not pass through an inflection point 
of the plane curve V (to). 

















The next Corollary can be checked case by case, and its proof is left as an 
exercise. 


Corollary 9.5.9 Let Aut(.S)° be the subgroup of Aut( S) generated by invo- 
lutions of type 2A. Then Aut(S)° is a normal subgroup of Aut( S) such that 
the quotient group is either trivial or a cyclic group of order 2 or 4. The order 
4 could occur only for the surface of type VII. The order 2 occurs only for 
surfaces of type IX. 


Finally, we explain the last column of Table 9.6. We already noticed that the 
Fermat surface has 18 Eckardt points. A harmonic involution of a surface of 
type II corresponds to a transposition in G5. Their number is equal to 10. The 
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surfaces of types III and IV are cyclic surfaces, we have already explained that 
they have nine Eckardt points. This can be also confirmed by looking at the 
structure of the group. A surface of type VI has four Eckardt points. They cor- 
respond to four harmonic symmetries. Three of them come from the subgroup 
G; and the fourth one corresponds to the central involution. Of course, we can 
see it in the equation. The fourth Eckardt point is [1,—1,1,—1]. Surfaces of 
type VII and IX have one involution of type 2A. Surfaces of type X have two 
and surfaces of type XI have only one. 


9.5.4 The Clebsch diagonal cubic 


We have already defined the Clebsch diagonal surface in Example 9.1.20 as a 
nonsingular cubic surface given by equations 


B +t ++ (totti tte +t) =0. 


In the proof of Theorem 9.5.8 we found an explicit isomorphism to the surface 
in P? with equation 


tt, + tite + tts + tto = 0. 


The Sylvester pentahedron of the surface is V (totitat3(to + tı + t2 + ts)). 
Its ten vertices are the Eckardt points. Each edge is a line going through three 
Eckardt points. 

Each face of the pentahedron intersects the tetrahedron formed by the other 
four faces along three diagonals, they are lines on S (this explains the name of 
the surface). In this way we get 15 lines, the G;-orbit of the line 


to = tı + t2 = tz + t4 =0. 


The remaining 12 lines form a double-six. Their equations are as follows. 
Let 7 be a primitive 5-th root of unity. Let o = (a1,...,a4) be a permuta- 
tion of {1,2,3,4}. Each line £, spanned by the points [1,7%,...,7%4] and 
1,n=®,...,n@4] belongs to the surface. This gives 12 = 4!/2 different 
lines. Here is one of the ordered double-sixes formed by the twelve lines 


(£1234, £1243, €1324, 1342, £1432, C1423), (C2413, £2431, 3412, C3421, £2312, £2321). 
(9.83) 
The Schur quadric Q corresponding to this double-six is the quadric 


fete +H =0, tote +t=0. 
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For example, the polar line of £1234 is the line given by equations 


4 4 4 
i=0 i=0 i=0 


and, as is easy to see, it coincides with the line 42413. The Schur quadric inter- 
‘a. 

The group 6; (as well as its subgroup G4) acts transitively on the double- 
six. The group XI; stabilizes a sixer. 

The intersection Q N S is the Bring curve of genus 4 given by the equations 


sects Lij at two points [1,7', n, n”, n'] and 1,7", n73, n7 


tote +t} =H+---+t7=tot+---+t44=0. 


Its automorphism group is isomorphic to Gs. The image of this curve under 
the map mı : S — P? which blows down the first half (¢,,..., 6) of the 
double-six (9.83) is Schur sextic with nodes at the points p; = 7 (l;). 

Consider the stereographic projection from the 2-dimensional sphere S? : 
{(a, b,c) € R? : a? +b? +c? = 1} to the Riemann sphere (a,b,c) + z = 
aie A rotation around the axis R(a, b,c) about the angle 2¢ corresponds to 
the Mobius transformation 


(a+ iB)z — (y — Si) 
(7 + di)z + (a - Bi)’ 





where a = cos ¢, ß = asin gd, y = bsin d, ô = csin d. The icosahedron group 
As acting by rotation symmetries of an icosahedron inscribed in S? defines an 
embedding of A; in the group PGL(3). One can choose the latter embedding 
as a subgroup generated by the following transformations S, U, T of orders 
5, 2, 3 represented by the Mobius transformations 


net 

(n? — në)z + nt- 1 

The orbit of the north pole of the sphere under the corresponding group of 
rotations is an icosahedron. It is known that the icosahedron group has three 
exceptional orbits in P! with stabilizers of orders 5, 3,2. They are the sets of 
zeros of the homogeneous polynomials 


Sızmanz, U:zm =z, T:z 





Bio = z021 (21° + 112627 — 29°), 
Bop = — (28° + 27°) + 228(2120 — 2129") — 494210200, 


Bay = 200 + 230 + 522(225 28 — 2222") — 10005(2?0 24? + 210220), 





The isomorphism SU(2)/ + 1 —> SO(3) defines a 3-dimensional complex 
linear representation of As which embeds X; in PGL(3). In an appropriate 


9.5 Automorphisms of cubic surfaces 553 


coordinate system it leaves the conic K = V (tê + tit2) invariant. The group 
U; acts in the plane in such a way that the Veronese map 


[20, 21] ++ [-2021, 22, —27] (9.84) 
is equivariant. The six lines 
Vi), Vite), V(to + mti +t), #=0,1,2,3,4, (9.85) 
cut out on K the set 
V(®i2) = (0,00, (n tn), a(n )} 1=0,...,4. 
The poles of the six lines with respect to the conic is the set of six points 
[1,0,0], [L, 2n, 207], i =0, 1,2, 3,4. 


They are called the fundamental set of points. 
The image of the rational map P? --+ P* defined by the five cubics (Fo, Fi, Fa, F3, F4) 


F; = N (4téta—ti tá) +n (—2tpt3 +43) +1 (2tot? t3) +n" (—4t2 ty Hit), 


is the Clebsch diagonal cubic given by equations (9.13) (see [340], II, 1, §5). 
The equation of the Schur sextic (also called the Klein sextic in this case) is 


B = FÈ +- +F? = 10(49t2 -t113)(-Atatı +tit2)+10(—2tot2 +t?) (2tot? — t3) 


= —20(8totıt2 — Atatıtz + 2343 — tot? — tot3) = 0. 
The 12 intersection points of the sextic with the conic K are the images of the 
12 roots of ®;2 under the Veronese map (9.84). The images of 30 roots of ®30 
are the intersection points of K with the union of 15 lines joining pairwise the 
six fundamental points. Let D be the product of the linear forms defining these 
lines 








nti — ‘te, (1+ V5)to + n't: +9 ‘te, (1 — V5)to + nth + n'ta. 


The images of these lines under the map given by the polynomials F’;’s are the 
15 diagonals of the Clebsch cubic. The images of 20 roots of ®g9 are cut out 
by an invariant curve of degree 10 given by equation 


C = G? + G1Go 
where 
Go = ti + 6totita — È — t3, 
Gy = 162812 — 8t2t? — Atotit3 + Qtite, 
Ga = 16t2t3 — 8t2t3 — Atottta + 2tıt3 
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are quintic polynomials which define the 2l;-equivariant symmetric Cremona 

transformation of degree 5. The curve V (C) (with the source and the target 

identified via the duality defined by the conic X) is equal to the image of the 

conic K. The curve V(C) is a rational curve which has each fundamental point 

as its singular points of multiplicity 4 with two ordinary cuspidal branches. 
The four polynomials of degrees 2, 6, 10 and 15 


A=#+tt, B, © D 


generate the algebra C[to, t1, t2]"° of invariant polynomials. The relation be- 
tween the fundamental invariants is 


D? = -1728B? + C? + 720AC B? — 80A°C"B + 64A? (5B? — AC)? 


(see [340], II, 4, §3). The even part of the graded ring C[to, t1, t2]”> is freely 
generated by polynomials A, B,C of degrees 2, 6, 10, so that 


P? /A; z= Proj Clto, ti; t2] = P(1, 3, 5). 


Remark 9.5.10 The Clebsch diagonal surface and the Bring curve of genus 
4 play a role in the theory of modular forms. Thus, the Bring curve is isomor- 
phic to the modular curve H/T, where T = T'o(2)NT(5). It is also realized as 
the curve of fixed points of the Bertini involution on the del Pezzo surface of 
degree 1 obtained from the elliptic modular surface $(5) of level 5 by blow- 
ing down the zero section [59], [410]. The blow-up of the Clebsch diagonal 
surface at its 10 Eckardt points is isomorphic to a minimal resolution of the 
Hilbert modular surface H x H/T, where T is the 2-level principal congru- 
ence subgroup of the Hilbert modular group associated to the real field Q(/5) 
[296]. The curve C of degree 10 is isomorphic to the image of the diagonal in 
H x H under the involution switching the factors [297]. 





Remark 9.5.11 The pencil of curves of degree 6 AA’ + uB = 0 has remark- 
able properties, studied by R. Winger [603]. It has 12 base points, each point 
is an inflection point for all members of the pencil. The curves share common 
tangents at these points. They are the six lines (9.85). These lines count for 12 
inflection tangents and 24 bitangents of each curve. The pencil contains three 
singular fibres: the curve V (B), the union of the six lines, and a rational curve 
W with ten nodes forming an orbit of Xs with stabilizer subgroup isomorphic 
to G3. The union of the lines corresponds to the parameter [A, u] = [1, —1]. 
The rational sextic corresponds to the parameter [A, u] = [32, 27]. Other re- 
markable members of the pencil correspond to the parameter [1 + a, —al, 
where a = (—9 + 3\/—15)/20. These are the nonsingular Valentiner sextics 
with automorphism group isomorphic to Xe. 
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Let PSO(3) = SO(3) be the group of projective automorphisms leaving 
invariant the conic K = V (tê +tıt2). Via the Veronese map it is isomorphic to 
PSL(2). We have described explicitly the embedding ı : As —> SO(3). There 
are two non-isomorphic 3-dimensional irreducible representations of X; dual 
to each other. Note that the transformations S and S~+ are not conjugate in 
25, so that the dual representations are not isomorphic. In our representation 
the trace of S is equal to 1 + +77! = 1+ 2cos2r/5 = (1 + V5)/2 
and, in the dual representation, the trace of S is equal to 1 + n? + n7? = 
2cos 4m /5 = (1 — V5) /2. The polar lines of the fundamental set of six points 
define the fundamental set in the dual representation. Thus each subgroup of 
SO(3) isomorphic to A; defines two sets of fundamental points, one in each 
of the two dual planes. We call them icosahedral sets of six points. The group 
SO(3) acts by conjugation on the set of subgroups isomorphic to 25, with two 
conjugacy classes. This shows that the set of dual pairs of fundamental sets is 
parameterized by the homogeneous space SO(3)/As. 

The six fundamental lines (9.85) form a polar hexagon of the double conic 
V (A?) as the following identity shows (see [400], p. 261): 


30(25 + tite)? = 25t5 + I (to + nti tm ita)%. 


This shows that an icosahedral set in the dual plane is a polar hexagons of 
A?. Hence VSP(A?, 6) contains a subvariety isomorphic to the homogeneous 
space SO(3)/2l5. As we have explained in Section 1.4.4, this variety embeds 
into the Grassmannian G(3, H?), where H? is the 7-dimensional linear space 
of cubic harmonic polynomial with respect to the quadratic form q = t2+tit2. 
Its closure is the subvariety of G(3, H?). of G(3, H?) of subspaces isotropic to 
the Mukai skew forms o,, 42. It is a smooth irreducible Fano variety of genus 
12 (see [400]). A compactification of the homogeneous space SO(3)/2l5 iso- 
morphic to G(3, 3), was constructed earlier by S. Mukai and H. Umemura 
in [397]. It is isomorphic to the closure of the orbit of SL(2) acting on the 
projective space of binary forms of degree 12. 

Recall that the dual of the 4-dimensional space of cubic polynomials vanish- 
ing at the polar hexagon is a 3-dimensional subspace of H? which is isotropic 
with respect to Mukai’s skew forms. It follows from Theorem 6.3.32 that the 
variety VSP(A?, 6) is the closure of SO(3) /2l5 and isomorphic to a Fano vari- 
ety of genus 12. 

Observe that the cubic polynomials F, are harmonic with respect to the 
Laplace operator corresponding to the dual quadratic form q“ = — +6 +&1&. 
Thus each fundamental set in the plane defines a 4-dimensional subspace of the 
space 'H? of harmonic cubic polynomials with respect to q”. This space is dual 
to the 3-dimensional subspace in H? defined by the dual fundamental set with 
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respect to the polarity pairing H? x’? — C. Note that the intersection of two 
4-dimensional subspaces in the 7-dimensional space 'H? of cubic polynomials 
is nonzero. Thus for each two fundamental sets there is a harmonic polynomial 
vanishing at the both sets. One can show that the set of harmonic cubic curves 
vanishing at infinitely many fundamental sets is parameterized by a surface in 
the dual projective space P? which is isomorphic to the Clebsch diagonal cubic 
surface under the map given by the Schur quadric (see [300]). 

We refer to [382] for more of the beautiful geometry associated to the Bring 
curve and the Clebsch diagonal cubic surface. 


Exercises 


9.1 Let Ts: be the standard Cremona transformation, considered as a biregular automor- 
phism ø of a nonsingular del Pezzo surface S' of degree 6. Show that the orbit space 
S/(c) is isomorphic to a Cayley 4-nodal cubic surface. 


9.2 Show that a cubic surface can be obtained as the blow-up of five points on P! x P!. 
Find the conditions on the five points such that the blow-up is isomorphic to a nonsin- 
gular cubic surface. Show that each pair of skew lines on a cubic surface is intersected 
by five skew lines which can be blown down to 5 points on a nonsingular quadric. 


9.3 Compute the number of m-tuples of skew lines on a nonsingular surface for m = 
2,3, 4,5. 

9.4 Suppose a quadric intersects a cubic surface along the union of three conics. Show 
that the three planes defined by the conics pass through three lines in a tritangent plane. 


9.5 Let I and T” be two rational normal cubics in P? containing a common point p. 
For a general plane II through p let INT = {p,pi,p2}, INT’ = {p, p1, po} and 
f(p) = Pipi N pip}. Consider the set of planes through p as a hyperplane H in the 
dual space (P*)’. Show that the image of the rational map H --+ P’, II +> f(p) isa 
nonsingular cubic surface and every such cubic surface can be obtained in this way. 


9.6 Show that the linear system of quadrics in P? spanned by quadrics which contain a 
degree 3 rational curve on a nonsingular cubic surface S' can be spanned by the quadrics 
defined by the minors of a matrix defining a determinantal representation of S. 


9.7 Show that all singular surfaces of type VII, or X, pr XI, or XIII-XXI are isomorphic 
and there are two non-isomorphic surfaces of type XII. 


9.8 Show that a cubic surface with three nodes is isomorphic to a surface V(w? + 
w(xzy + yz + zz) + Axyz). Show that the surface admits an Eckardt point if and only 
if \ = +/—2. 

9.9 Let £ be a line on a del Pezzo cubic surface and F be its proper inverse transform 
on the corresponding weak del Pezzo surface X. Let N be the sublattice of Pic( X) 
spanned by irreducible components of exceptional divisors of 7 : X — S. Define the 
multiplicity of 2 by 





_ #{o € O(Pic(X)) : o(£) — E EN} 
#{o € O(Pic(X)) : o(E) = E} 


Show that the sum of the multiplicities is always equal to 27. 


m(£) 
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9.10 Show that the 24 points of intersection of a Schur quadric with the corresponding 
double-six lie on the Hessian of the surface ([21], vol. 3, p. 211). 


9.11 Consider a Cayley-Salmon equation lıl2l3 — 141513 = 0 of a nonsingular cubic 
surface. 


(i) Show that the six linear polynomials l;, l; satisfy the following linear equations 


3 3 
X anli =X ajl =0, i= 1,2,3, 
j=l j=l 


where 
3 
i ER E See 
X Qij = 0, J= 1,2,3, @ilđizđi3 = Q;14j2Qj3, = 1,2,8: 
=l 


(ii) Show that for each 7 = 1, 2, 3 the nine planes 
aijli — a;l} = 0, i,j = 1,2,3 
contain 18 lines common to three planes. The 18 lines obtained in this way form 
three double-sixes associated to the pair of conjugate triads defined by the Cayley- 
Salmon equation. 
(iii) Show that the Schur quadrics defined by the three double-sixes can be defined 
by the equations 


3 3 

> } 2 = : 12 
2503515 = Q2j435jl; = 0, 

j=l j=l 

3 3 

X ; 2 > : 12 
a1ja3jl; = aij a3yl; = 0, 

j=l j=l 


3 3 
2 yi _ 
15425 jT QA1ja2j ge 0 
j=l j=l 


({172)). 


9.12 Prove the following theorem of Schläfli: given five skew lines in P? and a line 
intersecting them all, there exists a unique cubic surface that contains a double-six 
including the seven lines ([173]). 


9.13 For each type of a cubic surface with nontrivial group of automorphisms, find its 
Cremona hexahedral equations. 


9.14 Show that the pull-back of a bracket-function (ijk) under the Veronese map is 
equal to (77)(jk) (ik). 

9.15 Let S be a weak del Pezzo surface and R be a Dynkin curve on 5. Show that 
S admits a double cover ramified only over R if and only if the sum of irreducible 
components in R is divisible by 2 in the Picard group. Using this, classify all del Pezzo 
surfaces which admit a double cover ramified only over singular points. 


9.16 Show that the Segre cubic primal is isomorphic to a tangent hyperplane section 
of the cubic fourfold with nine lines given by the equation xyz — uvw = 0 (Perazzo 
primal [434], [22]). 
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9.17 Consider the following Cayley’s family of cubic surfaces in P? with parameters 





l,m,n, k. 
2 2 2 2 1 1 1 
we" +y +2° +w + (mn + —)yz + (In + —)xz + (Im + —)ay 
mn In Im 
de rus (mi ne ee 
T T 7 T Tale | nn yz =U. 


Find the equations of 45 tritangent planes whose equations depend rationally on the 
parameters l, m, n, k. 


9.18 Show that the polar quadric of a nonsingular cubic surface with respect to an 
Eckardt point is equal to the union of two planes. 


9.19 Show that the equation of the dual of a nonsingular cubic surface can be written 
in the form A? + B? = 0, where A and B are homogeneous forms of degree 4 and 6, 
respectively. Show that the dual surface has 27 double lines and a curve of degree 24 of 
singularities of type A2. 


9.20 Show that any normal cubic surface can be given as the image of a plane under a 
Cremona transformation of P? of degree 3. 


9.21 Show that a general cubic surface can be projectively generated by three nets of 
planes. 


9.22 Show that the Eckardt points are singular points of the parabolic curve of a non- 
singular cubic surface. 


9.23 Show that each line on a nonsingular cubic surface intersects the parabolic curve 
with multiplicity 2. 
9.24 Find an 25 -invariant determinantal representation of the Clebsch diagonal cubic. 


9.25 Use the Hilbert-Burch Theorem to show that any White surface (see Remark 
9.1.22) is isomorphic to a determinantal surface W in P” of degree (2): 


Historical Notes 


Good sources for the references here are [286], [385], and [432]. According to 
[385], the study of cubic surfaces originates from the work of J. Plücker [444] 
on intersection of quadrics and cubics and L. Magnus [376] on maps of a plane 
by a linear system of cubics. 

However, it is customary to think that the theory of cubic surfaces starts from 
Cayley’s and Salmon’s discovery of 27 lines on a nonsingular cubic surface 
[74], [486] (see the history of discovery in [493], n. 529a, p. 183). Salmon’s 
proof was based on his computation of the degree of the dual surface [485] 
and Cayley’s proof uses the count of tritangent planes through a line, the proof 
we gave here. It is reproduced in many modern discussions of cubic surfaces 
(e.g. [457]). The number of tritangent planes was computed by [486] and 
Cayley [74]. Cayley gives an explicit 4-dimensional family of cubic surfaces 
with a fixed tritangent plane (see Exercise 9.17). In 1851 J. Sylvester claimed, 
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without proof, that a general cubic surface can be written uniquely as a sum 
of five cubes of linear forms [555]. This fact was proven 10 years later by A. 
Clebsch [105]. In 1854, L. Schläfli discovers 36 double-sixes on a nonsingular 
cubic surface. This and other results about cubic surfaces were published later 
in [497]. In 1855, H. Grassmann proved that three collinear nets of planes 
generate a cubic surface [262]. The fact that a general cubic surface can be 
obtained in this way (this implies a linear determinantal representation of the 
surface) has a long history. In 1862, F. August proved that a general cubic 
surface can be generated by three pencils of planes [18]. L. Cremona deduces 
from this that a general cubic surface admits Grassmann’s generation [144]. 
In 1904, R. Sturm pointed out that Cremona’s proof had a gap. The gap was 
fixed by C. Segre in [523]. In the same paper Segre proves that any normal 
cubic surface which does not contain a singularity of type Ee has a linear 
determinantal representation. In 1956, J. Steiner introduces what we called 
Steiner systems of lines [545]. This gives 120 essentially different Cayley- 
Salmon equations of a nonsingular cubic surface. The existence of which was 
first shown by Cayley [74] and Salmon [486]. 

Cubic surfaces with a double line were classified in 1862 by A. Cayley [82] 
and, via a geometric approach, by L. Cremona [139]. In 1863, L. Schlafli [496] 
classified singular cubic surfaces with isolated singularities, although most of 
these surfaces were already known to G. Salmon [486]. The old notations 
for A,-singularities are C2 for A, (conic-node), B;+1 (biplanar nodes) for 
Ak, k, > 1 and Ux, (uniplanar node) for D;. The subscript indicates the de- 
crease of the class of the surface. In [88] Cayley gives a combinatorial descrip- 
tion of the sets of lines and tritangent planes on singular surfaces. He also gives 
the equations of the dual surfaces. Even before the discovery of 27 lines, in a 
paper of 1844 [72], Cayley studied what we now call the Cayley 4-nodal cubic 
surface. He finds its equation and describes its plane sections which amounts 
to describing its realization as the image of the plane under the map given by 
the linear system of cubic curves passing through the vertices of a complete 
quadrilateral. Schläfli and later F. Klein [337] and L. Cremona [144] also stud- 
ied the reality of singular points and lines. Benjamino Segre’s book [515] on 
cubic surfaces treats real cubic surfaces with special detail. 

In 1866, A. Clebsch proved that a general cubic surface can be obtained as 
the image of a birational map from the projective plane given by cubics through 
six points [108]. Using this he showed that Schlafli’s notation a;, bi, ci; for 27 
lines correspond to the images of the exceptional curves, conics through five 
points and lines through two points. This important result was independently 
proven by L. Cremona in his memoir [144] of 1868 that got him the prize 
(shared with R. Sturm) offered by R. Steiner through the Royal Academy of 
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Sciences of Berlin in 1864 and awarded in 1866. Some of the results from this 
memoir are discussed from a modern point of view in [184]. Many results from 
Cremona’s memoir are independently proved by R. Sturm [549], and many of 
them were announced by J. Steiner (who did not provide proofs). In particular, 
Cremona proved the result, anticipated in the work of Magnus, that any cubic 
surface can be obtained as the image of a plane under the cubo-cubic birational 
transformation of P?. Both of the memoirs had a lengthy discussion of Steiner 
systems of tritangent planes. We refer to [184] for a historical discussion of 
Cremona’s work on cubic surfaces. 

Cremona’s hexahedral equations were introduced by L. Cremona in [148]. 
Although known to T. Reye [463] (in geometric form, no equations can be 
found in his paper), Cremona was the first who proved that the equations are 
determined by a choice of a double-six. The invariant theory of Cremona hex- 
aedral equations was studied by A. Coble in [117]. He used the Joubert func- 
tions introduced by P. Joubert in [324]. The Segre cubic arose in the work of 
C. Segre on cubic threefolds with singular points [518]. Its realization as the 
GIT-quotient space of ordered sets of six points in P! is due to Coble. The dual 
quartic hypersurface was first studied by G. Castelnuovo [?] and later by H. 
Richmond [469]. It was called the Castelnuovo quartic by E. Ciani [98]. 

F. Eckardt gives a complete classification of cubic surfaces with Eckardt 
points (called Ovalpoints in [494]) in terms of their Hessian surface [199]. He 
also considers singular surfaces. A modern account of this work can be found 
[151]. The Clebsch Diagonalflache with 10 Eckardt points was first studied by 
A. Clebsch in [112]. It has an important role in Klein’s investigation of the 
Galois group of a quintic equations [340]. 

The classification of possible groups of automorphisms of a nonsingular 
cubic surfaces was initiated by S. Kantor [327]. Some of the mistakes in his 
classification were later corrected by A. Wiman [602]. However, Wiman had 
made also a small mistake claiming that in the case VII the group is a dihedral 
group of order 12. Segre’s book [515] contains several mistakes, fore example 
he missed the case VII. The first complete, purely computational, classification 
was given in 1997 by T. Hosoh [?]. Apparently he was not aware of Wiman’s 
paper. 

In 1897, J. Hutchinson showed in [310] that the Hessian surface of a nonsin- 
gular cubic surface could be isomorphic to the Kummer surface of the Jacobian 
of a genus 2 curve. This happens if the invariant Ig /24 + 8/32 vanishes [480]. 
The group of birational automorphisms of the Hessian of a cubic surface was 
described only recently [181]. 

The relationship of the Gosset polynomial 22; to 27 lines on a cubic surface 
was first discovered in 1910 by P. Schoute [501] (see [571]). The Weyl group 
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W (Eg) as the Galois group of 27 lines was first studied by C. Jordan [322]. 

Together with the group of 28 bitangents of a plane quartic isomorphic to 
W (E7), it is discussed in many classical text-books in algebra (e.g. [596], B. 
II). S. Kantor [327] realized the Weyl group W(E,,),n < 8, as a group of 
linear transformations preserving a quadratic form of signature (1,n) and a 
linear form. A. Coble [117], Part II, was the first who showed that the group 
is generated by the permutations group and one additional involution. So we 
should credit him with the discovery of the Wey] groups as reflection groups. 
Apparently independently of Coble, this fact was rediscovered by P. Du Val 
[195]. We refer to [52] for the history of Weyl groups, reflection groups and 
root systems. Note that the realization of the Weyl group as a reflection group 
in the theory of Lie algebras was obtained by H. Wey] in 1928, ten years later 
after Coble’s work. 

As we have already mentioned in the previous chapter, the Gosset polytopes 
were discovered in 1900 by T. Gosset [257]. The notation n2; belongs to 
him. They had been rediscovered later by E. Elte and H. S. M. Coxeter (see 
[137]), but only Coxeter realized that their groups of symmetries are reflection 
groups. The relationship between the Gosset polytopes na] and curves on del 
Pezzo surfaces of degree 5 — n was found by Du Val [195]. This fundamental 
paper is the origin of a modern approach to the study of del Pezzo surfaces by 
means of root systems of finite-dimensional Lie algebras [163], [377]. 

Volume 3 of Baker’s book [21] contains a lot of information about the ge- 
ometry if cubic surfaces. Yu. Manin’s book [377] is a good source on cubic 
surfaces with emphasis on the case on a non-algebraically closed base field. 
It has been used as one of the main sources in the study of arithmetic of del 
Pezzo surfaces. 
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Geometry of Lines 


10.1 Grassmannians of lines 


10.1.1 Generalities about Grassmannians 


We continue to use E to denote a linear space of dimension n+ 1. Letusrecall 
some basic facts about Grassmann varieties of m-dimensional subspaces of E 
and fix the notations. We will denote by G(m, E) the set of m-dimensional 
linear subspaces of Æ. We will identify it with the set G„_ı(|E|) of m — 1- 
dimensional planes in the projective space || of lines of E. Another identifi- 
cation can be made with the set G(E,n + 1 — m) of n + 1 — m-dimensional 
quotients of E. By assigning to L € G(m, E) the image of A" L in N” E, 
we will identify the set G(m, FE) with the set of lines in A” E generated by 
decomposable m-vectors vı A... A Um, where (v1,...,Um) is a basis of L. 
The linear subspace L can be reconstructed from a decomposable m-vector w 
via 
L={veEE:wAv=O}. 


In this way G(m, E) acquires a structure of a projective subvariety of | A" E| 
corresponding to lines [w] such that the rank of the linear map 


m+1 
E> N E, v= v ^w, 


is less than or equal to n + 1 — m. 

The tautological embedding of projective varieties G(m, E) > | A” E| is 
called the Plücker embedding. 

By taking the dual subspace L+ C EY, we obtain an isomorphism of pro- 
jective varieties 


G(m,E)ZG(n+1-m,EY), L L>. 
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If we fix a basis in E to identify it with C”*!, we write G(m,n + 1) or 
Gm_—1(P") instead of G(m, C"*!) or Gm-ı(|E]). 

In a more sophisticated way, the Grassmann variety G = G(m, E) can be 
defined as the variety representing the functor which assigns to a scheme S the 
set of rank n + 1 — m locally free quotients F of the vector bundle E ® Os. 
The corresponding morphism S — G is defined by assigning to a points € S 
the kernel of the surjection E — F(s). The universal object in the sense of 
representable functors is defined by a vector bundle EQ Og — Qe, where Qg 
is a vector bundle of rank m over G, called the universal quotient bundle over 
G. Its kernel is denoted by Sg and is called the universal subbundle over G. By 
definition, we have an exact sequence of locally free sheaves (the tautological 
exact sequence on G) 


0 — Sg > E® Og + 9:0, (10.1) 
and its dual exact sequence 
0+ Of + EY 8 Og > SE 0. (10.2) 


The Pliicker embedding is defined now as the composition of the natural mor- 
phisms 


G S P(A Sg) > P(N EY 8 Oc) = | AEI x G > | A El. 


A choice of a basis in E and a choice of a basis (v1,...,Um) of L € 
G(m, E) defines a matrix Az of size m x (n + 1) and rank m whose i-th row 
consists of coordinates of the vector v;. Two such matrices A and B define 
the same linear subspace if and only if there exists a matrix C € GL(m) such 
that CA = B. In this way G(m, E) can be viewed as the orbit space of the 
action of GL(m) on the open subset of Mat; n+1 (m) of rank m matrices. By 
the First Fundamental Theorem of Invariant Theory, the orbit space is isomor- 
phic to the projective spectrum of the subring of the polynomial ring in WR 


variables X;;,1 <i < m,1 < j < n + 1, generated by the maximal minors 


tjs 
of the matrix X = (X;;). A choice of an order on the set of maximal minors 
(we will always use the lexicographic order) defines an embedding of the orbit 





n+1 
space in pl m jai It is isomorphic to the Plücker embedding. In coordinates 
(to,...,tn) € (EY)"*!, the maximal minors X;,...i„ can be identified with 


m-vectors pi,..i,, = ti A... A tip € N" EY = (N” E)Y. Considered as 
coordinates in the vector space /\"" F, they are called the Plücker coordinates. 
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The maximal minors X;,__;, satisfy the Pliicker equations 


m+1 
k 
5 (—1) Pir,...im-1,3» Pry Je—1sdkt ly najm — 0, (10.3) 
k=1 
where (i1,...,im—1)and (j1,-.- ,Jm-+1) are two strictly increasing subsets of 


[1, n+ 1]. These relations are easily obtained by considering the left-hand-side 
expression as an alternating (m + 1)-multilinear function on C’”. It is known 
that these equations define G(m, n+ 1) scheme-theoretically in pa) (see, 
for example, [302], vol. 2). 

The open subset D(pr) N G(m,n + 1) is isomorphic to the affine space 
A'™("—™) The isomorphism is defined by assigning to a matrix A defining L, 
the point (zz), where zy = |A,|/|Ar| taken in some fixed order. This shows 
that G(m, n + 1) is a smooth rational variety of dimension m(n + 1 — m). 

The surjection EY & Og — S% defines a closed embedding P(S) — 
P(EY @ Og) = |E] x G. Its image is the incidence variety 


Ze = {(x, II) € |E| x G: x € II}. 
Let 
p:Zg > |El, q:Zg >G 


be the corresponding projections. By definition, the projection q is the projec- 
tive bundle P(S£) = |Scl]. 

The fiber of the projection p over a point x = [v] € |E| can be canonically 
identified with G(m—1, E/Cv). Recall that the quotient spaces E/Cv,ve E, 
are the fibres of the quotient sheaf E & Oj z|/Ojg(—1) which is isomorphic 
to the twisted tangent sheaf 7z (—1) via the Euler exact sequence (the dual of 
exact sequence (7.50)) 


0-> OJE| — Og (1) ®E- Tip > 0. 
Assume m = 2, then G(m — 1, E/Cv) S |E/Cv|. This gives 
Ze = [Tie (-1)| = PO d)- (10.4) 


In the general case, the projection p is the Grassmann bundle G(m—1, Tig (—1)). 
Since we will not need this fact, we omit the relevant definitions and the proof 
(see [333]). 

Let us compute the canonical sheaf wg of G. 
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Lemma 10.1.1 Let Tg be the tangent bundle of G. There is a natural isomor- 
phism of sheaves 


Te = Sg 8 Qc, 
wg = Og(=n), 
where Og(1) is taken with respect to the Pliicker embedding. 


Proof Let us trivialize Sg over an open subset U to assume that Sg = S ® 
Ov. Then U is isomorphic to the quotient of an open subset of Hom(S, E) by 
GL(S). The tangent bundle of U becomes isomorphic to 


Hom(S, £)/Hom(S, S) S SY @ E/SY @S = SY @(E/S). 


These isomorphisms can be glued together to define a global isomorphism 
To = SE ® Qg. 
Since A" V — AN” SX defines the Plücker embedding, we have 


(SE) = c1(Oc(1)). 


Now the second isomorphism follows from a well-known formula for the first 
Chern class of tensor product of vector bundles (see [282], Appendix A). 














Since Zg is a projective bundle over G, we can apply formula (7.51) for the 
canonical sheaf of a projective bundle to obtain 


wae = (NA SX) 8 p*O\n(—m) & q*Og(1) 8 Oam), 
Wr, =~ wz,/6 8 č (we) = g*Og(—n) 8 p*Ojz\(—m), 


10.1.2 Schubert varieties 


Let us recall some facts about the cohomology ring H*(G, Z) of G = G, (P”) 
(see [231], Chapter 14). 








Fix a flag 
Ao CAIC... C Ap CP” 
of subspaces of dimension ao < aı < ... < ar, and define the Schubert 
variety 


Q(Ao, A1,..., Ar) = {I E G: dim IN A; > ii =0,...,r}. 


This is a closed subvariety of G of dimension Ir ud: — i). Its homology 
class [Q (Ao, Aı,... , Ar)]in H+ (G, Z) depends only on ao,...,Gr. It is called 
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a Schubert cycle and is denoted by (ao, ...,ar). Let ao = N -r — d, ai = 
n—r+i,i> 1. The varieties 


WA) = 0s... A) = {I € G : IN Ao £ 0} 


are called the special Schubert varieties. Their codimension is equal to d. 

Under the Poincaré Duality H, (G, Z) — H* (G, Z), the cycles (ao,..., ar) 
are mapped to Schubert classes {Ao,...,Ar} defined in terms of the Chern 
classes 


os = cs(Qg) € H” (G, Z), s=1,...,n—7, 
by the determinantal formula 
{A0; Ar} = det(ox,47-iJo<i,j<r, 


where À; = n—r+i—a;,i=0,...,r. The classes o, are dual to the classes 
of special Schubert varieties (Ao), where dim Ap = n—r— s. 
The tautological exact sequence (10.1) shows that 


1 = ($ cs (Qe) ¢e(Se)). 
In particular, 
01 = —c1(Sg) = a (SÉ) = c1(Og(1)). 
A proof of the following result can be found in [231] or [302], vol. 2. 


Proposition 10.1.2 The cohomology ring H* (G, Z) is generated by the spe- 
cial Schubert classes os. The Schubert cycles (ao,...,a,) with Y;_olai — 
i) = d freely generate H2a(G,Z). The Schubert classes {Ao,...,Ar} with 
d = Y ;_o Xi freely generate H?4(G, Z). In particular, 


Pic(G) = H? (G, Z) = Zoy. 


It follows from the above Proposition that H* (G, Z) is isomorphic to the 
Chow ring A*(G) of algebraic cycles on G. Under the Poincaré Duality y => 
a, the intersection form on cycles (y, p) is defined by 


(i= [= f arna, = Qy ` Qp- 
m G 


The intersection form on A*(G) is calculated by using the Pieri’s formulas 


{Ao Ar} as = X (messe, (10.5) 


where the sum is taken over all {4} such that 


ko È ào Zur SAL >... > Ur È Ar > Urt 
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and). A; = s +} pi. 


Here are some special cases. We set o,ı = [s,t,0,...,0}. Then 


2 
0] = 02 T 01,1, 





01 ` 02 = 03 T 02,1, 
01: 01,1 = 02,1. 


For example, the degree of G is equal to of’ ©, We refer to [231], Example 
14.7.11, for the following formula computing the degree of G, (P”) 
1!2!...r!dim G! 


denak = (n-r)(n-r+1)!...n! (10-6) 





Example 10.1.3 Let us look at the Grassmannian G',(P*) = G(2, 4) of lines 
in P. The Plücker equations are reduced to one quadratic relation 


Pı2P3a — P13P24 + Pıapa3 = 0. (10.7) 


This is a nonsingular quadric in P°, often called the Klein quadric. The Schu- 
bert class of codimension | is represented by the special Schubert variety Q (£) 
of lines intersecting a given line £. We have two codimension 2 Schubert cycles 
d2 and g1, represented by the Schubert varieties Q(x) of lines containing a 
given point x and Q(II) of lines containing in a given plane II. Each of these 
varieties is isomorphic to P?. In classical terminology, Q(x) is an a-plane and 
Q(II) is a G-plane. We have a 1-dimensional Schubert cycle 2,1 represented 
by the Schubert variety Q(x, II) of lines in a plane II containing a given point 
x € II. It is isomorphic to P!. Thus 


A*(G(Q, 4)) = Z|G] 8 Zo, 8 (Zo + Zo1,1) ® Zo2,1 ® Z|point]. 


Note that the two Schubert classes of codimension 2 represent two different 
rulings of the Klein quadric by planes. 
We have 








93+ 014 = 0, o} = 1,011 = 1. (10.8) 


Write ot = aoz + boı ı. Intersecting both sides with a2 and 01,1, we obtain 
a = b = 1 confirming Pieri’s formula (10.5). Squaring o?, we obtain deg G = 
ot = 2, confirming the fact that G(2, 4) is a quadric in P*. 


A surface S$ in G4 (P?) is called a congruence of lines. Its cohomology class 
[S] is equal to mo2+no 1,1. The number m (resp. n) is classically known as the 
order of S (resp. class). It is equal to the number of lines in 5 passing through 
a general point in P? (resp. contained in a general plane). The sum m + n is 
equal to cı - [S] and hence coincides with the degree of S in P*. 
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There are numerous applications of Schubert calculus to enumerative prob- 
lems in algebraic geometry. Let us prove the following nice result, which can 
be found in many classical text-books (first proven by L. Cremona [140]). 


Proposition 10.1.4 The number of common secants of two general rational 
normal curves in P? is equal to 10. 


Proof Consider the congruence of lines formed by secants of a rational nor- 
mal cubic curve in P?. Through a general point in P? passes one secant. In a 
general plane lie three secants. Thus the order of the congruence is equal to I 
and the class is equal to 3. By using (10.8), we see that the two congruences 
intersect at 10 points. 














Remark 10.1.5 Let Rı and Ra be two general rational normal cubic curves 
in P? and let N; be the net of quadrics through R;. The linear system W of 
quadrics in the dual space that is apolar to the linear system N spanned by Mı 
and N’ is of dimension 3. The Steinerian quartic surface defined by this linear 
system contains 10 lines, the singular lines of 10 reducible quadrics from W. 
The dual of these lines are the 10 common secants of Rı and Ra (see [465], 
[386], [121]). Also observe that the 5-dimensional linear system N maps R; 
to a curve C; of degree 6 spanning the plane II; in N apolar to the plane 
N;. The 10 pairs of intersection points of C; with the ten common secants 
correspond to the branches of the ten singular points of C;. 


10.1.3 Secant varieties of Grassmannians of lines 


From now on, we will restrict ourselves with the Grassmannian of lines in 
P” = |E]|. Via contraction, one can identify A E with the space of linear 
maps u: EY — E such that the transpose map "u is equal to —u. Explicitly, 


vA w(l) = I(v)w —U(w)e. 


The rank of u is the rank of the map. Since tu = —u, the rank takes even 
values. The Grassmann variety G(2, E) is the set of points [u], where u is a 
map of rank 2. 

After fixing a basis in FE, we can identify N E with the space of skew- 
symmetric matrices A = (p;;) of size (n + 1) x (n + 1). The Grassmann 
variety G(2, E) is the locus of rank 2 matrices, up to proportionality. The en- 
tries pij, i < j, are the Plücker coordinates. In particular, G(2, Æ) is the zero 
set of the 4 x 4 pfaffians of A. In fact, each of the Pliicker equations is given 
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by the 4 x 4 pfaffian of the matrix (p;;) 
0 Pij Pik Pil 
—piy 0 Pjk Pj 
—Pik —Dik 0 Pr 
—Pil —Pjt —Pri 0 


DijPrı — PikPjl + PuPje = Pf 


Another way to look at G(2, E) is to use the decomposition 


2 
EE LE) NE. 


It identifies G(2, Æ) with the projection of the Segre variety so(|E| x | E|) < 
|E @ E| to | A” E| from the subspace | S?(E)|. 

The formula (10.6) for the degree of the Grassmannian gives in our special 
case 





(2n — 2)! 
d P”) = —___.. 10. 
One can also compute the degrees of Schubert varieties 
— 1)! 
deg Q(ao, a1) = (tarmi) (aı — ao). (10.10) 
ao!aı! 


Lemma 10.1.6 The rank of u € N E is equal to the smallest number k such 
that w can be written as a sum un + +++: + u, of 2-vectors u; of rank 2. 


Proof It suffices to show that, for any u of rank 2k > 4, there exists a 2-vector 
u1 of rank 2 such that u — u1 is of rank < 2k — 2. Let R be the kernel of u and 
lo R. Choose vo € E such that, for any l € R, l(vo) = 0 and lo(vo) = 1. 
By skew-symmetry of u, for any l, m € EY, m(u(x)) = —l(u(m)). Consider 
the difference u’ = u — vo A u(lo). For any l € R, we have 


w(l) = u(l) — I(vo)ullo) + U(u(lo))vo = Iullo))vo = —lolu(l))vo = 0. 
This shows that R C Ker(u). Moreover, we have 
u’ (lo) = u(lo) + lo(u(lo))vo — lo(vo)u(lo) = u(lo) — u(lo) = 0. 


This implies that Ker(w’) is strictly larger than Ker(u). 














This gives the following. 


Proposition 10.1.7 The variety 


2 
Gp =: {[u] € INEI: u has rank < 2k + 2} 


is equal to the k-secant variety Seck (G) of G. 
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Lett = [752], then t is the maximal number k such that Sec;,(G) # | A? E]. 
So the Pliicker space is stratified by the rank of its points and the strata are the 
following: 


|E|\ Gi, & \ Gia, ..., Gi \G, G. (10.11) 
It follows from the previous remarks that Gy \ G,_, is the orbit of a matrix 


of rank 2k + 2 and size (n + 1) x (n + 1) under the action of GL(n + 1). 
Therefore, 


dim G;, = dimGL(n)/Hr, 


where Hr is the stabilizer of a skew-symmetric matrix of rank 2k + 2. An easy 
computation gives the following. 


Proposition 10.1.8 Let0< k< t, then 
d = dim G, = (k + 1)(2n — 2k — 1) — 1. (10.12) 


Let X c P” be a reduced and nondegenerate closed suvariety. The k-th 
defect of X can be defined as 


ôk(X) = min((k + 1) dim X +k,r) — dim Sec. (X), 


which is the difference between the expected dimension of the k-secant variety 
of X and the effective one. We say that X is k-defective if Sec, (X) is a proper 
subvariety and 6,(X) > 0. 
Example 10.19 Letn = 2t + 3, then G; C | A” E] is the pfaffian hypersur- 
face of degree t+ 2 in | Ae E| parameterizing singular skew-symmetric matri- 
ces (aij) of size 2t + 4. The expected dimension of G+ is equal to At? + 8t+5, 
that is larger than dim | A? E| = (24) — 1. Thus d,(G) = dimG; + 1 and 
b:(G) = 1. 

In the special case n = 5, the variety G4 (P*) is one of the four Severi-Zak 
varieties. 


Using Schubert varieties one can describe the projective tangent space of 
Gx at a given point p = |u] € G«-ı. Let K = Ker(u) C EY. Since the rank 
of u is equal to 2k + 2, the dual subspace K+ C E defines a linear subspace 


^p = | + 
of |E| of dimension 2k + 1. Let Q (Ap) be the corresponding special Schubert 
variety and let (Q(A,)) be its linear span in the Plücker space. 
Proposition 10.1.10 


T (G) = (OA): 
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Proof Since Gx \ Gx-ı is a homogeneous space for GL(n + 1), we may 
assume that the point p is represented by a 2-vector u = 4 €2i41 A e2i+2, 
where (e1,...,en)is a basis in E. The corresponding subspace K+ is spanned 
by €1,..., €2k+2. A line £ intersects A, if and only if it can be represented by 
a bivector v A w, where v € K+. Thus W = (Q(A,)) is the span of points 
[ex A ej], where either i or j is less than or equal to 2k +2. In other words, W is 
given by vanishing of | Plücker coordinates pab, where a,b > 2k +2. 
It is easy to see that this agrees with the formula for dim Sec; (G). So, it is 
enough to show that W is contained in the tangent space. We know that the 
equations of Sec, (G) are given by pfaffians of size 4k + 4. Recall the formula 
for the pfaffians from Chapter 2, Exercise 2.1, 


Pf(A) = 5 pe s II Qij, 


SES (ij)es 





where S is a set of pairs (i1, j1), ..., (i2k+2, j2k+2) such that 1 < is < js < 
4k + 4, s = 1,...,2k +2, {i1,... , 2k42, J1; -<3 J2k+2} = {1,...,4k +4}. 
Consider the Jacobian matrix of G;, at the point p. Each equation of G; is 
obtained by a choice of a subset I of {1,...,n} of cardinality 4k + 4 and 
writing the pfaffian of the submatrix of (p;;) formed by the columns and rows 
with indices in J. The corresponding row of the Jacobian matrix is obtained 
by taking the partials of this equation with respect to all p;; evaluated at the 
point p. If a,b < 2k + 2, then one of the factors in the product Lajes Pij 
corresponds to a pair (i, j), where i, j > 2k + 2. When we differentiate with 
respect to Pab its value at p is equal to zero. Thus the corresponding entry in the 
Jacobian matrix is equal to zero. So, all nonzero entries in a row of the Jacobian 
matrix correspond to the coordinates of vectors from W that are equal to zero. 
Thus W is contained in the space of solutions. 














Taking k = 0, we obtain the following. 


Corollary 10.1.11 Foranyl €G, 


Let A be any subspace of P” of dimension 2k + 1 and 


2 


Py = {pE | NE|: A= Ap} 


This is the projectivization of the linear space of skew-symmetric matrices of 
rank 2k +2 with the given nullspace of dimension 2k +2. An easy computation 
using formula (10.12) shows that dim Pa = (2k + 1)(k +1) -1. 
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Let 


2 
Ye: Gr \Gr-1 > G(de +1, 2), dk =dimGe, 


be the Gauss map which assigns to a point its embedded tangent space. 


Corollary 10.1.12 
Yp ((Q(A))) = Pa. 


In particular, any hyperplane in the Plücker space containing Q(A) is tangent 
to Sec; (G) along the subvariety Py of dimension (2k + 1)(k +1) — 1. 


Example 10.1.13 Let G = G(2,6). We have already observed that the secant 
variety G4 is a cubic hypersurface X in P14 defined by the pfaffian of the 6 x 6 
skew-symmetric matrix whose entries are Plücker coordinates p;; . The Gauss 
map is the restriction to X of the polar map P!* --» (P!*)Y given by the 
partials of the cubic. The singular locus of X is equal to G(2, 6), it is defined 
by polars of X. The polar map is a Cremona transformation in P!*, This is one 
of the examples of Cremona transformations defined by Severi-Zak varieties 
(see Example 7.1.13). 


Let X be a subvariety of G, and Zx be the preimage of X under the projec- 
tion q : Zg — G. The image of Zx in P” is the union of lines € € X. We will 
need the description of its set of nonsingular points. 


Proposition 10.1.14 The projection px : Zx — P” is smooth at (x, £) ifand 
only if 

dim; Q(x) N Te(X) = dime e) px (x). 
Proof Let (x,£) € Zx and let F be the fiber of px : Zx — P” passing 


through the point (x, £) identified with the subset Q(x)NX under the projection 
q: Zx > G. Then 


Tz e(F) = Te(Q(£)) 0 Te(X) = Q(x) N Te(X). (10.13) 








This proves the assertion. 





Corollary 10.1.15 Let Y = px(Zx) C P” be the union of lines £ € X. 
Assume X is nonsingular and p% (x) is a finite set. Suppose dime Q(x) N 





Tı(X) = 0 for some £ € X containing x. Then x is nonsingular point of Y. 
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10.2 Linear line complexes 


10.2.1 Linear line complexes and apolarity 


An effective divisor € C G = G4 (P”) is called a line complex. Since we know 
that Pic(G) is generated by Og(1) we see that € € |Og(d)| for some d > 1. 
The number d is called the degree of the line complex. 

An example of a line complex € of degree d in G)(P”) is the Chow form 
of a subvariety X C P” of codimension 2 (see [239]). It parameterizes lines 
that have non-empty intersection with X. Its degree is equal to the degree of 
X. When X is linear, this is of course the special Schubert variety Q(X). 

A linear line complex is a line complex of degree 1, that is a hyperplane 
section € = H N G of G. If no confusion arises we will sometimes identify € 
with the corresponding hyperplane H. A linear line complex is called special 
if it is equal to the special Schubert variety Q(II), where II is a subspace of 
codimension n — 2. The corresponding hyperplane is tangent to the Grassman- 
nian at any point £ such that £ C II. In particular, when n = 3, the special 
linear line complex is isomorphic to a quadric cone. 

For any w € (N? E)Y = A? EY, let €, 

5 ijPij = 0. 
0<i<j<n 
For example, the line complex V (p;;) parameterizes the lines intersecting the 
coordinate (n — 2)-plane tọ = 0, k Æ i, j, in P”. 
Remark 10.2.1 It follows from the Euler sequence that there is a natural iso- 
morphism 


2 
H° (\E|, Qg)(2)) = Ker(EY @ EY > S?(EY)) = AE. (10.14) 


Also we know from (10.4) that the incidence variety Zg is isomorphic to the 
projective bundle PO; (1)) = PO; (2)). Thus a linear line complex can be 
viewed as a divisor in the linear system |Oz, (1)|, where p,Oz,(1) S Ofk] (2). 
The fiber of Zg over a point x € |E] is isomorphic to the projectivized tangent 
space P(R},,(2)) = |Tz(lE])|. 

Choose local coordinates z1,... , Zn in |E] defining the basis as Peah 3) 
in tangent spaces, then, for any nonzero w € N EY the line complex €,, € 
A? EY is locally given by an expression 








5 A;(zı, sees Zn) E24 = 0. 
i=1 


This equation is called the Pfaff partial differential equation. More generally, 
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any line complex of degree d can be considered as the zero set of a section of 
Oz,(d) and can be locally defined by the Monge’s partial differential equation 
5 Ain.. indz? Bae dat = 
dat tin=d 
We refer to S. Lie’s book [362] for the connection between the theory of Pfaff 
equations and line complexes. 


The projective equivalence classes of linear line complexes coincide with 
the orbits of GL(E) acting naturally on | A EY|. The GL(E)-orbit of a linear 
line complex €,, is uniquely determined by the rank 2k of w. We will identify 
w with the associated linear map E + EY. Let 


Su = |Ker(w)|. (10.15) 


It is called the center of a linear line complex €,,. We have encountered it in 
Chapter 2. This is a linear subspace of |E| of dimension n — 2k, where 2k is 
the rank of w. 


Proposition 10.2.2 Let &,, be a linear line complex and S, be its center. 
Then the Schubert variety Q(S,,) is contained in €, and 


Gi(Sw) = Sing(€.,). 


Proof Since GL(£) acts transitively on the set of linear line complexes of 
equal rank, we may assume that w = Sh e; Ne; y;, Where ej,...,e„isa 
basis of EY dual to a basis eı,...,€n of E. The linear space Ker(w) is spanned 
by e;,i > 2k. A line £ intersects Są if and only if it can be represented by a 
bivector vAw € N E, where [v] € Su. Therefore, the linear span of the 
Schubert variety N(S,,) is generated by bivectors e; A ej, where i < 2k. It is 
obvious that it is contained in the hyperplane V (w) = (€u) C | A? E]. This 
checks the first assertion. 
It follows from Corollary 10.1.11 that 


l € Sing(€,,) 4> T(G) C V(w) = N) C Eu. 


Suppose N(£) C €, but £ does not belong to Su. We can find a point in £ 
represented by a vector v = ) ,a;e;, where a; # 0 for some i < 2k. Then the 
line represented by a bivector v A e;,+; intersects £ but does not belong to €w 
(since w(v A ek+i) = a; Æ 0). Thus 2(£) C €, implies £ C Sw. Conversely, 
this inclusion implies Q(£) C Q(Su) C Eu. This proves the second assertion. 














It follows from the Proposition that any linear line complex is singular unless 
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its rank is equal to 2["++ 


Pliicker space that are tangent to G can be identified with the set of linear line 
complexes of rank < 2[25%]. Consider G(2, EY) in its Plücker embedding in 
P(A? E). Exchanging the roles of E and EY, we obtain the following beautiful 
result. 





|, maximal possible. Thus the set of hyperplanes in the 


Corollary 10.2.3 Let t = ["5%], then Sec; (G) is equal to the dual variety of 


the Grassmannian G(2, EY) in P(N? E). 


When n = 4, 5 we obtain that G(2, E) is dual to G(2, EY). When n = 6 we 
obtain that the dual of G(2, EY) is equal to Secı(G(2, E)). This agrees with 
Example 10.1.13. 

For any linear subspace L of E, let 


Ly = w(L)t = {w € E : w(v, w) =0, Vu € L}. 


For any subspace A = |L| c |E 





‚let 
iA) = |Eul: 
It is clear that [v A w] € G belongs to €u if and only if w(v, w) = 0. Thus 
€, ={€EG:£ci,(O}. (10.16) 


Clearly iu (^) contains the center Sy = |Ker(a,,)| of €u. Its dimension is 
equal ton — dim A + dim A A Sw. 
Since w is skew-symmetric, for any point x € |E 


9 





LE ty(2). 


When w is nonsingular, we obtain a bijective correspondence between points 
and hyperplanes classically known as a null-system. 

In the special case when n = 3 and Sọ = 0), this gives the polar duality 
between points and planes. The plane I(x) corresponding to a point z is called 
the null-plane of x. The point ty corresponding to a plane Il is called the null- 
point of IL. Note that x € I(x) and xn € II. Also in this case the lines £ and 
i() are called polar lines. We also have a correspondence between lines in 
P3 


iw : GP) > Gi(P?), L= i, (2). 
Note that the lines £ and i,,(¢) are always skew or coincide. The set of fixed 


points of iu on G (P?) is equal to €,,. Since € is nonsingular, the pole c of 
V (w) with respect to the Klein quadric G does not belong to G. It is easy to 
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see that ių is the deck transformation of the projection of G in P5 from the 
point c. Thus 


G/(i,) = P4. 


The hyperplane (€,,) is the polar hyperplane P.(G). The ramification divisor 
of the projection G — P* is the linear complex €, = P.(G)NG. The branch 
divisor is a quadric in P*. 

If € is singular, then it coincides with the Schuber variety 2(), where £ = 
Są. For any £ # Su, we have iu (£) = Su and iu (Su) = P3. 


Proposition 10.2.4 Let €,, be a nonsingular linear line complex in G4 (P”). 
Let £ be a line in P”. Then any line ' € È, intersecting L also intersects 
iw (l). The linear line complex €., consists of lines intersecting the line £ and 
the codimension 2 subspace iu (l). 


Proof Let x = LN l. Since x € l’, we have ! C i,,(f’) C iw(z). Since 
x € L, we have iu (l) C iu (x). Thus iw (x) contains / and iw (£). Since €,, is 
nonsingular, dim iw (x) = n — 1, hence the line @’ intersects the (n — 2)-plane 
iw (b). 

Conversely, suppose ¢’ intersects £ at a point x and intersects i„ (£) at a 
point x’. Then x, x’ € iu (l) and hence (’ = xa’ C iu (l). Thus £’ belongs to 
Cy. 














Definition 10.2.5 A linear line complex €, in | N? E| is called apolar to a 
linear line complex €» in| N? EY| if w* (w) = 0. 

In the case n = 3, we can identify | A” E] with | A” EV] by using the po- 
larity defined by the Klein quadric. Thus we can speak about apolar linear line 


complexes in P?. In Plücker coordinates, this gives the relation 


12634 + a34b012 — 413b24 — a24b13 + a14b23 + a23b14 = 0. (10.17) 





Lemma 10.2.6 Let €, and Èu be two nonsingular linear line complexes in 


P3. Then €,, and Èy are apolar to each other if and only if g = wow! € 


GL(E) satisfies g? = 1. 


Proof Take two skew lines £, ¢’ in the intersection €,, N €u. Choose coordi- 
nates in E such that £ and ¢’ are two opposite edges of the coordinate tetrahe- 
dron V (toti tats), say £ : to = to = 0, and @ : tı = t3 = 0. Then the linear 
line complexes have the following equations in Pliicker coordinates 


Cu : api2 + bp3a = 0; Ew : epi2 + dp34 = 0. 


The condition that €,, and €,, are apolar is ad + bc = 0. The linear maps 
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w,w' : E— EY are give by the matrices 


0O a 0 0 0 c 0 0 

—a 0 0 0 —c 0 0 0 

AS 0 0 0 bf’ s 0 0 0 d 

0 0 —b 0 0 0 -d 0 

This gives 
cja 0 0 0 10009 
2 0 c/a 0 0 0100 
A'B= ae 

0 0 d/b 0 0 0 -1 0 
0 0 0 db 0 0 0 -1 


This shows that (A~!B)? defines the identical transformation of |E]. It is easy 
to see that conversely, this implies that ad + bc = 0. 














In particular, a pair of nonsingular apolar linear line complexes defines an 
involution of | E|. Any pair of linear line complexes defines a projective trans- 
formation of | E| as follows. Take a point x, define its null-plane I(x) with 
respect to w and then take its null-point y with respect to w’. For apolar line 
complexes we must get an involution. That is, the null-plane of y with respect 
to w must coincide with the null-plane of x with respect to w’. 

Since any set of nonsingular mutually apolar linear line complexes is lin- 
early independent, we see that the maximal number of mutually apolar linear 
line complexes is equal to 6. If we choose these line complexes as coordinates 
Zi in N E, we will be able to write the equation of the Klein quadric in the 
form 


Since each pair of apolar linear line complexes defines an involution in | N EJ, 
we obtain 15 involutions. They generate an elementary abelian group (Z/2Z)* 
of projective transformations in P3. The action of this group arises from a linear 
representation in C4 of the non-abelian group H (a Heisenberg group) given 
by a central extension 


1> m2 > Ha > (Z/2Z)* > 1. 


We denote the subgroup of PGL(3) generated by the 15 involutions defined by 


six mutually apolar line complexes by H5. 
An example of six mutually apolar linear line complexes is the set 


(pı2 + p34, i(p34 — p12), p13 — p24, —i(p24 + p13), pia + pos, t(p23 — p14)), 
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where i = \/—1. These coordinates in the Plücker space are called the Klein 
coordinates. 

A set of six mutually apolar linear line complexes defines a symmetric 
(16¢)-configuration of points and planes. It is formed by 16 points and 16 
planes in P? such that each point is a null-point of 6 planes, each with respect 
to one of the six line complexes. Also each plane is a null-plane of six points 
with respect to one of the six line complexes. To construct such a configuration 
one can start from any point pı = ao, a1, a2, a3] € P? such that no coordi- 
nate is equal to zero. Assume that our six apolar line complexes correspond to 
Klein coordinates. The first line complex is pıa + p34 = eï A e3 + e3 A eà. It 
transforms the point pı to the plane —aıto + aotı + agtg — aatz = 0. Taking 
other line complexes we get five more null-planes: 





aıto aot t asta Qatz = 0, 
azto — ast, — aot2 + aıt3 = 0, 


azto + aztı — aot2 — aıtz = 0, 








azto Qatı aitz aots = 0, 
—aszto + Qatı = aitz + aotz = 0. 


Next we take the orbit of pı with respect to the Heisenberg group Ha. It con- 
sists of 16 points. Computing the null-planes of each point, we find altogether 
16 planes forming with the 16 points a (16g)-configurations. The following 
table gives the coordinates of the 16 points. 





a0, 41, 42, a3 a1, Q0, 43, Q2 ao, 41,42, —a3 a1, —a0, 43, —a2 
a2, 43,40, 41 a3,42,41,40 | Q2,-43,Q0,—-Qı | 43, —A2,da1, —ao 
ao, Q1, —A2, —a3 a1, 40, —A3, —a2 ao, —@1, —A2, a3 a1, —a0, —43, a2 
Q2, Q3, —G0,—@1 | 43,42, —Q1,—Q0 | 42,—43,—a0,41 | 43, —G2, —a1, ao 




















A point (a, 8, y, 6) in this table is contained in six planes ato + btı + ct2 + 
dta = 0, where (a, b, c, d) is one of the following 


(ô, =y, B, =a); (6, Y 8, —a), (y, Ô, =Q, —B), 


( 7,6, @, b), ( b, a, 6, y), (6, a, 6, y). 


Dually, a plane ato + Bt; + Yta+ öt3 = 0 contains six points [a, b, c, d], where 
(a,b, c, d) is as above. 

One checks directly that the six null-points of each of the 16 planes of the 
configuration lie on a conic. So we have a configuration of 16 conics in P3 
each contains six points of the configuration. Also observe that any two conics 
intersect at 2 points. 

There is a nice symbolic way to exhibit the (165 )-configuration. After we fix 





10.2 Linear line complexes 579 


an order on a set of six mutually apolar linear line complexes, we will be able 
to identify the group H5 with the group E> defined by 2-element subsets of the 
set {1,2,3,4,5,6} (see Section 5.2.2). A subset of two elements {i, 7} corre- 
sponds to the involution defined by a pair of apolar line complexes. We take the 
ordered set of apolar linear line complexes defined by the Klein coordinates. 
First we match the orbit of the point [ao, a1, a2, a3] from the table from the 
above with the left-hand side of the following table. To find the six planes that 
contain a point from the (ij )-th spot we look at the same spot in the right-hand 
side of the following table. Take the involutions in the 2-th row and j-th column 
but not at the (i7)-spot. These involutions are matched with the planes contain- 
ing the point. As always we identify a plane aoto + aıtı + aata + aztz with 
the point [ao, a1, a2, aa]. For example, the point Ø is contained in six planes 
(15), (13), (26), (46), (24), (35). Conversely, take a plane corresponding to the 
(ij)-th spot in the right-hand side of the table. The point contained in this plane 
can be found in the same row and the same column in the left-hand side of the 
table excluding the (ij)-th spot. For example, the plane Ø contains the points 
(45), (34), (35), (16), (12), (26). 


Ø (45) (34) (35) (14) (15) (13) (26) 
(16) (23) (25) (24) (46) (56) (36) (12) 
(12) (36) (56) (46) (24) (25) (23) (16) 
(26) (13) (15) (14) (35) (34) (45) Ø 


Another way to remember the rule of the incidence is as follows. A point cor- 
responding to an involution (ab) is contained in a plane corresponding to an 
involution (cd) if and only if 


(ab) + (cd) + (24) € {0, (16), (26), (36), (46), (56) }. 
Consider a regular map P? — P* defined by the polynomials 
totttt tg +g, ae + fed, CE + te, 1202 + RE, toti tats. 
Observe that this map is invariant with respect to the action of the Heisenberg 
group Ha. So, it defines a regular map 
6: P/H, > P*. 
Proposition 10.2.7 The map ® defines an isomorphism 
P? /H2 = X, 

where X is a quartic hypersurface in P* given by the equation 


2.2 2.2 2.2 2.2 27 2 2 2 4 
2024 — 20212223 + 2123 + 2223 + 2123 — 4z4 (z1 + 22 + z3) + z4 =0. (10.18) 
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Proof Since the map is given by five polynomials of degree 4, the degree of 
the map times the degree of the image must be equal to 43. We know that its 
degree must be multiple of 16, this implies that either the image is P? or a 
quartic hypersurface. Since the polynomials are linearly independent the first 











case is impossible. A direct computation gives the equation of the image. 





Note that the fixed-point set of each nontrivial element of the Heisenberg 
group Ha consists of two skew lines. For example, the involution 


(12) : lao, a1, a2, aa] => [ao, a1, —a2, —ag3] 


fixes pointwise the lines tọ = tı = 0, and t2 = t3 = 0. Each line has a 
stabilizer subgroup of index 2. Thus the images of the 30 lines form the set of 
15 double lines on X. The stabilizer subgroup acts on the line as the dihedral 
group D4. It has six points with nontrivial stabilizer of order 2. Altogether we 
have 30 x 6 = 180 such points which form 15 orbits. These orbits and the 
double lines form a (153)-configuration. The local equation of X at one of 
these orbits is v? + zyz = 0. 

We will prove later that the orbit space X = P?/Ha is isomorphic to the 
Castelnuovo-Richmond quartic. 


10.2.2 Six lines 


We know that any five lines in P’, considered as points in the Plücker P°, are 
contained in a linear line complex. In fact, in a unique linear line complex if 
the lines are linearly independent. A set of six lines is contained in a linear line 
complex only if they are linearly dependent. The 6 x 6-matrix of its Plücker 
coordinates must have a nonzero determinant. An example of six dependent 
lines is the set of lines intersecting a given line £. They are contained in the 
singular line complex which coincides with the Schubert variety 0(¢). We will 
give a geometric characterization of a set of six linearly dependent lines that 
contains a subset of five linearly independent lines. 


Lemma 10.2.8 Leto : P! — P! be an involution. Then its graph is an 
irreducible curve T C P! x P! of bidegree (1,1) such that (T4) = Tg, where 
ı is the automorphism (x,y) ++ (y, x). Conversely, any curve on P! x P! with 
these properties is equal to the graph of some involution. 











Proof This is easy and left to the reader. 





Corollary 10.2.9 Leto, be two different involutions of P+. Then there exists 
a unique common orbit {x, y} with respect to o and T. 
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We will need the following result of M. Chasles. 


Theorem 10.2.10 (M. Chasles) Let Q be a nondegenerate quadric in P? 
and let o be an automorphism of order 2 of Q which is the identity on one 
of the rulings. Then the set of lines in P? which are either contained in this 
ruling or intersect an orbit of lines in the second ruling form a linear complex. 
Conversely, any linear line complex is obtained in this way from some pair 


(Q,¢). 


Proof Consider the set X of lines defined as in the first assertion of the Theo- 
rem. Take a general plane II and a point x € II. Consider the Schubert variety 
Q(x, II). It is a line in the Plücker space. The plane interesects Q along a conic 
C. Each line from Q(x, II) intersects C at two points. This defines an involu- 
tion on C. Each line from the second ruling intersects C at one point. Hence 
o defines another involution on C. By Corollary 10.2.9 there is a unique com- 
mon orbit. Thus there is a unique line from Q(x, II) which belongs to X. Thus 
X is a linear line complex. 

Let £1, £2, 23 be any three skew lines in a line complex X = €,,. Let Q be a 
quadric containing these lines. It is obviously nonsingular. The lines belong to 
some ruling of Q. Take any line £ from the other ruling. Its polar line ¢’ = iu (£) 
intersects 44, l2, l3 (because it is skew to £ or coincides with it). Hence £’ lies 
on Q. Now we have an involution on the second ruling defined by the polarity 
with respect to X. If m € X and is not contained in the first ruling, then 
m intersects a line £ from the second ruling. By Proposition 10.2.4, it also 
intersects £’. This is the description of X from the assertion of the Theorem. 














Remark 10.2.11 Let be the curve in G(2, 4) parameterizing lines in a ruling 
of a nonsingular quadric Q. Take a general line £ in P3. Then N(£) contains 
two lines from each ruling, the ones which pass through the points Q N £. This 
implies that C is a conic in the Pliicker embedding. A linear line complex X 
either intersects each conic at two points and contains two or one line from the 
ruling, or contains C and hence contains all lines from the ruling. 


Lemma 10.2.12 Let £ be a line intersecting a nonsingular quadric Q in P? 
at two different points x,y. Let Tz(Q) N Q = 4 U and T,(Q) N Q = 
L U L, where b, 04 and l2, ¢5 belong to the same ruling. Then the polar line 
ee intersects Q at the points x' = b N & andy! = (N44. 


Proof Each line on Q is self-polar to itself. Thus P,(Q) is the tangent plane 
`s (Q) and, similarly, Py(Q) = T,(Q). This shows that & = T,(@) N 
'y(Q) = aly’. 
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Lemma 10.2.13 let 4, l2, l3, l4 be four skew lines in P’. Suppose not all 
of them are contained in a quadric. Then there are exactly two lines which 
intersect all of them. These lines may coincide. 


Proof This is of course well known. It can be checked by using the Schu- 
bert calculus since of = #N}_, Q(¢;) = 2. A better geometric proof can be 
given as follows. Let Q be the quadric containing the first three lines. Then £, 
intersects Q at two points p,q which may coincide. The lines through these 
points belonging to the ruling not containing 1, 22, €3 intersect 41, ... , l4. 
Conversely, any line intersecting 41, . . . , 24 is contained in this ruling (because 
it intersects Q at three points) and passes through the points 04M Q. 














Theorem 10.2.14 Let (¢1,..., le) be a set of six lines and let (£4,...,€&) 
be the set of polar lines with respect to some nonsingular quadric Q. Assume 
that the first five lines are linearly independent in the Pliicker space. Then 
(¢1,..., 6) belong to a nonsingular linear line complex if and only if there 
exists a projective transformation T such that T(£;) = &,. This condition does 
not depend on the choice of Q. 


Proof First let us check that this condition does not depend on a choice of 
Q. For each line £ let a denote the polar line with respect to Q. Suppose 
A() = a for some projective transformation A. Let Q’ be another nonsin- 
gular quadric. We have to show that & = B(é) for some other projective 
transformation B depending only on A but not on £. Let us identify E with 
C”*+ and a quadric Q with a nonsingular symmetric matrix. Then A(£) = Lö 
means that zQ Ay = 0 for any vectors x, y in £. We have to find a matrix B 
such that rQ’ By = 0. We have 


aQAy = 2Q'(Q' 'QA)y = 2Q' By, 


where B = Q’—!QA. This checks the claim. 

Suppose the set (¢1,..., Z6) is projectively equivalent to (24, .. . , 26), where 
£ are polar lines with respect to some quadric Q. Replacing Q with a quadric 
containing the first three lines £1, l2, /3, we may assume that & = 4;, i = 
1, 2, 3. We identify Q with P' x P+. If L NQ = (aj, bj), (a4, bj) for j = 4,5, 6, 
then, by Lemma 10.2.12, NQ = (aj, bi;), (aj, bj). Suppose £; = A(£;). Then 
A fixes three lines in the first ruling hence sends Q to itself. It is also identical 
on the first ruling. It acts on the second ruling by switching the coordinates 


(bi,05),j = 4,5,6. Thus A? has three fixed points on P!, hence A? is the 


10.2 Linear line complexes 583 


identity. This shows that A = o as in Chasles’ Theorem 10.2.10. Hence the 
lines €;, 0, i = 1,...,6, belong to the linear complex. 

Conversely, assume %1, ... , le belong to a nonsingular linear line complex 
X = €,,. Applying Lemma 10.2.13, we find two lines £, # which intersect 
Lı, £9, l3, L4 (two transversals). By Proposition 10.2.4, the polar line iw (£) in- 
tersects 44, l2, £3, l4. Hence it must coincide with either £ or ¢’. The first case 
is impossible. In fact, if £ = ¢’, then £ € X. The pencil of lines through £ N 44 
in the plane (£, £1) 

Thus we see that Z, ¢’ is a pair of polar lines. Now the pair of transversals 
T, T’ = iu (T) of 1, l2, l3, 05 is also a pair of polar lines. Consider the quadric 
Q spanned by £1, l2, (3. The four transversals are the four lines from the second 
ruling of Q. We can always find an involution o on Q which preserves the first 
ruling and such that o(¢) = £’, o (T) = T’. Consider the linear line complex X’ 
defined by the pair (Q, co). Since ¢1,..., &5 belong to X, and any line complex 
is determined by five linearly independent lines, we have the equality X = 
X’. Thus £g intersects Q at a pair of lines in the second ruling which are in 
the involution ø. But ø is defined by the polarity with respect to X (since 
lı, €2,¢3 € H and the two involutions share two orbits corresponding to the 
pairs (£, ’),(7,7’)). This implies (41,..., l6) = o(€4,-..,4), where (, = 
et, 














Corollary 10.2.15 Let £ı,...,ls be 6 skew lines on a nonsingular cubic 
surface S. Then they are linearly independent in the Plücker space. 


Proof We first check that any five lines among the six lines are linearly in- 


dependent. Assume that £1, .. . , 5 are linearly dependent. Then one of them, 
say l5, lies in the span of £1, l2, l3, £4. Let (£, -, 4) is the set of six skew 
lines which together with (¢1,..., Z6) form a double-six. Then £1, l2, l3, 44 lie 


in the linear line complex N(£5), hence £; lies in it too. But this is impossible 
because l5 is skew to £5. 

We know that there exists the unique quadric Q such that ¢/ are polar to 
Q with respect to Q (the Schur quadric). But (¢{,..., 26) is not projectively 
equivalent to (41, ... , 6). Otherwise, S and its image 5” under the projective 
transformation T will have six common skew lines. It will also have common 
transversals of each subset of four. Thus the degree of the intersection curve is 
larger than 9. This shows that the cubic surfaces S and S’ coincide and T is 
an automorphism of S. Its action on Pic(S‘) is a reflection with respect to the 
root corresponding to the double-six. It follows from Section 9.5 that S does 
not admit such an automorphism. 
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Remark 10.2.16 The group SL(4) acts diagonally on the Cartesian product 
Gê. Consider the sheaf £ on G® defined as the tensor product of the sheaves 
p*Og(1), where p; : GÊ — G is the i-th projection. The group SL(4) acts 
naturally in the space of global sections of £ and its tensor powers. Let 


R= BD H° (GS, Lt, 
i=0 


This is a graded algebra of finite type and its projective spectrum Proj(R) is 
the GIT-quotient Gê //SL(4). The variety Gê has an open invariant Zariski sub- 
set U which is mapped to G°//SL(4) with fibres equal to SL(4)-orbits. This 
implies that G° //SL(4) is an irreducible variety of dimension 9. Given six or- 
dered general lines in P? their Pliicker coordinates make a 6 x 6-matrix. Its 
determinant can be considered as a section from the first graded piece Rı of 
R. The locus of zeros of this section is a closed subvariety of G whose general 
point is a 6-tuple of lines contained in a linear line complex. The image of this 
locus in G°//SL(4) is a hypersurface F. Now the duality of lines by means 
of a nondegenerate quadric defines an involution on G®. Since it does not de- 
pend on the choice of a quadric up to projective equivalence, the involution 
descends to an involution of G®//SL(4). The fixed points of this involution is 
the hypersurface F. One can show that the quotient by the duality involution is 
an open subset of a certain explicitly described 9-dimensional toric variety X 
(see [182]). 

Finally, observe that a nonsingular cubic surface together with a choice of 
its geometric marking defines a double-six, which is an orbit of the duality 
involution in G®°//SL(4) and hence a unique point in X that does not belong 
to the branch locus of the double cover G°//SL(4) — X. Thus we see that 
the 4-dimensional moduli space of geometrically marked nonsingular cubic 
surfaces embeds in the 9-dimensional toric variety X. 


10.2.3 Linear systems of linear line complexes 


Let W c N EY bea linear subspace of dimension r+1. After projectivization 
and restriction to G(2, E) = G (P"), it defines an r-dimensional linear system 
|W] of linear line complexes. Let 


Cw =Nwewla C G(2, E) 


be the base scheme of |W]. It is a subvariety of G(2, E) of dimension 2n—3-r. 
Its canonical class is given by the formula 


Wey = Oey (r-n). (10.19) 
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In particular, it is a Fano variety if r < n, a Calabi- Yau variety if r = n anda 
variety of general type if r > n. 
We also define the center variety Sw 


Sw = |] So. 
weW 
It is also called the singular variety of W. 

For any x = [v] € Sw, there exists w € W such that w(v, v’) = 0 for all 
v’ € E, or, equivalently, the line £ = zy is contained in €,, for all y. This 
implies that the codimension of Q(x) N €w in Q(x) is < r, less than expected 
number r + 1. Conversely, since Q(x) is irreducible, if the codimension of the 
intersection < r, then Q(x) must be contained in some €,,, and hence x € Su. 
Thus we have proved the following. 


Proposition 10.2.17 
Sw = {x € |E| : dim Q(x) N Cw > n-r— 1} 


= {x € |E| : Q(x) C &, for some we W}. 


For any linear subspace A in |E| we can define the polar subspace with 
respect to |W| by 
well). 
weW 


Since x € i,(x) for any linear line complex €,,, we obtain that, for any x € 
|E], 


TE iw (x). 
It is easy to see that 
dim iw (£) = n — r + dim |{w € W : x E€ Soll. (10.20) 


Now we are ready to give examples. 


Example 10.2.18 A pencil |W| of linear line complexes in P? = |E| is de- 
fined by a line in the Plücker space P® = | A? EY | which intersects the Klein 
quadric G(2, EY) at two points or one point with multiplicity 2. The inter- 
section points correspond to special linear line complexes intersecting a given 
line. Thus, the base locus of a general pencil of linear line complexes consists 
of lines intersecting two skew lines. It is a nonsingular congruence of lines 
in G4 (P?) of order and degree equal to 1. It is isomorphic to a nonsingular 
quadric in P. It may degenerate to the union of an a-plane and a §-plane if 
the two lines are coplanar or to a singular quadric if the two lines coincide. 
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Example 10.2.19 Assume r = 1, n = 2k and |W] does not intersect the 
set of linear line complexes with corank > 1 (the variety of such linear line 
complexes is of codimension 3 in | A? EY|). Then we have a map |W| = 
Pt — P?* which assigns to [w] € |W] the center Su of €u. The map is given 
by the pfaffians of the principal minors of a skew-symmetric matrix of size 
(n +1) x (n +1), so the center variety Sw of |W] is a rational curve Rẹ of 
degree k in P?*. By Proposition 10.2.17 any secant line of Rẹ is contained in 
€w. For example, taking n = 4, we obtain that the center variety is a conic in 
a plane contained in Cy. 

Now assume that r = 2. We obtain that Sw is a projection of the Veronese 
surface V? and the variety of trisecant lines of the surface is contained in €w. 
We have seen it already in the case k = 2 (see Subsection 2.1.3). 


Example 10.2.20 Let r = 3 and n = 4 so we have a web |W| of linear line 
complexes in P? = | A? EV|. We assume that |W] is general enough so that 
it intersects the Grassmann variety G* = G(2, EY) in finitely many points. 
We know that the degree of G(2,5) is equal to 5, thus |W] intersects G* at 
5 points. Consider the rational map |W| = P? --+ Sw Cc P* which assigns 
to [w] € |W] the center of €,,. As in the previous examples, the map is given 
by pfaffians of skew-symmetric matrices of size 4 x 4. They all vanish at the 
set of five points pı,...,P5. The preimage of a general line in P4 is equal to 
the residual set of intersections of three quadrics, and hence consists of three 
points. Thus the map is birational map onto a cubic hypersurface. Any line 
joining two of the five points is blown down to a singular point of the cubic 
hypersurface. Thus the cubic is isomorphic to the Segre cubic primal. Observe 
now that Cy is a del Pezzo surface of degree 5 and the singular variety of |W | 
is equal to the projection of the incidence variety {(x, £) € P* x Cw : a € 4} 
to P*. It coincides with the center variety Sw. 


One can see the center variety Sw of |W | as the degeneracy locus of a map 
of rank 3 vector bundles over |E]. First, we identify H°(|E|,/,)(2)) with 


N E“. To do this, we use the dual Euler sequence twisted by Ol (2) 
00152) > EY 8 Oz) > 059) > 0. (10.21) 


Passing to the global sections, we obtain an isomorphism 


2 
H? (EI, 1,2) = Ker(EY @ EY + S?EY)= A EV. 


The composition of the inclusion map W — A EY and the evaluation map 
NE > Orn) (2) defines a morphism of vector bundles 


oO: W 8 On —> Qf (2). 
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The degeneracy locus of this morphism consists of points x € |E] such that the 
composition of E®O|z1(-1) > Tip (—2) and the dual map oY : 71,,(-2) > 
WY & Ojzı is not of full rank at x. For any x = [v] € |E], the map of fibres 
&(x) sends a vector v’ to the linear function on W defined by w > w(v, v’). 
This linear function is equal to zero if and only if the line [v][v’] intersects Cy. 
Applying Proposition 10.2.17, we obtain that the degeneracy locus of point 
x = [v] for which the rank of (2) is smaller than r + 1 must be equal to Sw. 





If we choose coordinates and take a basis of W defined by r + 1 skew- 
symmetric bilinear forms wp = >> a dt; A dt;, then the matrix is 


n (1) n (1) 
Ys-o ay sts noes ee, an,sts 
: : ; 
n (r+1) n (r+1) 
Do Gig ts = I une ta 
where af, = —ak 


ij ji‘ 
The expected dimension of the degeneracy locus is equal to n — r. Assume 
that this is the case. It follows from Example 14.3.2 in [231] that 


degSw = deg en DIL", ) ao 


Example 10.2.21 Assume n + 1 = 2k. If w € W is nondegenerate, then 
S. = Ú. Otherwise, dim Sy > 1. Thus the varieties Sy are ruled by linear 
subspaces. For a general W of dimension 1 < r < n, the dimensions of these 
subspaces is equal to 1 and each point in Sw is contained in a unique line Sw. 
In other words, Sy is a scroll with 1-dimensional generators parameterized by 
the subvariety B of |W| of degenerate w’s. Thus B is equal to the intersection 
of |W] with a pfaffian hypersurface of degree k in |A? EY |. The scrolls Sy are 
called Palatini scrolls. If n = 3, the only Palatini scroll is a quadric in P? and 
B is a conic. In P? we get a 3-dimensional Palatini scroll of degree 7 defined 
by a web |W| of linear line complexes. The family of generators B is a cubic 
surface in |W]. We refer to [418] for the study of this scroll. There is also a 
Palatini ruled surface of degree 6 defined by a net of linear line complexes. 
Its generators are parameterized by a plane cubic curve. If we take W with 
dim W = 5, we get a quartic hypersurface in P5. 
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10.3 Quadratic line complexes 


10.3.1 Generalities 


Recall that a quadratic line complex € is the intersection of the Grassmannian 
G = G(2, E) C | A” E| with a quadric hypersurface Q. Since wg Z Og(—n— 
1), by the adjunction formula 


we S Oe(l — n). 


If € is nonsingular, i.e. the intersection is transversal, we obtain that € is a Fano 
variety of index n — 1. 

Consider the incidence variety Ze together with its natural projections pe : 
Ze — P” and ge : Ze — K. For each point x € P” the fiber of pe is 
isomorphic to the intersection of the Schubert variety Q(x) with Q. We know 
that Q(z) is isomorphic to P"=! embedded in | A? E| as a linear subspace. 
Thus the fiber is isomorphic to a quadric in P"=!. This shows that € admits a 
structure of a quadric bundle, i.e. a fibration with fibres isomorphic to a quadric 
hypersurface. The important invariant of a quadric bundle is its discriminant 
locus. This is the set of points of the base of the fibration over which the fiber 
is a singular quadric or the whole space. In our case we have the following 
classical definition. 


Definition 10.3.1 The singular variety A of a quadratic line complex is the 
set of points x € P” such that Q(x) N Q is a singular quadric in Q(x) = P"~! 
or Q(x) C Q. 


We will need the following fact from linear algebra that is rarely found in 
modern text-books on the subject. 


Lemma 10.3.2 Let A = (a;;), B = (bij) be two matrices of sizes k x m and 
mx k with k < m. Let |Ar|, |Br|, I = (i1,..-,%%), 1< i1 <... < ik <M, 
be maximal minors of A and B. For any m x m-matrix G = (gij) 


|A; G- B| = $` grsAr|| Bul, 
Ed. 


where 913 = Jiji "Fire 


Proof Consider the product of the following block-matrices 


where Oa» is the zero matrix of size a x b and I, is the identity matrix of size 
a x a. The determinant of the first matrix is equal to |A - B|, the determinant 
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of the second matrix is equal to 1. Applying the Laplace formula, we find that 
the determinant of the product is equal to X` | Ar|| Br|. Now we apply (10.23), 
replacing A with A - G,. Write a j-th column of A- G as the sum $7)", gi; Ai, 
where A; are the columns of A. Then 


|(A ` G)j ir Jal = 5 Jirja Jizj2 ` ` * Jikjk A |. 


Sirga iam 














This proves the assertion. 


Suppose we have a bilinear form b : E x E — K on a vector space E over 
a field K. Let G = (b(e;,e;)) be the matrix of the bilinear form with respect 
to a basis €1,...,€m. Let L be a subspace of E with basis fı,..., fg. Then 
the matrix Gr = (b( fi, f;)) is equal to the product +A - G - A, where the f; = 
> aijei. It follows from the previous Lemma that |Gz| = % y grsl|Arll|AJ]. 
If we extend b to N E by the formula 


b(v1,..-, Uk; W1,---, Wg) = det (b(v;, w;)), 


then the previous formula gives an explicit expression for b( fi A... A fr, fi A 
... A fk). If E = R” and we take b to be the Euclidean inner-product, we get 
the well-known formula for the area of the parallelogram spanned by vectors 
fi,---,f,% in terms of the sum of squares of maximal minors of the matrix 
with columns equal to f;. If m = 3 this is the formula for the length of the 
cross-product of two vectors. 


Proposition 10.3.3 A is a hypersurface of degree 2(n — 1). 


Proof Consider the map 


2 
i: |B] > G(n, A E), £ > Q(z). (10.24) 


If x = [vo], the linear subspace of A? E corresponding to N(x) is the image of 
E in A” E under the map v > v Avo. This is an n-dimensional subspace A(x) 
of A” E. Hence it defines a point in the Grassmann variety G (n, N? E). If we 
write vo = >>)", aie, Where we assume that an # 0, then A(x) is spanned by 
the vectors e;Avo = isi ajeiNe;,i =0,...,n. Thus the rows of the matrix 
of Plücker coordinates of the basis are linear functions in coordinates of vo. Its 
maximal minors are polynomials of order n+ 1. Observe now that each (in)-th 
column contains a, in the 7-th row and has zero elsewhere. This easily implies 
that all maximal minors are divisible by an. Thus the Pliicker coordinates of 
A(x) are polynomials of degree n — 1 in coordinates of vo. We see now that the 
map i is given by a linear system of divisors of degree n — 1. Fix a quadric Q in 
| N E| that does not vanish on G. For any n— 1-dimensional linear subspace L 
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of | A” E], the intersection of Q with L is either a quadric or the whole L. Let 
us consider the locus D of L’s such that this intersection is a singular quadric. 
We claim that this is a hypersurface of degree 2. 

Let b : E x E be a nondegenerate symmetric bilinear form on a vector 
space E of dimension n + 1. The restriction of b to a linear subspace L C 
E with a basis (fı,..., fk) is a degenerate bilinear form if and only if the 
determinant of the matrix (b(f;, f;)) is equal to zero. If we write fi = Ð aie; 
in terms of a basis in P, we see that this condition is polynomial of degree 2k 
in coefficients a;;. By the previous Lemma, this polynomial can be written as 
a quadratic polynomial in maximal minors of the matrix (a;;). Applying this 
to our situation we interpret the maximal minors as the Pliicker coordinates of 
L and obtain that D is a quadric hypersurface. 

It remains for us to use the fact that A = i~1(D), where i is given by 
polynomials of degree n — 1. 














Let 
A, = {x € A: corank Q N Q(x) > k}. 


These are closed subvarieties of A;. 
Let 


A = {(a, £) € Ze : rank dpe (£, £) < n}. (10.25) 


In other words, A is the locus of points in Ze where the projection pe : Ze > 
P” is not smooth. This set admits a structure of a closed subscheme of Ze 
defined locally by vanishing of the maximal minors of the Jacobian matrix of 
the map pe. Globally, we have the standard exact sequence of the sheaves of 
differentials 


0 poh, + Nze + OL, jpn 0, (10.26) 


and the support of Ais equal to the set of points where G, Jp” is not locally 


free. Locally the map ô is given by a matrix of size n x (2n — 2). Thus Ais 
given locally by n x n minors of this matrix and is of dimension n. 

Tensoring (7.31) with the residue field «(p) at a point p = (x, £) € Ze, 
we see that A is equal to the degeneracy locus of points where the map 6, : 
(peQbn )p —> (QZ, )p is not injective. Using the Thom-Porteous formula (see 
[231], 14.4), we can express the class of A in H* (Ze, Z). 


Definition 10.3.4 Let € be a line complex of degree d in G,(P"). A line £ 
in & is called singular if ¢ is a singular point of the intersection Q(x) N È for 
some x € P” or any point on Q(x) if Q(x) C €. The locus S(€) of singular 
lines is called the singular variety of €. 
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Proposition 10.3.5 Assume n +1 = 2k and € is nonsingular. Then the 
singular variety S(€) of € is equal to the intersection of € with a hypersurface 
of degree k(d — 1). 


Proof Let £ be a singular line of € = G N X, where X is a hypersurface of 
degree d. We have Q(x) C Ty(€) = Te(G)NTe(X). Thus Q(x) c Te(X)NG. 
By Proposition 10.2.4, the linear line complex T,(X) N G consists of lines 
intersecting a line and its polar (n — 2)-plane unless it is singular. Since Q(x) 
is not contained in the Schubert variety of lines intersecting a codimension 2 
linear subspace, we obtain that T,(X) N G is singular. This shows that the 
singular variety S(€) of € consists of lines in € such that T¿(X) coincides 
with a tangent hyperplane of G. In other words, 


SE) = 77G“), (10.27) 


where y : € — (P")Y is the restriction of the Gauss map X — (P”)”“ to €. 
Since € is nonsingular, X is nonsingular at any point of X N G, and hence y is 
well-defined. It remains for us to use that y is given by polynomials of degree 
d — 1, the partials of X. 














Let n = 3 and let € be a line complex defined by a hypersurface X = V(®) 
of degree d in the Plücker space. The equation of the singular surface S(€) 
in Plücker coordinates is easy to find. Let ®,,; = bey); where |l] = £. The 
tangent hyperplane to X at the point @ is given by the equation 


1<i<j<4 
Since the dual quadric G* is given by the same equation as G, we obtain the 
equation of S(E) in G: 


Dj2P34 — P13 P24 + P14P23 = 0. 


10.3.2 Intersection of two quadrics 


Let Q1, Q2 be two quadrics in P” and X = Qı N Q2. We assume that X is 
nonsingular. It follows from the proof of Theorem 8.6.2 that this is equivalent 
to the condition that the pencil P of quadrics spanned by Q1, Q2 has exactly 
n + 1 singular quadrics of corank 1. This set can be identified with a set of 
n + 1 points p1,...,Pn41inP! & P. 

If n = 2g + 1, we get the associated nonsingular hyperelliptic curve C of 
genus g, the double cover of P! branched at pı,... ,P2g+2- 





The variety X is of degree 4 in P”, n > 3, of dimension n — 2. Its canonical 
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class is equal to — (n — 3)h, where h is the class of a hyperplane section. When 
n = Ait is a quartic del Pezzo surface. 


Theorem 10.3.6 (A. Weil) Assume n = 2g + 1. Let F(X) be the variety of 
g — 1-dimensional linear subspaces contained in X. Then F(X) is isomorphic 
to the Jacobian variety of the curve C and also to the intermediate Jacobian 


of X. 


Proof We will restrict ourselves only to the case g = 2, leaving the general 
case to the reader. For each £ € F(X) consider the projection map pẹ : X’ = 
X \ £ > P°. For any point x € X not on 4, the fiber over p(x) is equal 
to the intersection of the plane 4, = (£, x} with X’. The intersection of this 
plane with a quadric Q from the pencil P is a conic containing @ and another 
line £’. If we take two nonsingular generators of P, we find that the fiber is 
the intersection of two lines or the whole @’ € F(X) intersecting £. In the 
latter case, all points on £’ \ Z belong to the same fibre. Since all quadrics from 
the pencil intersect the plane (£, €’) along the same conic ZU @’, there exists a 
unique quadric Qe from the pencil which contains (£, ¢’). The plane belongs 
to one of the two rulings of planes on Qw (or a unique family if the quadric is 
singular). Note that each quadric from the pencil contains at most one plane in 
each ruling which contains £ (two members of the same ruling intersect along 
a subspace of even codimension). Thus we can identify the following sets: 


e pairs (Q,r), where Q € P, r is a ruling of planes in Q, 
e B={l! eF(X): {ne #0}. 


If we identify P’ with the set of planes in P° containing £, then the latter set is 
a subset of P?. Let D be the union of ”’s from B. The projection map pe maps 
D to B with fibres isomorphic to ! \ £0 7. 

Extending py toa morphism f : X — P?, where X is the blow-up of X with 
center at (, we obtain that f is an isomorphism outside B and that the fibres 
over points in B are isomorphic to P!. Observe that X is contained in the 
blow-up P? of P® along £. The projection f is the restriction of the projection 
P° — P? which is a projective bundle of relative dimension 2. The crucial 
observation now is that B is isomorphic to our hyperelliptic curve C. In fact, 
consider the incidence variety 


X = {(Q, 7) E P x Go(P’) : T C Q}. 


Its projection to P has fiber over Q isomorphic to the rulings of planes in Q. It 
consists of two connected components outside of the set of singular quadrics 
and one connected component over the set of singular quadrics. Taking the 
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Stein factorization, we get a double cover of P = Pt branched along six points. 
It is isomorphic to C. 

Now the projection map pe maps each line ¢’ intersecting £ to a point in P?. 
We will identify the set of these points with the curve B. A general plane in 
P? intersects B at d = deg B points. The preimage of the plane under the 
projection py : X --+ P3 is isomorphic to the complete intersection of two 
quadrics in P*. It is a del Pezzo surface of degree 4, hence it is obtained by 
blowing up five points in P?. Thus d = 5. An easy argument using Riemann- 
Roch shows that B lies on a unique quadric Q C P®. Its preimage under the 
projection X — P? is the exceptional divisor E of the blow-up X — X. It 
follows from Subsection 7.1.5 that the normal bundle of £ in X is trivial, so 
E = P! x P! and hence Q is a nonsingular quadric. Thus (X, @) defines a 
biregular model B C P? of C such that B is of degree 5 and lies on a unique 
nonsingular quadric Q. One can show that the latter condition is equivalent to 
the fact that the invertible sheaf Op(1) & wR? is not effective. It is easy to see 
that B is of bidegree (2, 3). 

Let us construct an isomorphism between Jac(C’) and F(X). Recall that 
Jac(C) is birationally isomorphic to the symmetric square C (2) of the curve 
C. The canonical map C) — Pic?(C) defined by x + y +> [x + y] is an 
isomorphism over the complement of one point represented by the canonical 
class of C. Its fiber over Kc is the linear system | Kc]. Also note that Pic?(C) 
is canonically identified with Jac(C) by sending a divisor class € of degree 2 
to the class £ — Ko. 

Each line ¢’ skew to £ is projected to a secant line of B. In fact, (£, 0’) .X isa 
quartic curve in the plane (£, ¢’) = IP? that contains two skew line components. 
The residual part is the union of two skew lines m, m’ intersecting both £ and 
L’. Thus £’ is projected to the secant line joining two points on C which are the 
projections of the lines m, m’. If m = m’, then V is projected to a tangent line 
of B. Thus the open subset of lines in X skew to £ is mapped bijectively to an 
open subset of C(?) represented by “honest” secants of C, i.e. secants which 
are not 3-secants. Each line ¢’ € F(X) \ {4} intersecting @ is projected to a 
point b of B. The line f of the ruling of Q intersecting B with multiplicity 3 
and passing through a point b € B defines a positive divisor D of degree 2 
such that f N B = b + D. The divisor class [D] € Pic?(C) is assigned to l. 
So we see that each trisecant line of B (they are necessarily lie on Q) defines 
three lines passing through the same point of £. By taking a section of X by 
a hyperplane tangent to X at a point x € X, we see that x is contained in 
four lines (taken with some multiplicity). Finally, the line £ itself corresponds 
to Ko. This establishes an isomorphism between Pic?(C) and F(X). 
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Note that we have proved that X is a rational variety by constructing an 
explicit rational map from X to P?. This map becomes a regular map after we 
blow up a line Z on X. The image of the exceptional divisor is a quadric. This 
map blows down the union of lines on X that intersect £ to a genus 2 curve C 
of degree 5 lying on the quadric. The inverse map P? --» X c P* is given 
by the linear system of cubic hypersurfaces through the curve C'. It becomes a 
regular map after we blow-up C. Since any trisecant line of C defined by one 
of the rulings of the quadric blows down to a point, the image of the proper 
transform of the quadric is the line £ on X. The exceptional divisor is mapped 
to the union of lines on X intersecting £. 


10.3.3 Kummer surfaces 


We consider the case n = 3. The quadratic line complex € is the intersection 
of two quadrics G M Q. We shall assume that € is nonsingular. Let C be the 
associated hyperelliptic curve of genus 2. 

First let us look at the singular surface A of €. By Proposition 10.3.3, it is 
a quartic surface. For any point x € A, the conic Cy = EN Q(z) is the union 
of two lines. A line in G is always equal to a 1-dimensional Schubert variety. 
In fact, G is a nonsingular quadric of dimension 4, and hence contains two 3- 
dimensional families of planes. These are the families realized by the Schubert 
planes Q(x) and N(II). Hence a line must be a pencil in one of these planes, 
which shows that C, = Q(x, II) U Q(x, Iz) for some planes II}, Mo in P3. 
Any line in € is equal to some Q(x, A) and hence is equal to an irreducible 
component of the conic C}. Thus we see that any line in € is realized as an 
irreducible component of a conic C,, x € €. It follows from Theorem 10.3.6 
that the variety of lines F (€) in € is isomorphic to the Jacobian variety of C. 


Proposition 10.3.7 The variety F(€) of lines in € is a double cover of the 
quartic surface A. The cover ramifies over the set A, of points such that the 
conic C; = px (x) is a double line. 


Let x € A and C} = Q(x, II) U Q(x, H2). A singular point of C is called 
a singular line of €. If x ¢ Aj, then Cy has only one singular point equal to 
Q(x, II) N Q(x, Iz). Otherwise, it has the whole line of them. 

Let S = S(€) be the singular surface of €. By Proposition 10.3.5, S is a 
complete intersection of three quadrics. 

By the adjunction formula, we obtain wg = Og. The assertion that 5 is 
nonsingular follows from its explicit equations (10.28) given below. Thus S' is 
a K3 surface of degree 8. 
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Theorem 10.3.8 The set of pairs (x, l), where £ is a singular line containing 
x is isomorphic to the variety A C Ze, the locus of points where the morphism 
pe : Ze > P? is not smooth. It is a nonsingular surface with trivial canonical 
class. The projection pe : A > Ais a resolution of singularities. The projec- 
tion qe : A > S is an isomorphism. The surface S is equal to EN Q, where 
Q is a quadric in P5. 


Proof The first assertion is obvious since the fibres of pe : Ze — P3 are 
isomorphic to the conics Cy. To see that qe is one-to-one we have to check 
that a singular line £ cannot be a singular point of two different fibres C,, and 
Cy. The planes Q(x) and Q(y) intersect at one point € = Ty and hence span 
P+. If Q is tangent to both planes at the same point £, then the two planes 
are contained in Te(Q) N Te(G), hence € = Q N G is singular at £. This 
contradicts our assumption on €. Thus the projection A — S is one-to-one. 
Since the fibres of qe : Ze — Care projective lines, this easily implies that the 
restriction of qe to A is an isomorphism onto S. 














Theorem 10.3.9 The set A; consists of 16 points, and each point is an ordi- 
nary double point of the singular surface A. 


Proof Let A = F(€) be the variety of lines in €. We know that it is a double 
cover of A ramified over the set A}. Since A is isomorphic to S outside Aj, 
we see that A admits an involution with a finite set F of isolated fixed points 
such that the quotient is birationally isomorphic to a K3 surface. The open set 
A \ F is an unramified double cover of the complement of s = #F projective 
lines in the K3 surface S. For any variety Z we denote by e.(Z) the topological 
Euler characteristic with compact support. By the additivity property of e,, we 
gete.(A-5) = e(A) — s = 2(es (S) — 25) = 48 — 4s. Thus e( A) = 48 — 3s. 
Since A = Jac(C), we have e(A) = 0. This gives s = 16. Thus A has 16 
singular points. Each point is resolved by a (—2)-curve on S. This implies that 
each singular point is a rational double point of type Aj, i.e. an ordinary double 
point. 














Definition 10.3.10 For any abelian variety A of dimension g the quotient of 
A by the involution a > —a is denoted by Kum(A) and is called the Kummer 
variety of A. 


Note that Kum(A) has 279 singular point locally isomorphic to the cone 
over the Veronese variety Vet In the case g = 2 we have 16 ordinary double 
points. It is easy to see that any involution with this property must coincide 
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with the negation involution (look at its action in the tangent space, and use 
that A is a complex torus). This gives the following. 


Corollary 10.3.11 The singular surface of € is isomorphic to the Kummer 
surface of the Jacobian variety of the hyperelliptic curve C of genus 2. 


The Kummer variety of a Jacobian variety of a nonsingular curve is called a 
Jacobian Kummer variety. 


Proposition 10.3.12 The surface S contains two sets of 16 disjoint lines. 


Proof The first set is formed by the lines ge(pg '(z:)), where 21,..., 216 are 
the singular points of the singular surface. The other set comes from the dual 
picture. We can consider the dual incidence variety 


Ze = {(1L, 0 € (P)Y x €: c 0}. 


The fibres of the projection to (P?)Y are conics. Again we define the singular 
surface A as the locus of planes such that the fiber is the union of lines. A line 
in the fiber is a pencil of lines in the plane. These pencils form the set of lines 
in €. The lines are common to two pencils if lines are singular lines of €. Thus 
we see that the surface S can be defined in two ways by using the incidence 
Ze or Ze. As before, we prove that A is the quotient of the abelian surface A 
and is isomorphic to the Kummer surface of C’. The lines in S corresponding 
to singular points of A is the second set of 16 lines. 














Choosing six mutually apolar linear line complexes we write the equation of 
the Klein quadric as a sum of squares. The condition of nondegeneracy allows 
one to reduce the quadric Q to the diagonal form in these coordinates. Thus 
the equation of the quadratic line complex can be written in the form 


5 5 
Vey ae =o (10.28) 
i=0 i=0 


Since € is nonsingular, a; A aj, i # j. The parameters in the pencil corre- 
sponding to six singular quadrics are (to, t1) = (—ao,1),i = 0,...,5. Thus 
the hyperelliptic curve C has the equation 


ip = (ty + aoto) ees (tı + asto), 


which has to be considered as an equation of degree 6 in the weighted plane 
P(1, 1,3). 

To find the equation of the singular surface S of €, we apply (10.27). The 
dual of the quadric V (> a;t?) is the quadric V (X> a, ‘u?). Its preimage under 
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the Gauss map defined by the quadric V (Y> t2) is the quadric V(X a7 ‘?). 


7 
After scaling t; > a;t;, we obtain that the surface S, a nonsingular model, of 


the Kummer surface, is given by the equations 


5 


5 5 
=) ae = a Hh (10.29) 
i=0 i=0 


i=0 


We know that the surface given by the above equations contains 32 lines. 
Consider six lines 4; in P? given by the equations 


Xo +aiXı +a? X2 =0, i=0,...,5. (10.30) 


Since the points (1, a;, a?) lie on the conic Xo X2 — X? = 0, the lines @; are 
tangent to the conic. 


Lemma 10.3.13 Let X C P?*~! be a variety given by complete intersection 
of k quadrics 





2k—1 
2 . 
qi= X. ayt} =0, tH Lk: 

jJ=0 
Consider the group G of projective transformations of P?*—" that consists of 
transformations 

[to, - - -, t2x—1] + [eoto, --- , €2x—1t2k—1], 

where e; = +1 and eu: :: €2k—1 = 1. Then X/G is isomorphic to the double 


cover of P*~! branched along the union of 2k hyperplanes with equations 
explicitly given below in (10.31). 


Proof Let R = C[{to,...,to2x—1]/(q1,---;Q) be the ring of projective coor- 
dinates of X. Then the subring of invariants R@ is generated by the cosets of 
t2,...,t3, 1 and to- -t2k—1. Since (to +++ tar-ı)? = td: t3,_ 1, we obtain 
that 


RE = Cfto,... ,t2k—1,t]/1, 
where J is generated by 


2k—1 
> eek Peter 
j=0 


Let A = (aij) be the matrix of the coefficients a,;. Its rank is equal to k. 
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Choose new coordinates t; in C?* such that t/,,_, = 2. aijtj, i = 
1,...,k. Write 
k-1 
ti= ð but; mod (t;,...,t,-1), °=0,...,2k—1. 
j=0 
Then 
2k-1k-1 
X/G & Proj RC & Proj(C[t),... teat)? -]J[ > bitil). 
i=0 j=0 


Thus X/G is isomorphic to the double cover of P®=! branched along the hy- 
perplanes 


k—1 
X bijz; =0, j=0,...,2k— 1. (10.31) 
j=0 














Corollary 10.3.14 Suppose the set of 2k points 


[ao0, - - - , ako], - - - , [Q0 2k-1) +++, @k 2k—-1] 


in PF=1 is projectively equivalent to an ordered set of points on a Veronese 
curve of degree k — 1. Then X/G is isomorphic to the double cover of P-t 
branched along the hyperplanes 


aojo + +++ + ak—1jk-1 = 0, i=0,...,2k -1. 


Proof Choose coordinates such that the matrix A = (a;;) has the form 





1 1 1 
a a2 2k 
A= : 
Let 
D;= |[ (aj;-a) 
1<i<j<k 
and 
f(x) = (x — a1) (£ — ak) = ao Haya +--+ + apa", 
f(z) k-1 ; 
f(a) = Diese) = apj +ayc+ +12" t, j =1,...,k. 
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We have 
—1 
1 1 1 aol aıı Ak-11 
ay a2 Ak a02 Q12 Qk—-12 
B= ; =|. 
k—1 k—1 k—1 
Qı A> see Oy Qok Qik <... Ak-1k 


Multiplying A by B on the left we obtain 


1 0 0 ws 0 filakyı) <> fılazk) 

010... 0 fe(ax+ı) each falak) 
B-A=]|. a swo eL TS : ‘ : 

0 0 0 ve Sell) 





filari) --- file) filokti) --- Fılazr) 
Flaı) ... falar) Felartı) --- folazk) 





FECA). 003, la: ae: se alone) 


The polynomials f1(z),..., fr (x) form a basis in the space of polynomials of 
degree < k — 1. Thus we see that the columns of the matrix B - A can be taken 
as the projective coordinates of the images of points [1, a1], .. - , [1, 2%] € P! 
under a Veronese map. Under the projective transformation defined by the ma- 
trix B, the ordered set of columns of matrix A is projectively equivalent to 
the set of points defined by the column of the matrix B - A. Write the ma- 
trix B - A in the block-form [J; C]. Then the null-space of this matrix is the 
columns space of the matrix [—C Ip]. It defines the same set of points up to a 














permutation. 
The following Lemma is due to A. Verra. 


Lemma 10.3.15 Let X be the base locus of a linear system N of quadrics of 
dimension k — 1 in P?*—1, Suppose that 


e N contains a nonsingular quadric; 
e X contains a linear subspace N of dimension k — 2; 
e X is not covered by lines intersecting A. 


Then X is birationally isomorphic to the double cover of N branched over the 
discriminant hypersurface of N. 


Proof Let A be a linear subspace of dimension k — 2 contained in X. Take 
a general point x € X and consider the span II = (A, x). By our assumption 
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x is not contained in any line. The restriction of the linear system N to II is a 
linear system of quadrics in II & P*~! containing A and z in its base locus. 
The residual components of these quadrics are hyperplanes in II containing z. 
The base locus of this linear system of hyperplanes consists only of x, because 
otherwise x will be contained in a line on X intersecting A. Our assumption 
excludes this. Thus the dimension of the restriction of N to IL is equal to k — 2. 
This implies that there exists a unique quadric in N containing II. This defines 
a rational map X --> N. A general member of N is a nonsingular quadric in 
P?*—1 It contains two rulings of (k—1)-planes. Our (k—1)-plane IT belongs to 
one of the rulings. The choice of a ruling to which II belongs defines a rational 
map to the double cover Y — N branched along the discriminant variety of 
N parameterizing singular quadrics. The latter is constructed by considering 
the second projection of the incidence variety 


{(II, Q) € (PN) x N: Te N} 


and applying the Stein factorization. Now we construct the inverse rational map 
Y --+ X as follows. Take a nonsingular quadric Q € N and choose a ruling 
of (k — 1)-planes in Q. If Q = V (q), then II = |L|, where L is an isotropic k- 
dimensional linear subspace of the quadratic form q, hence it can be extended 
to a unique maximal isotropic subspace of q in any of the two families of such 
subspaces. Thus A is contained in a unique (k — 1)-plane II from the chosen 
ruling. The restriction of N to II is a linear system of quadrics of dimension 
k — 2 with A contained in the base locus. The free part of the linear system is 
a linear system of hyperplanes through a fixed point x. This point belongs to 
all quadrics in M, hence belongs to X. So this point is taken to be the value of 
our map at the pair Q plus a ruling. 














Applying this Lemma to the case when the linear system of quadrics consists 
of diagonal quadrics, we obtain that the discriminant hypersurface in N is the 
union of hyperplanes 


k 
X aiti =0, j=0,...,2k +1. 
i=0 


This shows that in the case when the hyperplanes, considered as points in the 
dual space, lie on a Veronese curve, the base locus X of N is birationally 
isomorphic to the quotient X/G. 

This applies to our situation, and gives the following. 


Theorem 10.3.16 The surface S given by Equation (10.29) is birationally 
isomorphic to the double cover of P? branched along the six lines ¢; = V (zo + 
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aj21 + a?z2). It is also birationally isomorphic to the quotient S/G, where G 
consists of involutions [to, ...,t5] — [eoto,..-, sts] with €o- +- €5 = 1. 


Remark 10.3.17 Consider the double cover F of P? branched over six lines 
Lı, . . . , l6 tangent to an irreducible conic C’. It is isomorphic to a hypersurface 
in P(1,1,1,3) given by the equation z? — f¢(to,ti,t2), where V (fe) is the 
union of 6 lines. The restriction of fg to the conic C is the divisor 2D, where D 
is the set of points where the lines are tangent to C. Since C & P! we can find 
a cubic polynomial g(to, t1, t2) which cuts out D in C. Then the preimage of 
C in F is defined by the equation z? — g} = 0 and hence splits into the union of 
two curves C = V (z — g3) and Ca = V (z + g3) each isomorphic to ©. These 
curves intersect at six points. The surface F' has 15 ordinary double points over 
the points pi; = 4i N £j. Let F be a minimal resolution of F. It follows from 
the adjunction formula for a hypersurface in a weighted projective space that 
the canonical class of F is trivial. Thus F is a K3 surface. Since C does not 
pass through the points p;; we may identify C1, C2 with their preimages in F. 
Since C4 = C & Pt, we have C? = —2. Consider the divisor class h on F 


equal to C1 + L, where L is the preimage of a line in P?. We have 
h? = C? +201 -L+ 1? = C? + (C1 +6)-I+ 1? =-24+44+2=4, 


We leave it to the reader to check that the linear system | H | maps F to a quartic 
surface in P3. It blows down all 15 exceptional divisors of F — F to double 
points and blows down C to the sixteenth double point. 

Conversely, let Y be a quartic surface in P? with 16 ordinary double points. 
Projecting the quartic from a double point g, we get a double cover of P? 
branched along a curve of degree 6. It is the image of the intersection R of Y 
with the polar cubic P,(Y). Obviously, R the singular points of Y are projected 
to 15 singular points of the branch curve. A plane curve of degree 6 with 15 
singular points must be the union of six lines £414, . . . , e. The projection of the 
tangent cone at q is a conic everywhere tangent to these lines. 


Theorem 10.3.18 A Kummer surface is projectively isomorphic to a quartic 
surface in P? with equation 


A(a* + y* + 24 + wt) +2B(x?y? + 27w?) (10.32) 
+2C (2?2? +y w) + 2D(x’w? + 2y) + 4Eryzw = 0, 





where 


A(A? + E — B? — C? — D*)+2BCD =0. (10.33) 


The cubic hypersurface defined by the above equation is isomorphic to the 
Segre cubic primal. 
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Proof Choosing apolar linear line complexes, we transform the Klein quadric 
to the form t? +... + tê = 0. Consider the Heisenberg group with nonzero 
elements defined by involutions associated to a pair of apolar linear line com- 
plexes. The Heisenber group is induced by transformations of P? listed in Sub- 
section 10.2.1. In these coordinates the equation of the Kummer surface must 
be invariant with respect to these transformations. It is immediately checked 
that this implies that the equation must be as in (10.32). It remains for us to 
check the conditions on the coefficients. We know that a Kummer surface con- 
tains singular points. Taking the partials, we find 


Az? + 2(By? + Cz” + Dw’) + Eyzw =0, 





Ay? + y(Bz? + Cw? + D2?) + Exzw = 0, 








Az? + z(Bw? + Cr? + Dy?) + Exyw = 0, 


Aw? + w(Bz? + Cy? + Da?) + Exyz = 0. 


Multiplying the first equation by y and the second equation by x, and adding 
up the two equations, we obtain 





2 2 
+ 
(A+ B)(2? +4?) + (C+ D)(2? + w?) = ann (10.34) 
where a = - Exyzw. Similarly, we get 
2 2 
+ 
(C + D)(x? +4?) + (A+B)(2? + w?) =a (10.35) 


Dividing the first equation by x? + y?, the second equation by z? + w?, and 
adding up the results, we obtain 
2+wW 22+ w? 1 


2(A+ B)+(C4 Dar 2 





1 
ae 2) a ar + u)" (10.36) 


Multiplying both sides of equations (10.34) and (10.35), and dividing both 
sides by (x? + y?)(z? + w?), we obtain 

z? +w? ALE 5 
x2 + y2 r2 + y2 u . 





(A+B)? +(C+D)’+(A+B)(C + D)( 


Now, we multiply Equation (10.35) by A + B, and, after subtracting Equation 
(10.36) from the result, we obtain 


1 1 
(A+B) -(C+DP +P = a(A +B) Ta + 3) 
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Similarly, we get 


(A- BP —(C— DP +E?=-a(A- BY ' J; 





hence, 
(A+ B)?-(C+D)?+E? A+B _ 


(A — B}? — (C — D)? + E? Tieg" 








From this we easily derive (10.33). 
Equation (10.33) defines a cubic hypersurface in P4 isomorphic to the Segre 
cubic primal S3 given by Equation (9.47). After substitution 
A = zo + 23, (10.37) 
B = zo + 2z2 + 2z4 + 23, 
C = zo + 2z1 + 224 + 23, 











= — 20 21 229 23, 


E= — 220 + 223, 
we obtain the equation 
29 +2? + z3 +23 +23 — (z0 +21 +22 +23 +24)? =0. 


Since Kummer surfaces depend on three parameters, and the Segre cubic is 
irreducible, we obtain that a general point on the Segre cubic corresponds to a 
Kummer surface. 














Let V = H? (P? , Ops (4))™2 & C5 with coordinates A, B, C, D, E. The lin- 
ear system |V| C |Ops(4)| defines a map ® : P? — |V|Y = P* whose image 
is isomorphic to the orbit space X = P? /Hg from (10.18). The preimage of a 
hyperplane in P? is singular if and only if it does not intersect X transversally. 
This implies that the dual of the hypersurface X is equal to the Segre pri- 
mal cubic S3, and, by Proposition 9.4.18, it is isomorphic to the Castelnuovo- 
Richmond quartic. 

A tangent hyperplane of CR; at its nonsingular point is a quartic surface 
with 16 nodes, 15 come from the 15 singular lines of the hypersurface and one 
more point is the tangency point. It coincides with the surface corresponding 
to the point on the dual hypersurface. In this way we see a moduli-theoretical 
interpretation of the set of nonsingular points of CR4. They correspond to the 
Kummer surfaces of abelian surfaces equipped with some additional data. Re- 
call that that we have chosen Klein coordinates in the Pliicker space that al- 
lowed us to write the equation of a Kummer surface in #/2-invariant form. The 
double plane construction model of the Jacobian Kummer surface comes with 
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the order on the set of six lines defining the branch curve. This is the same 
as the order on six Weierstrass points of the corresponding curve of genus 2. 
As we saw in Chapter 5, the order on the Weierstrass point is equivalent to a 
choice of a symplectic basis in the group of 2-torsion points of the Jacobian 
variety. In this way we see that a Zariski open subset of CR, can be identified 
with the moduli space of Jacobian abelian surfaces with full level 2 structure 
defined by a choice of a symplectic basis in the group of 2-torsion points. It 
turns out that the whole hypersurface CR; is isomorphic to a certain natural 
compactification A2(2) of the moduli space of abelian surface with full level 
2 structure. This was proven by J. Igusa in [314], who gave an equation of the 
quartic CR, in different coordinates. The quartic hypersurface isomorphic to 
CR; is often referred to in modern literature as an /gusa quartic (apparently, 
reference [176] is responsible for this unfortunate terminology). 





The 16 singular points of the Kummer surface Y given by (10.32) form 
an orbit of H2. As we know this orbit defines a (16g )-configuration. A plane 
containing a set of six points cuts out on Y a plane quartic curve with 6 singular 
points, no three of them lying on a line. This could happen only if the plane is 
tangent to the surface along a conic. This conic, or the corresponding plane, is 
called a trope. Again this confirms the fact that in any general 7/2-orbit a set 
of coplanar six points from the (166)-configuration lies on a conic. 

On a nonsingular model of Y isomorphic to the octavic surface S in P° 
the exceptional curves (the singular lines of the quadratic complex) of the 
16 singular points and the proper transforms of 16 tropes form the (16¢)- 
configuration of lines. 

Consider the Gauss map from Y to its dual surface YY given by cubic par- 
tials. Obviously, it should blow down each trope to a singular point of YY. 
Thus Y” has at least 16 singular points. It follows from the Pliicker-Teissier 
formulas (1.2.7) that each ordinary double point decreases the degree of the 
dual surface by 2. Thus the degree of the dual surface YY is expected to be 
equal to 36 — 32 = 4. In fact we have the following beautiful fact. 


Theorem 10.3.19 A Kummer surface is projectively isomorphic to its dual 
surface. 


Proof Inthe proof of Theorem 10.3.18 we had computed the partial cubics 
of Equation (10.32). The linear system of the partial cubics is invariant with 
respect to the action of the Heisenberg group Ho and defines an isomorphism 
of projective representations. If we choose a basis appropriately, we will be 
able to identify #/2-equivariantly the dual of the linear system with the origi- 
nal space P?. We know that the image of the surface is a quartic surface with 
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16 singular points. Since the tropes of the original surfaces are mapped to sin- 
gular points of the dual surface, we see that the two surfaces share the same 
configurations of nodes and tropes. Thus they share 16 conics, and hence co- 
incide (since the degree of intersection of two different irreducible surfaces is 
equal to 16). 














Remark 10.3.20 One can see the duality also from the duality of the quadratic 
line complexes. If we identify the space E = C* with its dual space by means 
of the standard basis e€1, €2,e3,e4 and its dual basis e7,e5,e3,e4, then the 
Pliicker coordinates p;; = ef ^ e} in he E can be identified with the Plücker 
coordinates pł; = ei ^ ej in N EY. The Klein quadrics could be also identi- 
fied. Now the duality isomorphism G(2, E) > G(2, EY), £ ¢+, becomes 
compatible with the Plücker embeddings. The quadratic line complex given in 
Klein coordinates by two diagonal quadrics (10.28) is mapped under the dual- 
ity isomorphism to the quadratic line complex given by two diagonal quadrics 
Sy =0,} a; 1y2 = 0, the dual quadrics. However, the intersection of these 
two pairs of quadrics is projectively isomorphic under the scaling transforma- 
tion y; > \/aiy;. This shows that, under the duality isomorphism, the singular 
surfaces of the quadratic line complex and its dual are projectively isomorphic. 
It follows from the definition of the duality that the tropes of the Kummer sur- 
face correspond to (-planes that intersect the quadratic line complex along the 
union of two lines. 


The Kummer surface admits an infinite group of birational automorphisms. 
For a general one, the generators of this group have been determined in modern 
works of J. Keum [332] and S. Kondo [345]. We give only examples of some 
automorphisms. 


e Projective automorphisms defined by the Heisenberg group. They corre- 
spond to translations by 2-torsion points on the abelian surface cover. 


e Involutions defined by projections from one of 16 nodes. 


e Switches defined by choosing a duality automorphism and composing it 
with elements of the Heisenberg group. 


e Cubic transformations given in coordinates used in Equation (10.32) by 


e Certain automorphisms induces by Cremona transformations of degree 7. 
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10.3.4 Harmonic complex 


Consider a pair of irreducible quadrics Qı and Q2 in P”. A harmonic line 
complex or a Battaglini complex is the closure in G4 (P”) of the locus of lines 
which intersect @ and Q3 at two harmonically conjugate pairs. Let us see that 
this is a quadratic line complex and find its equation. 

Let A = (aij), B = (bij) be two symmetric matrices defining the quadrics. 
Let £ = 79, where x = [v], y = [w] for some v, w € C*. Let £ = [sv + tw] 
be a parametric equation of £. Then the restriction of Qı to (is a binary form 
in s,t defined by (vAv)s? + 2(vAw)st + (wAw)t? and the restriction of Q2 
to £ is defined by the bilinear form (vBw)s? + 2(vBw)st + (wBw)t?. By 
definition, the two roots of the binary forms are harmonically conjugate if and 
only if 


(vAv)(wBw) + (wAw)(vBv) — 2(vAw)(vBw) = 0. 


Let [vw] be the matrix with two columns equal to the coordinate vectors of v 
and w. We can rewrite the previous expression in the form 


det (*[vw][AvBuw]) + det (*[v, w][BuAw]) = 0. (10.38) 


The expression is obviously a quadratic form on N C"+1 and also a symmet- 
ric bilinear form on the space of symmetric matrices. Take the standard basis 
Eij + Eji, fii, <i < j < n +1, of the space of symmetric matrices and 
compute the coefficients of the symmetric bilinear forms in terms of coordi- 
nates of v and w. We obtain 


Qijikl = AHzınzyeyı + ceeryys) — 2(eeys + TiYk)(LjYi + 2iy5) 


= 2(PikPjl + PüPjk), 
where Pab = —Pba if a > b. Thus (10.38) is equal to 
X (aig bei + andi) (DiePjt + Pipik) = 0. (10.39) 


This is an equation of a quadratic complex. If we assume that a;; = bi; = 0 if 
i Æ j, then the equation simplifies 


X (aibjj + ajjbu)p? = 0. (10.40) 


Consider the pencil P of quadrics AQı + #Qa. Let us assume, for simplicity, 
that the equations of the quadrics can be simultaneously diagonalized. Then a 
line £ is tangent to a quadric from P if and only if 


X Oai + bii) (Aaj; + ubij) pi 
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=) (Mawaz; + Ayılabj; + ajjbu) + W?diids;)Pi; = 0. 


The restriction of the pencil to £ is a linear series g} unless £ has a base point 
in which case the line intersects the base locus of the pencil. The two quadrics 
which touch £ correspond to the points [A, u] € P which satisfy the equation 
in above. Denote by A, 2B, C the coefficients at A?, Ay, u?. The map 


G,(P") > P?, 24 [A,B,C] 


is a rational map defined on the complement of codimension 3 subvariety of 
G,(P") given by the equations A = B = C = Q. Its general fiber is the 
loci of lines which touch a fixed pair of quadrics in the pencil. It is given by 
intersection of two quadratic line complexes. In case n = 2, we recognize a 
well-known fact that two conics have four common tangents. The preimage of 
a line Ato + 2Btı + Ctz = 0 with AC — B? = 0 is a line complex such that 
there is only one quadric in the pencil which touches the line. Hence it equals 
the Chow form of the base locus, a hypersurface of degree 4 in G(2, n). 

Let us consider the case n = 3. In this case a harmonic line complex is a 
special case of a quadratic line complex given by two quadrics 


Q1 := p12P34 — P13P24 + Pıapaz = 0, 
Qə := Qa12P13 ee 03434 = 0. 


We assume that Q% is a nonsingular quadric, i.e. all a;; 4 0. It is easy to see 
that the pencil AQ, + uQə = 0 has six singular quadrics corresponding to the 
parameters 


[1 











+,/412034], (1, +,/a73a24], [1, +./a14493]. 


Thus we diagonalize both quadrics to reduce the equation of the quadratic line 
complex to the form 


tot---+t8 =0, 


kilt — t) + ko(t2 — t2) + kati — t) = 0. 





The genus 2 curve corresponding to the intersection of the two quadrics is a 
special one. Its branch points are [1, +k], [1, +o], [1, +k3]. The involution of 
P! defined by [to, ti] — [to, —tı] leaves the set of branch points invariant and 
lifts to an involution of the genus 2 curve. It follows from the description of 
binary forms invariant under a projective automorphism of finite order given 
in Section 8.8.4 that there is only one conjugacy class of involutions of order 
2 and each binary sextic whose set of zeros is invariant with respect to an 
involution can be reduced to the form (tô — t?) (tê — at?)(t2 — Bt?). Thus 

















608 Geometry of Lines 


we see that the harmonic line complexes form a hypersurface in the moduli 
space of smooth complete intersections of two quadrics in P3. It is isomorphic 
to the hypersurface in Ma formed by isomorphism classes of genus 2 curves 
admitting two commuting involutions. 


Proposition 10.3.21 The singular surface of a harmonic line complex is pro- 
jectively isomorphic to a quartic surface given by Equation (10.32) with coef- 
ficient E equal to 0. 


Proof We use that, in Klein coordinates, our quadratic line complex has ad- 
ditional symmetry defined by the transformation 


(to, ti, ta, t3, ta, ts) E (—it1, ito, —it3, tt2, —its, ita). 


Here we may assume that to = i(pı4 — p23), t1 = pia + p23, etc. The trans- 
formation of P? that induces this transformation is defined by [«, y, z, w] + 
[-2, y, z, w]. Equation (10.32) shows that the Kummer surface is invariant 
with respect to this transformation if and only if the coefficient FE is zero. 














Note that under the isomorphism from the cubic (10.33) to the Segre cubic 
primal given by formulas (10.37), the coefficient E is equal to — zo + 23. This 
agrees with a remark before Lemma 9.4.11. 

Consider the Kummer surface S given by Equation (10.32) with E = 0. 
Intersecting the surface with the plane x = 0 we obtain the plane quartic with 
equation Q(x?,y?, z?) = 0 where Q = A(s? + u? + v?) + 2Bsu +2Csv + 
2Duv. Its discriminant is equal to A(A?— B?—C?— D?)+2BCD. Comparing 
it with Equation (10.33), we find that the quadratic form is degenerate. Thus the 
plane section of the Kummer surface is the union of two conics with equations 
(ax? + by? + cz?) (a'z? + b'y? + d'z?) = 0. The four intersection points of 
these conics are singular points of S. This easily follows from the equations 
of the derivatives of the quartic polynomial defining S. Thus we see that the 
16 singular points of the Kummer surface lie by four in the coordinate planes 
x,y, Z,w = 0. Following A. Cayley [73], a Kummer surface with this property 
is called a Tetrahedroid. 

Note the obvious symmetry of the coordinate hyperplane sections. The co- 
ordinates of 16 nodes can be put in the following symmetric matrix: 



































0 a2 F+aı3 +a14 
T421 0 a23 a24 

a31 a32 0 434 

ası Fa +a43 0 








The complete quadrangle formed by four nodes pı,...,pa in each coordinate 
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plane has the property that the lines p;p; and Dey with {i,7,} O {k,l} = 0 
intersect at the vertices of the coordinate tetrahedron. One can also find the 
16 tropes. Take a vertex of the coordinate tetrahedron. There will be two pairs 
of nodes, not in the same coordinate plane, each pair lying on a line passing 
through the vertex. For example, 


[0, a12, a13, a14], [0, a12, —@13, a14], [0, a21, 0, a23, a24], [0, a21, 0, —a23, a24]. 


The plane containing the two pairs contains the third pair. In our example, 
the third pair is [a41, —a42, a43, 0], [a41 , —a42, —a43, 0]. This is one of the 16 
tropes. Its equation is a24£x +a14y— a12w = 0. Similarly, we find the equations 
of all 16 tropes 





a34y + a422 + ao3w = 0, 











a34% + 0112 £ aj3w = 0, 














a24% + agy + ajgw = 0, 

















A230 a31y 4122 = 0. 





Remark 10.3.22 For experts on K3 surfaces, let us compute the Picard lattice 
of a general Tetrahedroid. Let o : Š — S be a minimal resolution of S. Denote 
by h the class of the preimage of a plane section of S and by e;, i = 1,...,16, 
the classes of the exceptional curves. Let cı and cz be the classes of the proper 
transforms of the conics C1, C2 cut out by one of the coordinate plane, say 
x = 0. We have 








cy + C2 = h — e1 — e2 — E3 — €64. 


Obviously, cı-ca = 0 and h-c; = 2 and & = —2. Consider another coordinate 
plane and another pair of conics. We can write 


C3 + c4 = h — €5 — €e — €7 — Ep. 


This shows that the classes of the eight conics can be expressed as linear com- 
binations of classes h, e; and c = cı. It is known that the Picard group of a gen- 
eral Kummer surface is generated by the classes e; and the classes of tropes 
t; satisfying 2t; = h — ei, — --- — e;,. The Picard group of a Tetrahedroid 
acquires an additional class c. 

The Jacobian variety of a genus 2 curve C with two commuting involutions 
contains an elliptic curve, the quotient of C by one of the involutions. In the 
symmetric product ©) it represents the graph of the involution. Thus it is 
isogenous to the product of two elliptic curves. 
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Note that the pencil of quadrics passing through the set of eight points (C1 N 
C2) U (C3 N C4) defines a pencil of elliptic curves on S' with the divisor class 





2h — e1 — € — €3 — €4 — €5 — C6 — C7 — €g = C1 + C2 + C3 + C4- 


Since c1 C2 = c3: c4 = 0, Kodaira’s classification of fibres of elliptic fibrations 
shows that c1, Ca, Ca, c4 are the classes of irreducible components of a fiber of 
type I4. This implies that the four intersection points (Cy U C2) N (C3 U C4) 
lie on the edges of the coordinate tetrahedron. 


The parameters A, B, C, D used to parameterize Tetrahedroid surfaces have 
be considered as points on the cubic surface 


A(A? — B? — C? — D?) +2BCD =0. 


One can write an explicit rational parameterization of this surface using the 
formulas 


A = 2abc, B = a(b? + °), C = b(a? +c”), D = c(a? + b°). 


The formulas describe a rational map P? --+ P? of degree 2 given by the 
linear system of plane cubics with three base points pı = [1,0,0], p2 = 
[0,1,0], p3 = [0,0, 1]. It extends to a degree 2 map from a del Pezzo surface 
of degree 6 onto a 4-nodal cubic surface. In fact, if one considers the stan- 
dard Cremona involution [a,b,c] +> [a7 t}, b7}, c71], then we observe that the 
map factors through the quotient by this involution. It has four singular points 
corresponding to the fixed points 


la, b,c] = [1,1,1], -1,1,1], [1,—1,1], [1,1,—1]. 


of the Cremona involution. The corresponding singular points are the points 
[1,1,1, 1], [1,1, 1; 1], 1, 1,1, 1], 1, 1, 1, 1]: 
If we change the variables X? = bex?, Y? = acy”, X? = abx?,W = w, 


the equation 





A(a* + y* + 24 + wt) + 2B(2?w? +y?) + 2C(y?w? + 2727) 
4+2D(z?w? +2°y) =0 
is transformed to the equation 
(X? +Y? + 2?) (aX? + BY? + ez?) 


la? (b? +07) X?W? +b? (cl? +a?) Y? W? +c?(a?+b?)Z?W?]+a?b?c?W* = 0, 
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or, equivalently, 
ar? by? C2 
2 2 2 2,2 1 72 2 2 p2,,2 + 72 2 zaz 70. 
xz? + y* + 2% — atw z? +y? +z? — bw vi + yr + 24 — COW 
(10.41) 
When a, b, c are real numbers, the real points (a, y, z, 1) € P?(IR) on this sur- 
face describe the propagation of light along the interface between two different 
media. The real surface with Equation (10.41) is called a Fresnel’s wave sur- 
face. It has four real nodes 


a2 p ee) 
(+e a a Os HH a ail) 


where we assume that a? > b? > c?. It has four real tropes given by planes 
ax + By + yz + w = 0, where 


c f/a*—b2 a [|b -e 


One of the two conics cut out on the surface by coordinate planes is a circle. On 
the plane w = 0 at infinity one of the conics is the ideal conic x? +y? +2? = 0. 























10.3.5 The tangential line complex 


When we considered the harmonic line complex defined by two quadrics Q1 
and Q2 we did not need to assume that the quadrics are different. In the case 
when Qı = Q2 = Q, the definition of a harmonic self-conjugate pair implies 
that the two points in the pair coincide, i.e. the line is tangent to the quadric. 
This is a special case of the harmonic complex, the locus of tangent lines to a 
quadric. 

Equation (10.39) gives us the equation of the tangential line complex of a 
quadric Q defined by a symmetric matrix A = (a;;): 


X aijarı(PikPjt + pupjk) = 0. (10.42) 


Proposition 10.3.23 The tangential quadratic line complex XQ associated to 
a nonsingular quadric surface Q in P” is singular along the variety OG(2, Q) 
of lines contained in Q. 


Proof It is easy to see that a line P in G = Gı(P”) is a pencil of lines 
in some plane II in P”. The plane II intersects Q in a conic. If the line is 
general, then the conic is nonsingular, and the pencil P contains two points 
represented by lines in II that are tangent to the conic. This confirms that XQ 
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is a quadratic complex. Now, assume that £ is contained in Q. A general line P 
in G containing £ contains only one point represented by a line in P” tangent to 
Q, namely the line £. This shows that P is tangent to Xq at the point £. Since 
P was a general line in G, it shows that the tangent space of XQ at £ coincides 
with the tangent space of G at £. This implies that Xqg is singular at £. Since 
XQ is a quadratic complex, £ is point of multiplicity 2 in XQ. 














Let To be the tangent bundle of Q and let o : |Tg| > Q be its projectiviza- 
tion. The fiber of |7Q| at a point x € Q consists of lines tangent to Q at x. This 
defines a natural birational morphism 


mt: P(Tg) + XQ 


which is a resolution of singularities of the tangential complex. It is easy to see 
that OG(2, Q) is of codimension 2 in Xo. Thus the exceptional divisor of 7 is 
isomorphic to a P!-bundle over OG(2, Q). 


Remark 10.3.24 One can identify N? C”+! with the Lie algebra so(n + 1) of 
the special orthogonal group SO(n + 1) of the space C"*+ equipped with the 
dot-product symmetric bilinear form and the associated quadratic form q. The 
orthogonal group SO(n + 1) the only orbit contained in the boundary of its 
closure. Considered as linear operators, points in OG(2, Q) are operators A of 
rank 2 satisfying A? = 0, and points of XQ are operators of rank 2 satisfying 
A® = 0(see, for example, [32]). In particular, we see that the variety OG(2, Q) 
can be given by quadratic equations expressing the condition that the square of 
the matrix (p;;) is equal to 0. 

Thus both orbits are nilpotent orbits, i.e. they are contained in the subvariety 
of nilpotent linear operators. We refer for the classification of nilpotent orbits to 
[123]. For classical Lie algebras sl,+41,50n4+41,50n+1, the nilpotent orbits are 
classified by partition of n + 1 defining the Jordan form of the linear operator. 
Thus the minimal orbit OG(2, Q) corresponds to the partition (2,2,1,...,1) 
and the supminimal orbit corresponds to the partition (3,1,...,1). 

Replacing the Lie algebra so(n + 1) by any simple complex lie algebra g 
we obtain an analog of the tangential line complex XQ and its singular lo- 
cus OG(2, ©). The latter becomes the unique minimal adjoint orbit in |g], the 
former becomes the unique supminimal adjoint orbit. Both of these orbits are 
nilpotent orbits, i.e. they are contained in the subvariety of nilpotent elements 
of the Lie algebra. An algebraic variety isomorphic to a minimal adjoint orbit 
for some simple Lie algebra g is called a adjoint variety. The adjoint vari- 
eties and, in particular, the line complexes OG(2, Q) of lines in a nonsingular 
quadric, are Fano contact varieties. Recall that a complex manifold M is called 
a contact manifold if its tangent bundle Thy contains a corank one subbundle 
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F such that the bilinear form F x F — Tyr/F defined by the Lie bracket is 
nondegenerate. It is conjectured that any Fano contact variety is isomorphic to 
an adjoint variety (see [35]). 


10.3.6 Tetrahedral line complex 


Consider the union of four planes in P? which define a coordinate tetrahedron 
in the space. Let q1, 92, q3, q4 be its vertices, £;; = qiq; be its edges and 7; = 
GH be its faces. Let [A, B] € P! and € be the closure of the set of lines in 
P? intersecting the four faces at four distinct points with the cross ratio equal 
to [A, B]. Here we assume that the vertices of the tetrahedron are ordered in 
some way. It is easy to see that € is a line complex. It is called a tetrahedral 
line complex. 


Proposition 10.3.25 A tetrahedral line complex € is of degree 2. If pij are the 
Pliicker coordinates with respect to the coordinates defined by the tetrahedron, 
then € is equal to the intersection of the Grassmannian with the quadric 


Api2p34 — Bpi3p24 = 0. (10.43) 
Conversely, this equation defines a tetrahedral line complex. 


Proof Let be a line spanned by the points [a1, a2, a3, a4] and [by, b2, bs, b4]. 
It intersects the face 7; at the point corresponding to the coordinates on the line 
[s,t] = [b;, —a;], i = 1,...,4. We assume that £ does not pass through one of 
the vertices. Then £ intersects the faces at four points not necessarily distinct 
with cross ratio equal to [p12p34, Pi3P24], where p; j are the Plücker coordinates 
of the line. So, the equation of the tetrahedral line complex containing the line 
is [p12P34, P13P24] = [a, b] for some [a,b] € P+. 














Note that any tetrahedral line complex € contains the set of points in G(2, 4) 
satisfying Pis = Pit = Pik = 0 (the lines in the coordinate plane t; = 0). Also, 
any line containing a vertex satisfies pj; = Pjk = Pik = 0 and hence also is 
contained in €. Thus we obtain that € contains four planes from one ruling of 
the Klein quadric and four planes from another ruling. Each plane from one 
ruling intersects three planes from another ruling along a line and does not 
intersect the fourth plane. 

Observe that the tetrahedral line complex is reducible if and only if the cor- 
responding cross ratio is equal to 0, 1, oo. In this case it is equal to the union of 
two hyperplanes representing lines intersecting one of the two opposite edges. 
An irreducible tetrahedral line complex has six singular points corresponding 
to the edges of the coordinate tetrahedron. Their Pliicker coordinates are all 
equal to zero except one. 
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Proposition 10.3.26 The singular surface of an irreducible tetrahedral line 
complex € is equal to the union of the faces of the coordinate tetrahedron. 


Proof We know that the degree of the singular surface is equal to 4. So, it 
suffices to show that a general point in one of the planes of the tetrahedron be- 
longs to the singular surface. The lines in this plane belong to the complex. So, 
a line in the plane passing through a fixed point po is an irreducible component 
of the conic (po) N €. This shows that po belongs to the singular surface of 
€. 














From now on we consider only irreducible tetrahedral line complexes. There 
are different geometric ways to describe a tetrahedral complex. 
First we need the following fact, known as von Staudt’s Theorem (see [540]. 


Theorem 10.3.27 (G. von Staudt) Let £ be a line belonging to a tetrahe- 
dral line complex € defined by the cross ratio R. Assume that £ does not pass 
through the vertices and consider the pencil of planes through £. Then the cross 
ratio of the four planes in the pencil passing through the vertices is equal to R. 


Proof Let e1, €2, €3, e4 be a basis in E = C4 corresponding to the vertices of 
the tetrahedron. Choose the volume form w = e1 A&a ^ e3 ^ez and consider the 
star-duality in N? E defined by (a, 8) = (a A 8) /w. Under this duality (e; A 
ej, €k Neı) = 1(—1) if (i, j, k,l) is an even (odd) permutation of (1, 2, 3, 4) 
and 0 otherwise. Let y = i<icj<a Pijei Ne; be the 2-form defining the line 
Land let y* = | pi;e: ^ ej define the dual line £*, where e; ^ ej is replaced 
with (e; A €j, €k A eı)er A ei, where i, j, k, l are all distinct. The line £ (resp. 
£*) intersects the coordinate planes at the points represented by the columns of 
the matrix 


0 pı2 pı3 pia 0 p34 —p24 p23 
A= | Pr 0 p23 p24 resp. B = —p34 0 pıa —Pıs 
—pı3 — p23 0 p34 | ’ ` P24 —pi4 0 pı2 

—pi4 —p2z4 —p3a. 0 —p23 Pıs — p12 0 


We have A- B = B- A = 0. It follows from the proof of the previous Proposi- 
tion that the cross ratio of the four points on £* is equal to (p} 3P54, P12P34) = 
(p24pP13, P24Pi3). Thus £ and £* belong to the same tetrahedral line complex. 
Now a plane containing £ can be identified with a point on £* equal to the 
intersection point. A plane containing e; and £ is defined by the 3-form 


eı A Y = p23e1 A €2 Nez + p24€1 A e2 ^ €4 + p34€1 A €3 A €4 


and we check that eı A y A (—p34e2 + pose3 — p23€4) = O since B- A = 0. 
This means that the plane containing eı intersects £* at the first point on ¢* 
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defined by the first column. Thus, under the projective map from the pencil of 
planes through £ to the line £*, the plane containing eı is mapped to the inter- 
section point of £* with the opposite face of the tetrahedron defined by to = 0. 
Similarly, we check that the planes containing other vertices correspond to in- 
tersection points of ¢* with the opposite faces. This proves the assertion. 














Proposition 10.3.28 A tetrahedral line complex is equal to the closure of the 
set of secants of rational cubic curves in P? passing through the vertices of the 
coordinate tetrahedron. 


Proof Let R be one of those curves and x € R. Projecting from x we get 
a conic C in the plane with four points, the projections of the vertices. Let 
£ = ry be a secant of R. The projection ¥ of y is a point on the conic C and 
the pencil of lines through % is projectively equivalent to the pencil of planes 
through the secant £. Under this equivalence, the planes passing through the 
vertices of the tetrahedron correspond to the lines connecting their projection 
with y. Applying von Staudt’s Theorem, we conclude the proof. 














Consider the action of the torus T = (C*)* on P? by scaling the coordinates 
in E = C*. Its action on N E is defined by 


(t1, t2, t3, t4) : (pı2,-.- , p34) > (titepie,..., t3tapsa). 


It is clear that the Klein quadric is invariant with respect to this action. This 
defines the action of T' on the Grassmannian of lines. It is also clear that the 
equations of a tetrahedral line complex € are also invariant with respect to 
this action, so T acts on a tetrahedral complex. If £ € € has nonzero Plücker 
coordinates (a general line), then the stabilizer of £ is equal to the kernel of the 
action of T in P?, i.e. equal to the diagonal group of (z, z, z, z), z € C*. Hence 
the orbit of £ is 3-dimensional, and since € is irreducible and 3-dimensional, it 
is a dense Zariski subset of €. Thus we obtain that € is equal to the closure of 
a general line in G(2, 4) under the torus action. Since any general line belongs 
to a tetrahedral line complex, we get an equivalent definition of a tetrahedral 
line complex as the closure of a torus orbit of a line with nonzero Plücker 
coordinates. 

Here is another description of a tetrahedral complex. Consider a projective 
automorphism ¢ : P3 — P? with four distinct fixed points and let € be the 
closure of lines zolz), where x is not a fixed point of ¢. Let us see that € 
is an irreducible tetrahedral complex. Choose the coordinates in C* such that 
the matrix of ¢ is a diagonal matrix with four distinct eigenvalues ;. Then 
€ is the closure of lines defined by 2-vectors y = A-vAv,v € C4. A 
straightforward computation shows that the Plücker coordinates of y are equal 
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to pij = titj(As — Az), where (t1,...,t4) are the coordinates of the vector 
v. Thus, if we take v with nonzero coordinates, we obtain that € contains the 
torus orbit of the vector with nonzero Plücker coordinates pj; = Ai — Aj. As 
we explained in above, € is an irreducible tetrahedral complex. 

It is easy to see that the map which assigns to a point x € P? the line xls) 
defines a birational transformation ® : P3 --> € with fundamental points at 
the fixed points of &. It is given by quadrics. The linear system of quadrics 
through four general points in P? is of dimension 5 and defines a rational map 
from P? to P°. The preimage of a general plane is equal to the intersection of 
three general quadrics in the linear system. Since there are four base points, we 
obtain that the residual intersection consists of four points. This implies that 
the linear system defines a map of degree 2 onto a quadric in P* or a degree 1 
map onto a threefold of degree 4. Since a tetrahedral line complex is obtained 
in this way and any four general points in P? are projectively equivalent, we 
see that the image must be projectively isomorphic to a tetrahedral complex. 
Observe that the six lines joining the pairs of fixed points of ¢ are blown down 
to singular points of the tetrahedral complex. Also, we see the appearance of 
eight planes; four of these planes are the images of the exceptional divisors of 
the blow-up of P? at the fixed points, and the other four are the images of the 
planes spanned by three fixed points. We see that the blow-up of P? is a small 
resolution of the tetrahedral complex. 

There is another version of the previous construction. Take a pencil Q of 
quadrics with a nonsingular base curve. Consider a rational map P? --+ G4 (P?) 
which assigns to a point x € P? the intersection of the polar planes P,(Q),Q € 
Q. This is a line in P? unless x is a singular point of one of quadrics in Q. Un- 
der our assumption on the pencil, there are exactly four such points which we 
can take as the points [1, 0, 0, 0], [0, 1, 0, 0], [0, 0, 1, 0], [0, 0, 0, 1]. Thus we see 
that the rational map is of the same type as in the previous construction and its 
image is a tetrahedral complex. 


10.4 Ruled surfaces 
10.4.1 Scrolls 


A scroll or a ruled variety is an irreducible subvariety S of P” such that there 
exists an irreducible family Xo of linear subspaces of dimension r sweeping S 
such that a general point of S lies in unique subspace from this family. We will 
also assume that each point is contained only in finitely many linear subspaces. 
Following classical terminology, the linear subspaces are called generators. 
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Note that the condition that any point lies in finitely many generators excludes 
cones. 

We identify Xo with its image in the Grassmann variety G = G,(P”). For 
any x € Xo let A, denote the generator defined by the point x. The universal 
family 


{(x, p) € Xo x P” : pe Az} 


is isomorphic to the incidence variety Z x, over Xo. The projection Zx, — P” 
is a finite morphism of degree 1 which sends the fibres of the projective bundle 
Zx, — Xo to generators. For any finite morphism v : X — Xo of degree 
1, the pull-back € = v*(SX.,) defines the projective bundle P(E) and a finite 
morphism v : P(€) — Zx, such that the composition f : P(E) > Zx, > S 
is a finite morphism sending the fibres to generators. Recall that the projection 





Za > P” = |E| is defined by a surjection of the locally free sheave a : 
EY @ Og — SX. Thus the morphism f : P(E) > S c P“ is defined by a 
surjection 











v*(a): EY @Ox +E. 


In particular, the morphism f is given by a linear system |EY | C |Opiey(1)]. 
Thus we see that any scroll is obtained as the image of a birational morphism 


f: P(E) > |E] 


defined by a linear subsystem of |Op(ey (1)|. The linear system can be identified 
with the image of EY — H°(X,€) under the surjective map EY @ Ox > £. 
This map also gives a finite map v : X — Xo C G. The base X of the 
projective bundle m : P(€) — X can be always assumed to be a normal 
variety. Then v : X — Xo is the normalization map. 

A scroll defined by the complete linear system |Op¢)(1)| is a linearly nor- 
mal subvariety of P”. It is called a normal scroll. Any scroll is a projection 
of a normal scroll. Note that, in many text-books, a normal scroll is assumed 
to be a nonsingular variety. We have already classified smooth rational normal 
scrolls of dimension 2 in Chapter 8. 

A surjective map of locally free sheaves E — F defines a closed embedding 
P(F) > P(E). If rank F = r’ + 1, the image of P(F) under the map f : 
P(E) — P” is an r’-directrix of the scroll, a closed subvariety intersecting 














each generator along an r’-plane. If r’ = 0, we get a section of P(E). Its image 
is directrix of the scroll, a closed subvariety of the scroll that intersects each 
generator at one point. Note that not every directrix comes from a section; for 
example, a generator could be a directrix. 

Suppose € — Ei and E — Ez are two surjective maps of locally free sheaves 
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on a smooth curve X. Let E + E1 © Ez be the direct sum of the maps and let 
E’ be the image of this map which is locally free since X is a smooth curve. 
Assume that the quotient sheaf (Ei © Er) /E’ is a skyscraper sheaf. Then the 
surjection E — E’ corresponds to a closed embedding j : P(E’) > P(E). We 
call the projective bundle P(E’) the join of P(E,) and P(E2). We will denote it 
by (P(E1), P(E2)). The compositions E€ — E£’ — £; are surjective maps, hence 
the projections €’ — €E; are surjective and therefore define closed embedding 
P(&) > (P(E), P(E )). 
It follows from (1.33) that 


wp(e)/x = T” (det E)(—r — 1). (10.44) 





If X admits a canonical sheaf wx, we get 
wpe) = 1" (wx) 8 n* det €)(—r — 1). (10.45) 
Let € = c,(Ope)(1)). Recall that the Chern classes c;(€) can be defined by 
using the identity in H* (P(E), Z) (see [282], Appendix A): 
AI + (er (EDE) + + a” (era (€)) = 0. 
Let d = dim X. Multiplying the previous identity by £°”!, we get 
rt 


E = XO (1 r (e (E)E. (10.46) 


i=1 
Assume that d = dim X = 1. Then c;(E) = 0 for i > 1 and cı (E) can be 
identified with the degree of det € (the degree of E). Since € intersects the 
class of a general fiber with multiplicity 1, we obtain 


vt? = deg E. (10.47) 


Since |Opr¢)(1)| gives a finite map of degree 1, the degree of the scroll S = 
f(P(E)) is equal to E"*!. Also E = v*(S%), hence 


deg E = v* (a (S%)) = v* (01) = deg v(X) = deg Xo, 
where the latter degree is taken in the Plücker embedding of G. This gives 
deg S = deg Xo. (10.48) 


The formula is not anymore true if d = dim X > 1. For example, if d = 2, 
we get the formula 


deg S = = n” (c1 (E)E t — n” (ca(E))E" 


= T* (ca (E)? — e2(E))E" = ci (E) - c2(€) = v* (o2), 


where 2 is the special Schubert class. 
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Example 10.4.1 Exercise 19.13 from [278] asks us to show that the degree of 
Sx may not be equal to deg Xo if dim Xo > 1. An example is the scroll S of 
lines equal to the Segre variety s2 ;(P? x P!) c P?. Its degree is equal to 3. If 
we identify the space P? with the projective space of 1-dimensional subspaces 
of the space of matrices of size 2 x 3, the Segre variety is the subvariety of 
matrices of rank 1. If we take homogeneous coordinates to, t1, t2 in P? and 
homogeneous coordinates zo, z1 in Pt, then S is given by 


t t 
rank ( “0% tizo tao <1. 
tozı tizi t221 


When we fix (to, t1, t2), the parametric equation of the corresponding line in 
P* is zo[to, t1, t2, 0, 0, 0] + 21 [0, 0, 0, to, t1, t2]. The Plücker coordinates of the 
line are equal to pi4+j = titj,0 < i < j < 2, with other coordinates equal 
to zero. Thus we see that the variety X parameterizing the generators of 5 
spans a subspace of dimension 5 in P? and is isomorphic to a Veronese surface 
embedded in this subspace by the complete linear system of quadrics. This 
shows that the degree of X is equal to 4. 


From now on we shall assume that X = C is a smooth curve C so that 
the map v : C — Co C G,(P”) is the normalization map of the curve Co 
parameterizing generators. 

Let Sı and Sa be two scrolls in | E| corresponding to vector bundles £; and 
Ez of ranks rı and ra and surjections EY @ Ox — Ei and EY @ Ox > &. 
Let (P(E1), P(E2)) be the join in P(EY @ Ox) = X x |E| and let S be the 
projection of the join to |E| = P(E). Itis a scroll in |E| whose generators are 


the joins of the corresponding generators of Sı and Sp. Let {11,..., £m} be 
the support of the sheaf €; @ €2/E’ and let h; be the dimension of the quotient 
at the point x;. Two generators corresponding to a point x Z {xı,..., m} 


span a linear subspace of expected dimension rı + ra + 1. The generators 
corresponding to a point x; span a subspace of dimension rı + r2 — hı. The 
scroll $ is denoted by (S1, S2) and is called the join of scrolls Sı and S2. Since 
deg €’ = deg €; + deg E2, we obtain 


deg(S1, S2) = deg Sı + deg S2 — X` hi. (10.49) 
i=l 
Let us consider some special examples. 
Example 10.42 Let EY @ Oc — &; define scrolls S; in |E;|,i = 1,2. 
Consider the surjection EY ® Oc = (EY © EY) @ Oc — E1 8 Eg. It defines 
the scroll equal to the join of the scroll S$; C |Eı| C |E| and the scroll S2 C 
|E>| C |E]. Its degree is equal to deg Sı + deg S2. For example, let E; be 
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an invertible sheaf on C defining a closed embedding 7; : C C |E;| so that 
Si = 7;(C) are curves of degree a; spanning E;. Then the join of Sı and S2 is 
a surface of degree aı + a2 with generators parameterized by ©. Specializing 
further, we take C = Pt and €; = Op:(a;) with aı < ag. The scroll ($1, $2) 
is the rational normal scroll Sa, .aı+a,—ı. Iterating this construction we obtain 
apn C P”, where n = a, +--+: +agp— k+l. 


jaaaj 


Example 10.4.3 Suppose we have two scrolls Sı and S2 in P” = | E| defined 
by surjections a; : EY & Oc, — Ei, where rank E; = r; + 1. Let T'o C 
C x Ca be a correspondence of bidegree (a1, a2) and let u: T — To be its 
normalization map. Let p; : T — C; be the composition of u and the projection 
maps C x C2 — Ci. Consider the surjections pž (a;) : EY & Op — pžE;. Let 
(P(piE1), P(p{E1)) be the corresponding join. Let S be the image of the join 
in |E|. We assume that it is a scroll whose generators are parameterized by an 
irreducible curve Co C Gr, +r.—1(|E|) equal to the closure of the image of the 
map ¢:T > G,,+r,-1(|E]|) defined by ¢(z) = 1(pi(z))v2(p1(z)). Let a be 
the degree of this map. Then 





1 
deg S = —(a, deg Sı + a2 deg S2 — h), 
a 


where 
h = h’(Coker(u*(EY @ Or > pEi © p3E2))). 


Here are some special examples. We can take for Sı and S3 two isomor- 
phic curves in P” of degrees dı and də intersecting transversally at m points 
1,.--,Um. Let I’ be the graph of an isomorphism o : Sı — S2. Let h be the 
number of points x € Sı such that o(x) = x. Obviously, these points must 
be among the points x;’s. Assume that xı and o(tı) do not lie on a common 
trisecant for a general point xı € S1. Then h? = 1 and the scroll $ is a scroll 
of lines of degree dı + da — h. We could also take S1 = S2 and o be an auto- 
morphism of Sı with h fixed points. Then the degree of the scroll S' is equal to 
2d — h if o° is not equal to the identity and 4(2d — h) otherwise. 


10.4.2 Cayley-Zeuthen formulas 


From now on, until the end of this Chapter, we will be dealing only with scrolls 
with 1-parameter family Co of generators. A 2-dimensional scroll is called a 
ruled surface. This classical terminology disagrees with the modern one, where 
a ruled surface means a P!-bundle P(E) over a smooth projective curve (see 
[282]). Our ruled surfaces are their images under a degree 1 morphism given 
by a linear system in |Ope)(1)]. 
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Let v : C — Co be the normalization map and € = v*(S@, ). The projective 
bundle P(E) is isomorphic to the normalization of the ruled surface S' defined 
by the curve Co C G1 (PR). 

Let us remind ourselves some known facts about projective 1-bundles X = 
P(E) over smooth curves that can be found in [282], Chapter V, §2. 

After tensoring € with an appropriate invertible sheaf we may assume that 
E is normalized in the sense that H? (C, E0) 4 {0} but H? (C, Eo @ £) = {0} 
for any invertible sheaf £ of negative degree. In this case the integer e = 
— deg € > 0 is an invariant of the surface and the tautological invertible sheaf 
Opre)(1) is isomorphic to Ox (Eo), where Ej = —e. If e < 0 the curve 
Eo is the unique curve on X with negative self-intersection. It is called the 
exceptional section. 

Let oo : C — X be the section of 7 : X — C with the image equal to 
Eo. Then 0§Ox(Eo) = Oc(e). If we identify Eo and C by means of oo, 
then Oc(e) = Ox(Eo) ® Op, so that dege = e. A section o : C > X is 
equivalent to a surjection of locally free sheaves E€ > £L = o*Ox(o(C)). In 
particular, deg £ = o(C)?. The canonical class of X is given by the formula 


Kx ~ —2E) + 7*(Kc +e), (10.50) 


which is a special case of (1.33). 

Let |H| be a complete linear system of dimension N > 2 on P(E) defined 
by an ample section H. Since 7,(Ox(H)) = E ® £ for some invertible sheaf 
L, we can write 


Hw Eo + 7* (a) 


for some effective divisor class a on C of degree a. Since H is irreducible, 
intersecting both sides with Ko we find that a > e. Using the Moishezon- 
Nakai criterion of ampleness it is easy to see that H is ample if and only if 
a > e. We shall assume that H is ample. Assume also that a is not special in 
the sense that H'(C,Oc(a)) = 0 and |e + a| has no base points on C. Then 
the exact sequence 


0 > Ox(n*(a)) > Ox(H) > On, (H) > 0 


shows that the restriction of |H| to Eo is a complete linear system without 
base points. It is clear that any possible base point of || must lie on Eo, 
hence under the above assumptions |H | has no base points. It defines a finite 
map f : X — S c PN. The surface S is a linearly normal surface in PN swept 
by lines, the images of fibres. The family of lines is defined by the image of C 
in G, (PN). The next Proposition shows that the map is of degree 1, hence $ 
is aruled surface. 


622 Geometry of Lines 


Proposition 10.4.4 Let H be an ample section on X = P(E) as in the above 
and |V| be a linear system in |H| that defines a finite map f : P(E) > SC 
PN. Then the degree of the map is equal to 1. 


Proof Suppose f(x) = f(y) for some general points x,y € X. Let Fẹ and 
F, be the fibres containing x and y. Since || has no base points, its restriction 
to any fiber is a linear system of degree 1 without base points. Suppose the 
degree of the map is greater than |. Take a general fiber F’; then, for any general 
point x € F, there is another fiber Fẹ such that f (Fs) and f(F') are coplanar. 
This implies that there exists a divisor H(x) € |H — Fy — F|. We can write 
H (ax) = Fe +F + R(x) for some curve R(x) such that R(x)- Fy, = R(x): F = 
1. When we move x along F we get a pencil of divisors H (x) contained in 
|H — F|. The divisors of this pencil look like Fy + R(x) and hence all have a 
singular point at R(x) N Fy. Since the fiber F, moves with x, we obtain that a 
general member of the pencil has a singular point that is not a base point of the 
pencil. This contradicts Bertini’s Theorem on singular points [282], Chapter 3, 
Corollary 10.9. 














Corollary 10.4.5 Let S be an irreducible surface in PN containing a 1- 
dimensional irreducible family of lines. Suppose S is not a cone. Then S is a 
ruled surface equal to the image of projective bundle P(E) over a smooth curve 
C under a birational morphism given by a linear subsystem in |Op:¢) (1)|- 


Proof Let Co C G1(P”) be the irreducible curve parameterizing the family 
of lines and let v : C — Co be its normalization. The preimage of the universal 
family Zo, — Co is a projective bundle P(SZ,) over C. Since S' is not a 
cone, the map f : P(E) — S is a finite morphism. The map is given by a 
linear subsystem of |Op¢)(1)|. Since f is a finite morphism, the line bundle 
Opie) (1) = f*(Opcsc,)v (1) is ample. It remains for us to apply the previous 
Proposition. 














An example of a nonsingular quadric surface seems contradicts the previous 
statement. However, the variety of lines on a nonsingular quadric surface is 
not irreducible and consists of two projective lines embedded in G4 (P?) as the 
union of two disjoint conics. So the surface has two systems of rulings, and it 
is a 2-way scroll. 

It follows from (10.48) that the degree of the ruled surface S = f(P(E)) 
is equal to the degree of C in the Plücker space. It is also equal to the self- 
intersection H? of the tautological line bundle on P(E). The latter is equal to 
H? = (Eo + aF)? = 2a — e. The genus of C is called the genus of the ruled 
surface. 
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Proposition 10.4.6 Let S = f(P(E)) c P” be a projection of a minimal 
ruled surface P(E) embedded in projective space by a linear system |H 
H ~ Eo+n*(a). Let D be a directrix on S that is not contained in the singular 
locus of S. Then 





, Where 


deg D > dega—e. 


The equality takes place if and only if the preimage of D on P(E) is in the same 
cohomology class as Ep. 


Proof The assumption on D implies that degD = H - E, where E is the 
preimage of D on P(E). Intersecting with H we get H - E = E- Eo +a. If 
E # Eo, then H- E > a, if [E] = [Eo], then E- Eo = a — e. The equality 
takes place if and only if Æ - Hy = 0 and e = O. Since E is a section, we can 
write [E] = [Eo] + m|F], and intersecting with Eo, we get m = 0. 














Since f : P(E) — S is of degree 1, the ruled surface is non-normal at every 
point over which the map is not an isomorphism. 

Recall the double-point formula from [231], 9.3. Let f : X — Y bea 
morphism of nonsingular varieties of dimensions m and n, respectively. Let 
Z be the blow-up of the diagonal of X x X and let R be the exceptional 
divisor. We think about points in R as points in X together with a tangent 
direction ty at x. Let D( f) be the proper transform in Z of the fibered product 
X xy X C X x X. One can view points in D(f) either as points x € X 
such that there exists x’ # x with f(x) = f(x’), or as points (#,t,) such 
that dfa (tz) = 0. Let D(f) be the image of D(f) under one of the projections 
X xy X > X. This is called the double-point set of the morphism f. Define 
the double point class 


(F) = F RIX] — (el f*Ty)e(Tx) t)n-mN [X] € HP-™(X,Q), 10.51) 


where c denotes the total Chern class [X] + c1 +--+ + cm of a vector bundle. 
In case D(f) has the expected dimension equal to 2m — n, we have 














D(f) = [D(F)] € H”=™(X, Z). 


Assume now that f : X — S is the normalization map and S is a surface in 
P3. Since $ is a hypersurface, it does not have isolated non-normal points. This 
implies that D(f) is either empty, or is of expected dimension 2m — n = 1. 
The double-point class formula applies, and we obtain 


[D] = F (S) + F (Ke) — Kx. (10.52) 


In fact, it follows from the theory of adjoints (see [355]) that the linear equiv- 
alence class of D(f) is expressed by the same formula. 
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We say that a non-normal surface S in P” has ordinary singularities if its 
singular locus is a double curve I' on S. This means that the completion of the 
local ring of S at a general point of T is isomorphic to C[[z1, 22, 23]]/ (2122). 
The curve T may have also pinch point locally isomorphic to C[[21, 22, z3]|/(2?— 
2323) and also triple points locally isomorphic to C[[z1, 22, 23]]/ (212223). The 
curve T is nonsingular outside triple points, the curve D(f) is nonsingular 
outside the preimages of the triple points. It has three double points over each 
triple point. 

Under these assumptions, the map D(f) > D(f) — T is of degree 2. It is 
ramified at pinch points only, and the preimage of a triple point consists of six 
points. 

Assume that $ is a surface in P? with ordinary singularities. Let f : X > S 
be the normalization map, and T be the double curve of S. The degree of any 
curve on X, is the degree with respect to f*(Ops(1)). Let us introduce the 
following numerical invariants in their classical notation: 


Lio = the degree of S; 

Lı = the rank of S, the class of a general plane section of S; 

ua = the class of S; 

va = the number of pinch-points on S; 

t = the number of triple points on S; 

eg = deg; 

eı = the rank of I’, the number of tangents to I intersecting a general line 

in P; 

e p = the class of immersion of T equal to the degree of the image of D(f) 
under the Gauss map G : X > S 3 (P3)V, where y is the Gauss map.; 

e g(T) = the genus of T; 

c = the number of connected components of I; 

k = the degree of the ramification divisor p : X — P?, where p is the 

composition of f and the general projection of S. 


The following Theorem summarizes different relations between the listed 
invariants of S. These relations are called the Cayley-Zeuthen formulas. 


Theorem 10.4.7 The following relations hold: 


(i) fa = Ho(to — 1) — 260; 

(ii) €o(uo — 2) = p + 3t; 

(iii) lo — 2) =K +p; 

(iv) 2g(T) — 2c = €1 — 260; 

(v) va = 2co(uo — 2) — 6t — 261; 
(vi) 2p — 26, = 19; 
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(vii) u2 = oluo — 1)? + (4 — 3yo)eı + 3t — 2v2; 
(Vili) 2v3 + H2 = H1 + K. 


Proof (i) A general plane section of $ is a plane curve of degree uo with eo 
ordinary double points as singularities. Thus (i) is just the Plücker formula. 
Note also that ‚u is equal to the degree of the contact curve, the closure of 
smooth points p € $ such that a general point q € P? is contained in T,,(S), 
or, equivalently, the residual curve to I of the intersection of S and the first 
polar P,($). Taking a general plane H and a general point q € H, we obtain 
that deg A is equal to the class of H N S. 

(ii) The number p is equal to the number of tangent planes to S at points 
in T which pass through a general point q in P. Here a tangent plane to a 
singular point p € I means the tangent plane to one of the two branches of S 
at q, or, equivalently, the image of a preimage of p on X under the Gauss map. 
Consider the intersection of the second polar P,2 with the contact curve P. It 
follows from subsection 1.1.3 that P,2 (5) N S is equal to the locus of points 
p such that the line pq intersects S' at p with multiplicity > 3. This means that 
P.2(S)NT consists of t triple points and points such that q belongs to a tangent 
plane of S at p. The latter number is equal to p. As we observed in subsection 
1.1.3, P2 has a point of multiplicity 3 at p, hence each triple point enters with 
multiplicity 3 in the intersection of pq with I’. It remains for us to use that the 
degree of the second polar is equal to uo — 2. 

(iii) Now let us consider the intersection of the second polar P,2 (S) with the 
contact curve A. This intersection consists of the lines gp such that p is either 
one of x ramification points of the projection of the surface from q or p is one 
of p points on T N A, where the tangent plane contains p. In fact, these points 
lie on the intersection of A and T. 

(iv) - (vi) Let 7 = h' (Op 4) be the arithmetic genus of the curve D(f) 
and let s be the number of connected components of D(f). Applying (10.52), 
we get 


—2x(D(f), Ons) = 20 — 2c = (D(f) + Kx) - D(F) 


= (fo — 4) deg D(f) = 2eo( Ho — 4). 


The curve D(f) has 3t ordinary double points and the projection from the 
normalization of D(f) toT is a degree 2 cover ramified at vz points. Applying 
the Hurwitz formula, we obtain 27 — 2c— 6t = 2(2g(T') — 2c) + v2. Projecting 
T from a general line defines a degree eu map from the normalization of I’ to 
P!. The number of ramification points is equal to eı. Applying the Hurwitz 
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formula again, we get 2g(T) — 2c = —2eo + eı. This gives (iv) and also gives 
v2 = 2eo(uo — 4) — 6t — 2(2g(T) — 2c) = 2e0 (uo — 4) — 6t — 2eı + Aco 


= 2eo(to s 2) — 6t — 2e1. 


This is equality (v). It remains for us to use (ii) to get (vi). 

(vii) The formula for the class of a non-normal surface with ordinary singu- 
larities has a modern proof in [231], Example 9.3.8. In our notation, it gives 
(vii). 

(viii) We have 
H2 = ko(to = 1? + (4 = 3uo)eı + 3t. 


Using this and (i), we get 





H2 + 2v2 = (ko 1)(kı 260) + Aeg — 3Ho€0 





= pop — Hı + 2eo + P — Coko + 3t. 











It remains for us to use (ii) and (iii). 








Corollary 10.4.8 Let S be a surface in P? with ordinary singularities and let 
X be its normalization. Then 


(i) Kẹ = Holt — 4)? — (Buo — 16)eo + 3t — v2; 
(ii) ca(X) = poluo — 40 + 6) — (Io — 8)eo + 3t — 2v2; 
(iii) X(X, Ox) = 1+ (M5 ") — (Ho — Aen + 3t — gun. 
Proof (i) Applying (10.52), we get 
Kx = (uo — 4)H — D(f), (10.53) 


where H € |f*(Ops(1))|. The first polar of S with respect to a general point 
cuts out on S the union of T and A. Taking the preimages on X, we get 


(uo — 1)H = D(f) + f(A). 


It follows from the local computation that T and A intersect simply at v2 pinch 
points and p additional points (see the proof of (iii) in Theorem 10.4.7). This 
gives 


D(F)? = (uo — 1)H - D(f) — p— v2 = 2e0( u0 — 1) — p— v2 





= 2€o (to 1) €o( Ho 2) + 3t Vg = eo(to — 2) +3t— V2. 
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= (ko 4)? uo (34o 16)eo + 3t— V2. 





(ii) The preimage of a pinch point on X is a point in X such that the rank of 
the tangent map Tx — f*(Tps) drops by 2. According to the modern theory 
of degeneracy loci (see [231]), this set is given by the relative second Chern 
class c2( f* (Tps )/Tx ). Computing this Chern class, we find 


v = a (XY — c&o(X) + 4Kx - H + 6o. 
Applying (10.53), we get 
vg = K% — co(X) + 4(uo — 4) uo — 8€0 + 6po- (10.54) 





Together with (i) we get (ii). Formula (iii) follows from the Noether formula 


12x(X, Ox) = K% + &(X). 














We know that zo is equal to the degree d of Co in its Plücker embedding. 
The next Theorem shows that all the numerical invariants can be expressed in 
terms of uo and g. 


Theorem 10.4.9 Let S be a ruled surface in P? of degree po and genus g. 
Assume that S has only ordinary singularities. Then 


(i) eo = 3(Ho - 1) (uo — 2) — g; 

(ii) vz = 2(po + 2g — 2); 

(iii) pı = 240 — 2 + 2g; 

(iv) p2 = po = po; 

(v) K = 3(p0 + 2g — 2); 

(vi) p = (Ho — 2)(2u0 — 5) + 2g(uo — 5); 

(vii) t = § (uo — Alto — 2) (uo — 3) — 6g]; 

(viii) €, = (to — 2)(u0 — 3) + 2g(Ho — 6); 

(ix) 2g(T) — 25 = (uo — 5) (Ho + 2g — 2). 
Proof A general plane section of S is a plane curve of degree d with k = 
deg ordinary singularities. This gives (i). 

The canonical class formula gives 








Kye) = -2H + 7* (Ko +9), (10.55) 





where Og (©) = v* (Oc, (1)) is of degree d = po. 
Comparing it with formula (10.50), we find that 


H ~ Ey +n°*(f), (10.56) 
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where 2f = 0 — e. In particular, e + d is always an even number. 

Applying (10.55), we get Kove) = Ayo — 4(2g — 2 + uo). Topologically, 
P(E) is the product of Pt and C. This gives c2(X) = 2(2 — 2g). Applying 
(10.54), we find 


va = Ajig—4(2g—2+ Ho )—2(2—2g) +4 (Ho —4) 49 —4(Mo — 1) (M0 —2) -8 9+ 6 Lo 








= 2% + 2g — 2). 


From (i) of Theorem 10.4.7, we get (iii). 

To prove (iv) we have to show that the degree of S is equal to the degree of 
its dual surface. The image of a generator of S under the Gauss map is equal 
to the dual line in the dual P°, i.e. the set of hyperplanes containing the line. 
Since S has only finitely many torsor generators, the Gauss map is a birational 
map, this shows that S* is a ruled surface. If S is defined by the vector bundle 
E = SX Oc, then the dual ruled surface is defined by the bundle QG ®Oq, 
where Og is the universal quotient bundle. The exact sequence (10.1) shows 
that det QG ® Oc, = det S% Q Oco. In particular, the degrees of their inverse 
images under v : C — Co are equal. Thus the degrees of S and S* are equal. 

Now (i) and (viii) of Theorem 10.4.7 and our formula (i) give (v). Using (iii) 
and (ii) of the same Theorem, we get formulas (vi) and (vii). Finally, (vi) of 
the Theorem gives formulas (viii) and (ix). 














The double-point formula gives 


Opre)(D(f)) ~ Opce) (Ho — 2) 8 m* (wo (1)). 


A general point of I is contained in two rulings and formula (10.52) implies 
that a general ruling intersects 9 — 2 other rulings. Consider a symmetric 
correspondence on C defined by 


T = {(x,y) €C x C: |H — ls — | £ 9}. 


A point (x, x) € T corresponds to a generator that is called a torsal generator. 
The plane in P? cutting out this generator with multiplicity > 2 is tangent to 
the ruled surface at any smooth point of the generator. For a general point zx, 
we have #T (x) = d — 2. Since all generators 44, y € T(x), intersect the same 
line @,, the points y € T(x) lie in the tangent hyperplane of G4 (P?) at the point 
x. This implies that the divisor 2x +T (x) belongs to the linear system |Oc(1)| 
and, in particular, 7’ has valence equal to 2. Applying the Cayley-Brill formula 
from Corollary 5.5.2, we obtain the following. 


Proposition 10.4.10 The number of torsal generators of a ruled surface in 
P? with ordinary singularities is equal to 2(uo + 2g — 2). 
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Comparing with Theorem 10.4.9, we find that the number of torsal genera- 
tors is equal to the number va of pinch points. 

When n = 4 we expect that a ruled surface has only finitely many singular 
non-normal points and for n = 5, we expect that it is nonsingular. 

We have already encountered in Example 7.2.6 with a ruled surface S of 
degree 8 with a triple curve C as its singular curve. A general plane section 
of this surface is a plane curve of degree 8 of genus 3 with six triple points. 
Applying formula (10.52) we see that the linear equivalence class of the curve 
D(f) is equal to 2H — n*(Kc + d) for some divisor d of degree d. However, 
the curve D(f) comes with multiplicity 2, so the curve C in S is the image of 
a curve Č on Zo from the linear system |H — 7*(f)|, where 2f ~ Ko +2. 
So, each generator intersects it at three points, as expected. One can show that 
d ~ Ko + 2a so that f ~ Ko + a. Note that the curve C defines a (3, 3)- 
correspondence on the curve C with the projections pc and qc to C. Its genus 
is equal to 19 and each projection is a degree 3 cover ramified at 24 points. In 
the case when the divisor a is an even theta characteristic, the curve C is the 
Scorza correspondence which we studied in section 5.5.2. 

Next example shows that the double curve of a ruled surface may be discon- 
nected. 


Example 10.4.11 Consider three nonsingular nondegenerate curves X;, i = 
1, 2, 3, in P’ with no two having common points. Let $ be the set of lines inter- 
secting each curve. Let us show that these lines sweep a ruled surface of degree 
2d,d2d3, where d; = deg C;. Recall that the set of lines intersecting a curve X 
of degree X is a divisor in G4 (P*) of degree d. This is the Chow form of C (see 
[239]). Thus the set of lines intersecting three curves is a complete intersection 
of three hypersurfaces in G1 (P®), hence a curve of degree 2d, d2d3. If we as- 
sume that the curves are general enough so that the intersection is transversal, 
we obtain that the ruled surface must be of degree 2d,d2d3. The set of lines 
intersecting two curves X] and X2 is a surface W in G1 (P3) of degree 2d) do. 
Its intersection with the Schubert variety Q(II), where II is a general plane, 
consists of dıda lines. It follows from the intersection theory on G (P?) that 
the intersection of W with the a-plane Q (p) is of degree dıd2. Thus we expect 
that, in a general situation, the number of generators of S passing through a 
general point on X3 is equal to dıda. This shows that a general point of X3 is 
a singular point of multiplicity dıda. Similarly, we show that X} is a singular 
curve of multiplicity dəd3 and X% is a singular curve of multiplicity dı d3. 


Remark 10.4.12 According to [149], the double curve [ is always connected 
if uo > g + 4. If it is disconnected, then it must be the union of two lines. 
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10.4.3 Developable ruled surfaces 


A ruled surface is called developable if the tangent planes at nonsingular points 
of any ruling coincide. In other words, any generator is a torsal generator. One 
expects that the curve of singularities is a cuspidal curve. In this subsection we 
will give other characterizations of developable surfaces. 

Recall the definition of the vector bundle of principal parts on a smooth 
variety X. Let A be the diagonal in X x X and let Ja be its sheaf of ideals. Let 
p and q be the first and the second projections to X from the closed subscheme 
A" defined by the ideal sheaf 7 Ngee For any invertible sheaf £ on X one 
defines the sheaf of m-th principal parts P™ (£) of £ as the sheaf PẸ} (£) = 
pxq* (£) on X. Recall that the m-th tensor power of the sheaf of 1-differentials 
Q4 can be defined as p, (a) (see [282]). The exact sequence 


0> IK IKT > Oxxx/IN* > Oxxx/IK > 0 
gives an exact sequence 
0 > (KM BL PZ (L) > PYL) 4 0. (10.57) 


We will be interested in the case when Xọ = Co is an irreducible curve of 
genus g and X = C is its normalization. By induction, the sheaf PẸ (£) is a 
locally free sheaf of rank m + 1, and 





deg PG (L) = (m+ 1) deg L + m(m + 1)(g — 1). (10.58) 
For any subspace V C H°(C, £), there is a canonical homomorphism 
V > H°(A™, g*L) = H° (C, paq“ £) = H? (C, PẸ (£)) 
which defines a morphism of locally free sheaves 
am : Vo := Oc Q V > PE (L). (10.59) 


Note that the fiber of PẸ (£) at a point x can be canonically identified with 
Lime L and the map &m at a point x is given by assigning to a section 
s € V the element s mod m@t'L. If m = 0, we get PR(L) = £ and the 
map is the usual map given by evaluating a section at a point x. 

Suppose that (V, £) defines a morphism f : C — P(V) such that the in- 
duced morphism f : C — f(C) = Co is the normalization map. We have 
L = f*(Op(1)). Let P™ C PZ (L) be the image of am. Since the composi- 
tion of a1 with the projection P4 — £ is generically surjective (because Co 
spans P(V)), the map a is generically surjective. Similarly, by induction, we 
show that a, is generically surjective for all m. Since C is a smooth curve, 
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this implies that the sheaves P™ are locally free of rank m + 1. They are called 
the osculating sheaves. Let 


Om :C > G(m+1,VY) 


be the morphisms defined by the surjection am : Vo — P™. The morphism 
Om can be interpreted as assigning to each point x € C the m-th osculating 
plane of f(C) at the point f(a). Recall that it is a m-dimensional subspace of 
P(V) such that it has the highest-order contact with the branch of Co defined 
by the point x € C. One can always choose a system of projective coordi- 
nates in P(V) = P” such that the branch of Co corresponding to x can be 
parameterized in the ring of formal power series by 

to = 1, t; = tst tsi + highest-order terms, i=1,...,n, (10.60) 
where s; > 0. Then the osculating hyperplane is given by the equation t,, = 0. 
The codimension 2 osculating subspace is given by t„-ı = tn = 0 and so 
on. A point x € C (or the corresponding branch of f(C)) with sı =... = 
Sn = Dis called an ordinary point, other points are called hyperosculating or 
Stationary points . It is clear that a point x is ordinary if and only if the highest 
order of tangency of a hyperplane at x is equal to n. For example, for a plane 
curve, a point is ordinary if the corresponding branch is nonsingular and not 
an inflection point. 

The image om (C) in Gm (P”) is called the m-th associated curve. Locally, 
the map om is given by assigning to a point x € C the linear subspace of C”+! 
generated by f(z), F(a), er fr (x), where f : C — C”+! is a local lift of 
the map f to a map to the affine space, and f (k) are its derivatives (see [267], 
Chapter II, §4). 

Let P(P™) — C x P(V) be the morphism corresponding to the surjection 
am. The projection of the image to P(V) is called the m-th osculating devel- 
opable of (C,£,V) (or of Co). For m = 1 it is a ruled surface, called the 
developable surface or tangential surface of Co. 

Let rm be the degree of P™. The (n — 1)-rank r„_ı is called the class of 
Co. If we consider the (n — 1)-th associated curve in G(n, n + 1) as a curve in 
the dual projective space |V|, then the class of Co is its degree. The (n — 1)-th 
associated curve CY is called the dual curve of Co. Note that the dual curve 
should not be confused with the dual variety of Co. The latter coincides with 
the (n — 2)-th osculating developable of the dual curve. 


Proposition 10.4.13 Let ro = deg £L = deg f(C). For any point x € C let 
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si(x) = si, where the s;’s are defined in (10.60), and ki = Yo „ec 8i(x). Then 


m 


Tm = (m +1)(ro + m(g-1))- I (m -i+1)k; 


i=l 


and 
n 


X(n- i+ 1) ki = (n + 1)(ro + n(g — 1)). 


i=1 
In particular, 
rı = 2(ro +g — 1) — kı. 


Proof Formula (10.58) gives the degree of the sheaf of principal parts PẸ (£). 
We have an exact sequence 


0> P” > PÈ(L)> F 30, 


where F is a skyscraper sheaf whose fiber at x € C is equal to the cokernel 
of the map a™ (x) : V > L/mc.£L. It follows from formula (10.60) that 
dim F(z) is equal to 5; +(s1+82)+:+:+(s14+++-+8m) = J ı(m-i+1l)si. 
The standard properties of Chern classes give 

deg P” = deg PE (£L)-h°(F) = (m+1)(ro+m(g—1))-X_ (m—i+1)k:. 


i=1 





The second formula follows from the first one by taking m = n in which case 
Tn = 0 (the surjection of bundles of the same rank Vo — P” must be an 
isomorphism). 














Adding up r,,—-1 and rm+1 and subtracting 2r,,,, we get the following. 
Corollary 10.4.14 
Tm—1 — 2m + Tm+1 = 2g — 2 — km, m=0,...,n— 1, (10.61) 
where r_1 = rn = 0. 


The previous formulas can be viewed as the Plücker formulas for space 
curves. Indeed, let n = 2 and C is a plane curve of degree d and class d“. 
Assume that the dual curve CY has 6 ordinary nodes and « ordinary cusps. 
Applying Pliicker’s formula, we have 


d = d’ (dY -1)-26-3& = 2d” +(dV (dY —3) 26-2) —K = 2d +2g—2—k. 


In this case d“ = rı,d = ro and x = ky, so the formulas agree. 
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Example 10.4.15 If R, is a rational normal curve in P”, then it has no hy- 
perosculating hyperplanes (since no hyperplane intersects it with multiplicity 
> n). So rm = (m + 1)(n — m) = rn-m-ı. Its dual curve is a rational nor- 
mal curve in the dual space. Its tangential surface is of degree rı = 2(n — 1) 
and the (n — 1)-th osculating developable is the discriminant hypersurface for 
binary forms of degree n. For example, for n = 3, the tangential surface of 
Rz is a quartic surface with equation QoQ; + Q3 = 0, where Qo, Q1, Q2 
are some quadrics containing R3. To see this, one considers a rational map 
P? --+ NY = P? defined by the net N of quadrics containing R3. After we 
blow-up P? along R3, we obtain a regular map Y — P? which blows down the 
proper transform of the tangential surface to a conic in P?. Its equation can be 
chosen in the form tot; + t2 = 0. The preimage of this conic is the quartic sur- 
face QoQ: + Q3 = 0. It contains Rs as its double curve. Also, it is isomorphic 
to the discriminant hypersurface for binary forms of degree 3. 

Conversely, assume that C has no hyperosculating hyperplanes. Then all 
k; = 0, and we get 


> (n - m)(rm-ı — 2rm + rm41) = —(n + 1)ro (10.62) 
= 5 (n — m)(2g — 2) = n(n + 1)(g— 1). 
m=0 


This implies g = 0 and rp = n. 
The computation from the previous example (10.62) can be used to obtain 


the formula for the number W of hyperosculating points of a curve C embed- 
ded in P” by a linear series of degree d (see also [280], Lemma 5.21). 


Proposition 10.4.16 The number of hyperosculating points, counting with 
multiplicities, is equal to 


W=(n+1)(d+n(g-1)). (10.63) 


Proof Applying (10.61), we obtain 





zeC i=1 i=0 i—0 
{Vor Wee) 
i=0 i=0 


=(n+1)n(g-—1)+ (n+ 1)d= (n + 1)(d + n(g — 1)). 
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The number Y);_,(sı(2) +--+ + s;(x)) should be taken as the definition of 
the multiplicity of a hyperosculating point x. A simple hyperosculating point 
satisfies s;(£) =... = Sn-1 (£) = 0,5,(x) = 1. 














Example 10.4.17 Let C be an elliptic curve embedded in P” by a complete 
linear system |(n + 1)o|, where zo is a point on C. Then the degree of E is 
equal to n + 1 and formula (10.63) gives W = (n + 1)?. This is equal to the 
number of (n+1)-torsion points of C in the group law defined by the choice zo 
as the zero point. Of course, each such point x satisfies (n+1)x € |(n+1)xo|, 
and hence is a hyperosculating point. The formula shows that there are no other 
hyperosculating points. 

In particular, we see that k; = 0 fori < n, hence the degree rı of the 
tangential surface is equal to 2(n + 1). Also, if n > 2, the dual of C is a curve 
of degree ra = 3(n + 1). It has (n + 1)? singular points corresponding to 
(n + 1)? hyperosculating planes. 





Example 10.4.18 Assume C is a canonical curve in P9~!. Recall that a Weier- 
strass point of a smooth curve of genus g > 1 is a point x such that 


g 
So (W(x) ++ h (ix) — i) > 0. 
i=1 
Let a; = h?(x) +--- + h?(ix). We have a; = 1 and a; = i if and only 
if h°(x) = ... = h? (ix) = 1. By Riemann-Roch, this is equivalent to that 
h?(Ko — ix) = g — i, i.e. the point x imposes the expected number of condi- 
tions for a hyperplane to have a contact with C of order 7 at x. A point x is a 
Weierstrass point if and only if there exists ¿ < g such that the number of such 
conditions is less than expected by the amount equal to a; — i. With notation 
(10.60), this shows that 


Sy + +51 = Qi — i, i = 2,..., 9. 


In particular, the point x is hyperosculating if and only if it is a Weierstrass 
point. Applying formula (10.63), we obtain the number of Weierstrass points 


W = g(g? — 1). (10.64) 


Since h°(2x) = 1 for all points on C (because C is not hyperelliptic), we get 
kı = 0. Applying Proposition 10.4.13, we obtain that the rank rı of C is equal 
to 6(g — 1). 

Assume that C is general in the sense that all Weierstrass points x are simple, 
i.e. W(x) = 1. It follows from the proof of Proposition 10.4.16 that s;(x) = 
0,i < g — 1, and s,_;(x) = 1. Thus km = 0,m <g-1,andk,ı = W = 
g(g? —1). It follows from Proposition 10.4.13 that rm = (m+2)(m+1)(g-1) 
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for 1 < m < g — 2 and rg—2 = g(g — 1). The latter number coincides with 
the class of C’. For example, if g = 3, we get rı = 12 and the 24 Weierstrass 
points are flex points of C. If g = 4, we getrı = 18 and ra = 36. We have 
60 hyperosculating planes at Weierstrass points. The linear system of cubics 
through C defines a birational map from P? to a cubic hypersurface in P4 with 
an ordinary double point. The image of the tangential surface is the enveloping 
cone at the node, the intersection of the cubic with its first polar with respect to 
the node. Its degree is equal to 6, so the tangential surface is the proper inverse 
image of the cone under the rational map. 


We refer for the proof of the following Proposition to [437]. 


Proposition 10.4.19 Let fY : C — (P")Y be the normalization of the n — 1- 
th associated curve of f : C — P”, the dual curve of f(C). Then 


(i) Tm(FY(C)) = tr—m-1(F(C)); 
(ii) (P) = f; 
(iii) ki(fY) = ki(f). 

Recall from Chapter 1 that the dual variety of Co is the closure in (P")Y of 
the set of tangent hyperplanes to smooth points of Co. If to = f(x) is a smooth 
point, the set of tangent hyperplanes at x is a codimension 2 subspace of the 
dual space equal to (n — 2)-th developable scroll of the dual curve. By the 
duality, we obtain that the dual of the (n — 2)-th developable scroll of a curve 
Co is the dual curve of Co. In particular, if n = 3, we obtain that the dual of 
the tangential surface to a nondegenerate curve Co in P? is the dual curve of 
Co, and the dual of a nondegenerate curve Co in P? is the tangential surface of 
its dual curve. 


Proposition 10.4.20 Let S be a ruled surface in P?. The following properties 
are equivalent: 


(i) S is a developable surface; 

(ii) S is a tangential surface corresponding to some curve Co lying on S; 

(iii) the tangent lines of the curve Co C G1(P*) parameterizing the rul- 
ings are contained in G, (P°). 


Proof (i) = (ii). Consider the Gauss map y : S — (IP?)Y which assigns to a 
smooth point x € S' the embedded tangent plane T, (C). Obviously, y blows 
down generators of S, hence the image of S is a curve Co in the dual space. 
This curve is the dual variety of S. Its dual variety is our surface S, and hence 
coincides with the tangential surface of the dual curve Cy of Čo. 

(ii) => (iti) Let qc : Zc > C be the projection from the incidence variety 
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and D € |Oz,(1)|. The tangent plane at points of a ruling Z+ cuts out the 
ruling with multiplicity 2. Thus the linear system |D — 2£..)| is non-empty (as 
always, we identify a ruling with a fiber of gc). The exact sequence 


0 > Oz,(D — 26.) > Ozo (D - tx) > Oe, (D — le) > 0 


shows that h? (O1, (D—£.)) = 1, i.e. |D—£,| has a base point y(x) on 4+. This 
means that all plane sections of 5 containing ly have residual curves passing 
through the same point y(x) on £+. Obviously, this implies that the point y(x) 
is a singular point of S and the differential of the projection pc : Zc > S at 
y(x) is not surjective. Applying Proposition 10.1.14, we obtain that the tangent 
line T,(C) is contained in the a-plane Q(y(x)) c Gi (P3). 

(iii) = (i) Applying Proposition 10.1.14, we obtain that each @, has a point 
y(x) such that its image in S is a singular point and the differential of pc at 
y(x) is not surjective. This implies that y(x) is a base point of the linear system 
|D — £,| on ls. As above, this shows that |D — 2¢,,| is not empty and hence 
there exists a plane tangent to S at all points of the ruling £x. 














The set of points y(x) € l+, x£ € C is a curve Co on S such that each ruling 
Lz is tangent to a smooth point on Co. So S is the tangential surface of Co. The 
curve Cy is called the cuspidal edge of the tangent surface. It is a curve on S 
such that at its general point s the formal completion of Os, is isomorphic to 
C[[z1, 22, 23]]/(27 + 23). 


10.4.4 Quartic ruled surfaces in P? 


Here we will discuss the classification of quartic ruled surfaces in P? due to 
A. Cayley and L. Cremona. Note that we have already classified ruled surfaces 
of degree 3 in Chapter 9. They are non-normal cubic surfaces and there are 
two kinds of them. The double curve T is a line and the map D(f) > T is an 
irreducible (reducible) degree 2 cover. The surface Zç is isomorphic to F; = 
P(Opı © Op: (—1)). The linear system |A] that gives the map f : Fı — P? is 
equal to |eo + 2f|, where eo is the divisor class of the exceptional section Eo 
and f is the class of a fibre. The curve D(f) € |h — f| = |eo + fl. In the first 
case the surface S has ordinary singularities and D(f) is an irreducible curve. 
In the second case D(f) € |h| and consists of the exceptional section and a 
fibre. Now let us deal with quartic surfaces. We do not assume that the surface 
has only ordinary singularities. We start with the following. 


Proposition 10.4.21 The genus of a ruled quartic surface is equal to 0 or 1. 


Proof A general plane section H of S is a plane quartic. Its geometric genus 
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g is the genus of S. If g = 3, the curve H is nonsingular, hence S is normal 
and therefore nonsingular. Since Ks = 0, it is not ruled. If g = 2, the singular 
curve of S' is a line. The plane sections through the line form a linear pencil 
of cubic curves on S. Its preimage on the normalization X of S is a pencil 
of elliptic curves. Since X is a P!-bundle over a curve of genus 2, a general 
member of the pencil cannot map surjectively to the base. This contradiction 
proves the assertion. 














So, we have two classes of quartic ruled surfaces: rational ruled surfaces 
(g = 0) and elliptic ruled surfaces (g = 1). Each surface S is defined by some 
curve Co of degree 4 in G, (P?). We denote by X the minimal ruled surface 
P(E) obtained from the universal family Zc, by the base change v : C > 
Co, where v is the normalization map. We will denote by Eo an exceptional 
section of X defined by choosing a normalized vector bundle Eo with P(E) 
isomorphic to X. 

We begin with classification of rational quartic ruled surfaces. 


Proposition 10.4.22 A rational quartic ruled surface is a projection of a 
rational normal scroll Sz 5 or S1,5 of degree 4 in P°. 


Proof Let |h| be the linear system of hyperplane sections on the quartic ra- 
tional normal scroll So, = Fe. We have |h| = |eo + kf|, where k > e. Since 
h? = 4, we get 2k + e = 4. This gives two solutions (e, k) = (0,2), (2,1). In 
the first case we get the scroll $2 5 = Fo, in the second case we get the scroll 
51,5 = Fo. 























= 


Let D(f) be the double-point divisor class. We know that the singular curve 
T on S is the image of a curve D(f) from D(f) on X, where X = S2, or 
Sı1,5. Applying (10.52), this gives 





Qe +2f if X=S 
Deine OT a 
2e9 + 4f if X = Sy 5. 


Since a general plane section of $ is a rational curve, D(f) and T consists of 
at most three irreducible components. The linear system 


+2 ifX =S 
= fl i 2,55 





leo + 3f| if X = Sj>5, 


maps a component D; of D(f) to an irreducible component T; of T of degree 
d; = +H - D;, where m; is the degree of the map D; — T',. The number m; 


is equal to the multiplicity of a general point on T; as a singular point of the 
surface unless I’; is a curve of cusps. In the latter case m; = 1, but D; enters 
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D with multiplicity 2. A fiber Fy = m !(x) could be also a part of D. In this 
case I has a singular point at v(x). If it is an ordinary double point, the fiber 
component enters with multiplicity 1, if it is a cusp, it enters with multiplicity 
2. Other cases will not occur. Finally, we use that dim |h — D;| > 0 if T; is 
contained in a plane, i.e. a line or a conic. 

This gives us the following cases making a “rough classification” according 
to the possible singular locus of the surface. 


1. X = S95: 
© D(f) = Di, di = 3; 
(ii) D(f) = Dı + Do, D) € Jeol, Da € Jeo + 2f], dı = 1, d2 = 2; 
(ii) D(f) = Dı + D2 + Fi, + Fo, D1, D2 € Jeol, di = d2 = l; 
(iv) D(f) = 2D1, Di € [eo + fl, dı = 1; 
(v)’ D(f) = 2Dı, Dı € |eo + Îl, d1 = 3; 
(v) D(f) = 2D; + 2F;, Dı € Jeol, di = I; 
(vi) D(f) =2D, + Fı + F2, D1 € leo|, dı =i2; 
(vi) D(f) = 2Dı + 2F;, Dı € Jeol,dı = 2. 
2. X = Sig : 
© D(f) = Di, dı = 3; 
(ii) D(f) = Fo + Dı + F, Dı € Jeo + 3f|, dı = 1, d2 = 2; 
(iii) D(f) = 25o + 2F; + 2F>, d; = 1; 
(iv) D(f) =2D1, Dı € leo + 2f], dı =1. 





Theorem 10.4.23 There are 12 different types of rational quartic ruled sur- 
faces corresponding to 12 possible cases from above. 


Proof It suffices to realize all possible cases from above. By Proposition 
10.4.22, the different types must correspond to different choices of the cen- 
ter of the projection in P°. 

Let us introduce some special loci in P° which will play a role for choosing 
the center of the projection. 

We will identify curves on Fo with their images in Sa 5. A conic directrix is 
a curve E € |eo|. Consider the union of planes spanning the E’s. It is a scroll 
x, of dimension 3 parameterized by |eo| = P!. Let us compute its degree. 
Fix two generators F and Fa of Fo. Then |h — Fy — F2| = |eo|. If we fix 
three pairs of generators FO, FO „i = 1,2,3, each spanning a P’, then we 
can establish a correspondence T of tridegree (1, 1, 1) on |eo| x Jeo| x |eo| such 
that the point (x, y, z) € T corresponds to three hyperplanes from each linear 
system |h — FY — F®| which cut out the same curve E € |eo|. The three 
hyperplanes intersect along the plane spanning E. This shows that our scroll is 
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the join of three disjoint lines in the dual P? which can be identified with the 
same P!. Applying formula (10.49), we obtain that the degree of © is equal 
to 3. 

The next scroll we consider is the union 12 of 3-dimensional spaces spanned 
by tangent planes of S% 5 along points on a fixed generator. This 3-dimensional 
space is spanned by the tangent lines of two fixed conic directrices at the points 
where they intersect the generator. Thus our scroll is the join of the tangential 
scroll of the two directrices with respect to the correspondence between the 
directrices defined by the generators. The degree of this scroll is given by the 
formula in Example 10.4.3. Since the tangent lines of a conic are parameterized 
by the conic, and the two conics are disjoint, the degree of Xə is equal to 4. 
Obviously, X; is a 2-directrix of X2. Since the tangent plane to S25 at a point 
x is spanned by the generator passing through this point and the tangent line 
of the conic directrix passing through this point, we obtain that Xə coincides 
with the tangential scroll of S2 5. 

One more scroll is constructed as follows. Consider directrices of S2 5 de- 
fined by the images of curves T'3 € |eg + f|. We identify them with the images. 
These are directrices of degree 3. Let U3 be the union of tangent planes to S2 5 
at the points of 3. These tangent planes can be obtained as joins of tangent 
lines of T3 at points x € T3 and the points x’ on a conic directrix E such that 
the points x, x’ lie on the same generator. Thus %3 is obtained by construction 
from Example 10.4.3 as the join of the tangential scroll of T and the conic. 
The degree of the tangential scroll has been computed there; it is equal to 4. 
Thus the degree of X3 is equal to 44+ 2—1 = 5, where we subtracted 1 because 
the conic and [3 meet at one point dropping the dimension of the join by 1. 

Let pe : S2, — S be the projection map from a line £. We will use the fact 
that any two points x1, x2 in the double locus D(f) which are projected to the 
same point must lie on a secant of D(f) that passes through these points and 
intersects £. The secant becomes a tangent line if xı = x2 is a critical point of 


Pe. 
e Type | (4). 


Take a line £ in P which intersects the quartic scroll Ya at four distinct points 
and is not contained in any 3-dimensional space spanned by a cubic directrix 
T3 € |eo + fl. Let D be an irreducible component of D(f) and let x be a 
general point of D. We know from the classification of all possible components 
of D(f) that the degree of the projection map must be 2 or 3. If the degree is 
equal to 3, then D € |eo + f| is a cubic directrix and its projection is a line. 
This implies that £ belongs to the linear span of D. By assumption on £ this 
does not happen. So the degree is equal to 2. The map which assigns to a point 
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x € D the intersection point of @ and the secant passing through x is a degree 2 
map D — 4. The intersection points of £ with Xə are the branch points of this 
map. By Hurwitz’s formula, the normalization of D is a genus 1 curve, hence 
the arithmetic genus is > 1. The classification of possible D’s shows that this 
could happen only if D is a nonsingular curve from |2e9 + 2f|. So this realizes 
type 1(i). 

The quartic scroll S can be described as follows. Consider a normal ra- 
tional cubic curve R3 in P and let S be the set of its secants contained in 
a non-special linear line complex. The set of secants of Rz is a surface in 
G = G(P°) of degree 4 in its Plücker embedding. This can be seen by com- 
puting its cohomology class in G. A general a-plane 2(p) contains only one 
secant. A general 3-plane Q(II) contains three secants. This shows that the 
degree of the surface of secants is equal to 4. The surface must be a Veronese 
surface in P? because it does not contain lines. The intersection of the sur- 
face with a general linear line complex is a curve C of degree 4. It defines a 
quartic ruled surface Sc. Take a point p € Rs and consider the set of secants 
(„,x € C such that p € lz. The intersection of the Schubert plane Q(p, P?) 
with the Veronese surface is a conic. Its intersection with the linear line com- 
plex must consist of two lines. Thus each point of Rg lies on two generators of 
the surface Sc. The curve Rg is the double curve of S. 


e Type | (ii). 


In this case we take £ intersecting ©; at some point xo in the plane spanned 
by some conic directrix D € |eo|. The projection of D is a line and the map 
is 2:1. Note that in this case the point xo is contained in two tangents to D so 
two of the four intersection points of £ and Xə coincide. It also shows that X: 
is contained in the singular locus of X2. The remaining two points in £ N %a 
are the branch points of the double cover E’ — £, where D’ € |eo + 2f| is 
the residual component of D(f). Arguing as in the above we see that D’ is a 
smooth rational curve of degree 4. Its projection is a conic. 


e Type 1 (iii). 


This time we take @ intersecting X; at two points pı, p2. These points lie in 
planes II, and IIo spanned by directrix conics E1 and £2. The projection from 
£ maps these conics to disjoint double lines of S. Let us now find two gen- 
erators F and Fo which are projected to the third double line. Consider the 
pencil P; of lines in the plane II; with base point p;. By intersecting the lines 
of the pencil with the conic E;, we define an involution on E; and hence an 
involution +; on the pencil |f| = Pt (interchanging the generators intersecting 
E; at two points in the involution). Now we have two involutions on |f| whose 
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graphs are curves of type (1, 1). They have two common pairs in the involution 
which give us two generators on S2 5 intersecting F; at two points on a line 4; 
through p;. The 3-dimensional subspace spanned by £,£ı and £2 contains the 
two generators. They are projected to a double line of S. 


e Type | (iv). 


The image of Dı on S25 is a rational normal cubic R3 spanning a 3-plane M 
of P5. We project from a general line contained in M. The restriction of the 
projection to D; is a degree 3 map. So the projection of D; is a triple line of 
S. 

Another possibility here is to project from a line directrix £ of the tangen- 
tial scroll %3. Each point on £ lies in a tangent plane to a cubic directrix 
Ts € |Eo + F|. So the projection from £ maps T3 to a rational curve R3 
of degree 3 and maps the tangent lines to I's to tangent lines to Rg. Thus the 
scroll S is a developable quartic surface considered in Example 10.4.15. Let 
us find a line directrix on 3. We know that X is equal to the image of a pro- 
jective bundle P(€), where € is a vector bundle over P! of rank 3 and degree 
5. Thus deg E€Y(1) = —5 + 3 = —2, and applying Riemann-Roch, we obtain 
h°(EY(1)) > deg EY (1) + 3 > 0. This implies that there is a nontrivial map 
of sheaves E — Op:(1). Let £ be the image of this map. It defines a section 
a : Pt — P(E) such that o* (Opie) (1)) = £. Thus the restriction of Ope) (1) 
to D = o(P!) is of degree < 1. Since X is a scroll in our definition, the sheaf 
Opie) (1) is ample, hence the degree must be equal to 1. So, the image of D in 
Xs is a line directrix. 














e Type | (v). 


This is a degeneration of the previous case. The rational normal cubic degen- 
erates into the union of a directrix conic and a generator. The projection is a 
degree 2 map on the conic and degree 1 on the line. The double curve I is a 
triple line. It is a generator and a directrix at the same time. Through each point 
on I’ passes two generators other than itself. As in the previous case a plane 
containing I contains only one of other generators. 


e Type | (vi). 


Consider a hyperplane section L N X1, where L contains two generators Fi 
and F of S2 5. The quartic curve L N S2\5 consists of the two generators and 
a directrix conic D from |eo|. Thus the cubic surface L N X; contains a plane, 
and the residual surface is a quadric Q containing D. Take a line £ in the 3- 
dimensional subspace M spanned by F; and Fa that is tangent to the quadric 
M NQ. The projection from £ maps Sa ; to a quartic ruled surface with double 
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line equal to the image of the two generators F and F and the cuspidal conic 
equal to the image of the directrix conic D. 


e Type | (vi)’. 


The same as the previous case, but we choose L to be tangent along a generator 
F. The double locus is a reducible cuspidal cubic. 


e Type 2 (i). 


Type 2 corresponds to a projection of the rational normal quartic scroll S1 5 = 
F in P*. The exceptional section Eo is a line directrix on Si,5. The curves 
from the linear system |eo + 2f| are cubic directrices. The analog of the tangen- 
tial scroll X12 here is the join X, of the tangential surface of a cubic directrix D 
with the line Eo. It is the union of 3-dimensional spaces spanned by a tangent 
line to D and Eo. We know that the the tangential scroll of rational normal cu- 
bic is of degree 4. Thus the degree of 5 is equal to 4. The rest of the argument 
is the same as in case | (i). We take Z intersecting X; at four distinct points and 
not contained in a 3-space spanned by a cubic directrix. The double curve is a 
smooth elliptic curve of degree 6 from |2eo + 4f|. 


e Type 2 (ii). 


This time we take £ intersecting the plane II spanned by Eo and a generator 
F. We also do not take it in any 3-plane spanned by a cubic directrix. Then Fo 
and F will project to the same line on S, the double line. The residual part of 
the double locus must be a curve E from |eo + 3f|. Since no cubic directrix 
is a part of the double locus, we see that F is an irreducible quartic curve. Its 
image is a double conic on S. 


e Type 2 (iii). 


We choose a line £ intersecting two planes as in the previous case. Since the 
two planes have a common line Eo, they span a 3-dimensional subspace. It 
contains three lines which are projected to the same line on S, a triple line of 


5. 
e Type 2 (iv). 


Take a cubic curve from | eo + 2f| and a line in the 3-dimensional space spanned 
by the cubic. The cubic is projected to a triple line. 
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Remark 10.4.24 We have seen that a developable quartic surface occurs in 
case | (iv). Let us see that this is the only case when it may occur. 
The vector bundle of principal parts P (£) must be given by an extension 


0-96 @L 3 PHL 7 £30, (10.65) 


where C is a rational cubic in P? and £L = Oc(1) & Op: (3). It is known that 
the extension 


03963 Ph > Oc 30, 





from which the previous extension is obtained by twisting with £, does not 
split. Its extension class is defined by a nonzero element in Ext! (Oc, Q) S 
H' (C, QŁ) = C (this is the first Chern class of the sheaf Op: (1)). After ten- 


soring (10.65) with Op: (—2) we get an extension 


The locally free sheaf E = P4 (£) (—2) has 2-dimensional space of global sec- 
tions. Tensoring with Op: (—1) and using that the coboundary homomorphism 


H°(P!, Op.) > H'(P!, Op: (—2)) 


is nontrivial, we obtain that E(—1) has no nonzero sections, hence E is a 
normalized vector bundle of degree 0 defining the ruled surface P(E). There 
is only one such bundle over P!, the trivial bundle Op: @ Opı. Untwisting 
E, we obtain that the sheaf P},(£) is isomorphic to Op:(2) © Op: (2), so 
P(Pp(L)) S Fo and the complete linear system defined by the tautological 
invertible sheaf corresponding to P (£) embeds Fo in P? as the rational nor- 
mal scroll S25. The double locus class D(f) must be divisible by 2, and the 
only case when it happens is type 1 (iv)’. 














We can also distinguish the previous cases by a possible embedding of 
the quartic curve Co parameterizing generators of S in G = G4 (P?). Since 
deg Co = 4 in the Plücker embedding, the curve is always contained in a hy- 
perplane L on P°. If, furthermore, Co lies in a codimension 2 subspace, then 
this subspace is either contained in one tangent hyperplane of G or is equal to 
the intersection of two tangent hyperplanes (because the dual variety of G is a 
quadric). So we have the following possibilities: 


I Co is a rational normal quartic contained in a hyperplane L that is not tan- 
gent to G; 
II Co is a rational normal quartic contained in a hyperplane L which is tangent 
to G at a point O not contained in Co; 


644 Geometry of Lines 


III Co is a rational normal quartic contained in a hyperplane L which is tangent 
to G at a point O contained in Co; 
IV Co is a rational quartic curve contained in the intersection of two different 
tangent hyperplanes of G; 
V Co isa rational quartic curve contained in a 3-dimensional subspace through 
which passes only one tangent hyperplane of G. The tangency point is an 
ordinary node of Co. 


A quartic surface of type 1 (i) or 1 (iv)’ from Theorem 10.4.23 belongs to 
type I. Following W. Edge [200] we redenote types 1 (i) and 1 (iv)’ with I. 

In type 1 (ii) the line component of the double curve is a directrix, so all 
generators belong to a linear complex tangent to G4 (P3) at the point O rep- 
resenting this directrix. This is Edge’s type II. Through any point p on the 
directrix passes two generators, the point O belongs to a secant of Co formed 
by the line 2(p, II), where II is the plane spanned by the two generators. It is 
a nonsingular point of Co. We have Edge’s type II (C). 

In type 1 (iii) we have two directrices which are not generators. This means 
that C is contained in the intersection of two special linear line complexes tan- 
gent to G,(P?) at two points. This is type IV (B). The tangency points corre- 
spond to the line directrices on S. The curve Co is contained in the intersection 
of two special linear line complexes that is a nonsingular quadric. The curve 
Co has an ordinary node at the point corresponding to two generators mapped 
to a double line on F. 

In type 1 (iv), the triple line is a directrix of S, so we are again in case II 
but in this case the point O intersects the a-plane Q(p) at three non-collinear 
points and intersects the 3-plane Q(II) at one point. This is Edge’s type H (A). 

In case 1 (v) the double curve is a triple line. One of the generators F is 
contained in D(f) with multiplicity 2 and is mapped to the triple line. Thus S 
is contained in a unique special line complex which is tangent to G at a cusp 
of Co. Since Co is singular, it is contained in a 3-dimensional space. So C is 
contained in a quadric cone equal to the intersection of G4 (P?) with two linear 
line complexes. The singular point of this cone is the singular point of Co. This 
is Edge’s Type II (A). 

In type 1 (vi) two generators on 52,5 are projected to a double generator of 
S. The curve Co has an ordinary double point, hence it lies in two linear line 
complexes. The double generator is the only line directrix on S. Thus there is 
only one special linear line complex containing S and its tangency point is an 
ordinary double point of Co. This is Edge’s type V (A). In case 1 (vi)’, we also 
have type V (A), only this time the singular point of Co is a cusp. 

In type 2 (i) the line directrix £ corresponding to Fo defines a line complex 
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containing C. Thus we are in type II. The Schubert plane N(p, P?),p € £, 
contains only one point, the a-plane Q(7), £ C 7, contains three points. This 
is Edge’s type II (B). 

In type 2 (ii) we have a line directrix which is at the same time a generator 
g. This shows that we are in type III. The curve C has a cuspidal singularity at 
the point O corresponding to the generator g. The curve C intersects any plane 
Q(p, P), p € g, in one point and every plane Nr, P3), g C m, at two points. 
This is Edge’s type III (B). 

In type 2 (iii) we have a triple line on S formed by the projection of the 
line directrix Eo of S2,5 and its two generators. We are in case V, where the 
singular point of C is the singular point of the quadric cone. This is Edge’s 
type V (B). 

In type 2 (iv) we have a triple line projected from a rational cubic curve. We 
have two line directrices of S, one is a triple line. The curve C is nonsingular. 
This is Edge’s type IV (A). 


Next, we have to classify elliptic ruled quartic surfaces in PP. Let m : X — 
C be a minimal ruled surface with a base C. We write X in the form X = 
P(E), where Eo is a normalized rank 2 locally free sheaf. Since Kc = 0 in 
our case, the canonical class formula (1.33) gives 


Kx =—2e9 + 7* (a). (10.66) 


By the adjunction formula, 0 = E + Kx - Eo = —E + dega. Thus, a = 
dega = eĝ < 0. 

Let |h| be the linear system on X which defines the normalization map f : 
X — S. We can write h = eo + mf, where f is the class of a fibre. Since h 
is ample, intersecting both sides with eo, we get m +a > 0. We also have 
h? = 2m + a = 4. This gives two possibilities a = 0, m = 2 and a = —2 and 
m = 3. In the second case h - eo = 1, hence |h| has a fixed point on Eo. This 
case is not realized (it leads to the case when S is a cubic cone). The formula 
for the double-point locus gives D(f) = 2h — n*(d), where d = degd = 4. 
Thus we obtain 














H = eo + 2f, e2 =0, D(f) = 200. 


By Riemann-Roch, dim |h| = 3. Since dim |A — eo| = dim |2f| = 1, we obtain 
that the image of Eo is a line. Since the restriction of |h| to Eo is a linear 
series of degree 2, the image of Eo is a double line. We have two possibilities: 
D(f) consists of two curves Eo + EG, or D(f) is an irreducible curve D with 
h- D = 4. Since |h — D| = 9, we obtain that the image of D is a space quartic, 
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so it cannot be the double locus. This leaves us with two possible cases: D(f) 
is the union of two disjoint curves Ey + Ej, or D(f) = 2En. 

In the first case H- Eo = H - Ej = 2 and dim |h — Eo| = dim |h — Eb] = 
dim |2f| = 1. This shows that the images of Eo and Ej are two skew double 
lines on S. The curve C is a nonsingular elliptic curve in G4 (P°). It spans 
a 3-dimensional subspace equal to the intersection of two special linear line 
complexes. 

Since X = P(E) has two disjoint sections with self-intersection 0, the sheaf 
E splits into the direct sum £; ® £2 of invertible sheaves of degree 0. This 
easily follows from [282], Chapter V, Proposition 2.9. One of them must have 
a nonzero section, i.e. must be isomorphic to Oc. So we obtain 


X =P(Oc 9 Oc(a)), 


where deg a = 0. Note that X cannot be the direct product C x P! because in 
this case the image of any C x {a} must be a double line, in other words, in 
this case |H| defines a degree 2 map. So, we have a ~ 0. 

In the second case, two double lines come together forming the curve of 
tacnodes. In this case the curve C lies only in one special linear line complex. 
The pencil of hyperplanes containing C intersects the dual Klein quadric at 
one point. 

Let o : E — Oc(e) be the surjective map of sheaves corresponding to the 
section Eo. Since deg E = dega = 0, we have deg Ker(o) = 0. Thus E can 
be given as an extension of invertible sheaves 





0 > Oc(b) > E > Oc(a) > 0, 


where deg b = 0. Suppose this extension splits, then X has two disjoint sec- 
tions with self-intersection zero. By the above, we see that the map defined by 
the linear system |A| maps each section to a double line of S. This leads to the 
first case. So in our case, there are no disjoint sections, and hence the extension 
does not split. This implies that Ext! (Oc (a), Oc (b)) = H! (C, Oc(e—b)) £ 
{0}. This is possible only if 6 ~ a. Since E has a nonzero section, we also 
have H°(C,Oc(a)) # {0}, i.e. e ~ 0. Thus we obtain that £ is given by a 
non-split extension 





0-00 > E — Oc 5 0. 


In fact, it is known that any elliptic ruled surface with eg = 0 which corre- 
sponds to a non-split vector bundle, must be isomorphic to the ruled surface 
P(E), where £ is defined by the above extension (see [282], Chapter V, Theo- 
rem 2.15). 

Let us summarize our classification in the following Table 10.1. 
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Type Double cuve | Edge | Cremona | Cayley | Sturm 
I (),(v)’ Rz I 1 10 HMI 
I (ii) L+K H (C) 2 7 V 
I Gi) L+L’+G IV (B) 5 2 vil 
I(v) 3L IL (A) 8 9 IX 
L(iv) 3L II (A) 3 - XI 
I (vi), (viy 2L+G V (A) 6 5 Vill 
H(G) Rz II (B) 7 8 IV 
H (ii) L+K IMI (B) 4 - VI 
H (iii) 3L V (B) 10 6 XII 
II (iv) 3L IV (A) 9 3 X 
g=1 L+L’ VIA) 11 1 I 
g=1 2L VI(B) 12 4 Il 


























Table 10.1 Quartic ruled surfaces 


Here Ra denotes a curve of degree 3, L denotes a line, K is a conic and G 
is a generator. 

A finer classification of quartic ruled surfaces requires to describe the pro- 
jective equivalence classes. We refer to [451] for a modern work on this. Here 
we explain, following [50], only the fine classification assuming that the dou- 
ble curve is a Veronese cubic Rg. First, by projective transformation we can 
fix Rs which will leave us only with the 3-dimensional subgroup G of PGL(4) 
leaving Rs invariant. It is isomorphic to PSL(2). 

Let N be the net of quadrics in P? that contains R3. It defines a rational map 
a : P® --+ NY. The preimage of a point s in N, i.e. a pencil in N, is the 
base locus of the pencil. It consists of the curve Rg plus a line intersecting R3 
at two points. This makes an identification between points in VY = P? and 
secants of R3. The preimage of a conic K in NY is a quartic surface which 
is the union of secants of Rg. It is a quartic ruled surface. Conversely, every 
quartic ruled surface S containing Rg as its double curve is obtained in this 
way. In fact, we know that $ is the union of secants of Rg and hence the linear 
system of quadrics containing R3 should blow down each secant to a point in 
NV. The preimage of a general line in the plane is a quadric that cuts out on $ 
a curve of degree 8 that consists of the curve Rg taken with multiplicity 2 and 
two lines. This shows that the image of S is a conic. Thus we find a bijection 
between quartic surfaces with double curve Ra and conics in the plane. The 
group G is naturally isomorphic to the group of projective transformations 
of NV. It is well known that the projective representation of PSL(2) in P? 
leaves a nonsingular conic € invariant. The quartic surface corresponding to € 
is the only quartic surface invariant under G. This is, of course, the developable 
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quartic ruled surface (see Example 10.4.15). In this way our classification is 
reduced to the classification of orbits in the space of nonsingular conics P* 
under the action of the group PSL(2) of projective automorphisms leaving € 
invariant. The orbit space is of dimension 2. Let K be a conic different from 
€. There are five possible cases for the intersection K N €: four distinct points; 
one double coincidence, two double coincidences, one triple coincidence and 
one quartuple coincidence. Together with € it gives six different types. The 
first type has two parameters, the cross ratio of four points and a point in the 
pencil of conics with the same cross ratio. The second type is a one-parameter 
family. All other types have finitely many orbits. We refer for explicit equations 
to [451] and [50]. 


There are many direct geometric constructions of quartic ruled surfaces. The 
first historical one uses Cayley’s construction of a ruled surface as the union 
of lines intersecting three space curves (see Example 10.4.11). For example, 
taking (dı, d2,d3) = (2,2,1) and (a12,a13,a23) = (2,0,1) gives a quartic 
ruled surface with a double conic and a double line that intersect at one point. 
Another construction is due to L. Cremona. It is a special case of the con- 
struction from Example 10.4.3, where we take the curves C and C2 of degree 
2. If the two conics are disjoint, a correspondence of bidegree (1,1) gives a 
quartic ruled surface. In the next Subsection we will discuss a more general 
construction due to B. Wong [604]. 
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Finally, we reproduce equations of quartic ruled surfaces (see [200], p. 69). 


I:Q(xz — y?, xw — yz, yw — z2?) = 0, 


where Q = ) a;jtit; is a nondegenerate quadratic form; 
1<i<j<3 


: zy" (ay + br) + we? (cy + de) — ex*y” = 0; 


: same as in (I) with a3, + a22a13 — 4012493 + 411433 = 0; 





(A) 

(B) 

(C) : (cyz + baz + azy + zw — wr)? — xz(ax — by + cz)” = 0; 
IIT(A) : az? y? — (x + y)(2?w + y*z) = 0; 

(B) ) 

(A) 

(B) 


2 _ zw(x +y} = 0; 





: (zw + yz + azw 





: x(az + bw)w? — y(cz + dw)z? = 0; 
yz? + axyzw + w?(bz + cr)x = 0, 





(yz — zy + awx)? — xz(x — z + bw)? = 0; 
VIA): (yxy + aw)? — 220 — 2) =0; 
B) : (a2? + bzw + cw”) (yz — zw) — z’w? = 0; 


( 
VI(A) : ax?w? + xy(bz? + czw + dw?) + ey*z? = 0; 
( 











B) : (aw — yz)? + (ax? + bay + cy?)(zw — yz) + 
(dz? + ex?y + fay? + gy*)x = 0. 


10.4.5 Ruled surfaces in P? and the tetrahedral line complex 


Fix a pencil Q of quadrics in P? with a nonsingular base curve. The pencil con- 
tains exactly four singular quadrics of corank 1. We can fix coordinate systems 
to transform the equations of the quadrics to the diagonal forms 


The singular points of four singular quadrics in the pencil are the reference 
points pı = [1,0,0,0], po = [0, 1,0,0], p = [0,0,1, 0], p4 = [0,0, 0, 1]. For 
any point not equal to one of these points, the intersection of polar planes 
P,(Q),Q € Q, is a line in P’. This defines a rational map f : P? --+ 
Gı(P?) c P? whose image is a tetrahedral line complex K (see the end of 
Section 10.3.6). The Pliicker coordinates p;; of the line f([to, t1, te, t3]) are 


Pij = (ab; = ajbi )titj. 
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For any space curve C of degree m not passing through the reference points, 
its image under the map f is a curve of degree d = 2m in the tetrahedral 
complex. It defines a ruled surface Sc in P? of degree 2d, the union of lines 
f(x), x € C. If we consider the graph Gy C P? x G1 (P?) of f, its projection 
to G1 (P3) is the universal family Zc. Its projection to P? is our ruled surface. 

Let II be a plane in P? not containing any of the points p;. The restriction of 
f to I is given by the complete linear system of conics. Thus, its image f (II) 
is a Veronese surface embedded in G4 (P?) as a congruence of secant lines of 





a rational normal curve Ry in P’. The curve Ry is the image of the map 











d1:9Q=P!-P? (10.67) 


which assigns to a quadric Q € Q the intersection of polars P,(Q),x € II. 
For any line £ in II, the ruled surface S$, is a quadric containing Ry. So, one 
can identify the net of quadrics containing Ry with the dual plane ITY. More 
generally, for any curve C in II of degree m, the ruled surface Sc is a surface 
of degree 2m containing Ry. Consider a point x € Il as the intersection point 
of two lines £; and 2 in II. Then the line f(x) is contained in the intersection 
of the two quadrics Sp, and Sz,. Hence it coincides with a secant of the curve 
Ry. Thus, we obtain that generators of Sc are secants of Ry. If m = 2, this 
gives that f(C) is the intersection of a Veronese surface with a linear line 
complex, a general choice of II gives us quartic surfaces of type I (i). 

Take a line £in II. The quadric Sp comes with a ruling on the quadrics whose 
generators are secants of Ry. The set of lines in II that parameterizes singular 
quadrics containing Ry is a conic in II”. The dual conic € in II parameterizes 
pencils of quadrics containing Ry and its line tangent. The corresponding ruled 
quartic surface is the developable quartic surface, a special case of type I (iii). 
The points on the line are pencils of quadrics containing Qz. If Z is tangent to 
€, then the tangency point is a pencil of quadrics which all tangent to R3(II) 
at one point. The point is the singular point of a unique singular quadric in the 
pencil. 

The lines f(x), x € £Z, are generators of the quadric S; which intersect Ry 
at two points. If £ is tangent to € then Sy is a singular quadric and all the lines 
f(x), x € £, pass through its singular point. The curve Ry also passes through 
this point. In this case, the line £ intersects a curve C of degree m in Il at m 
points different from €, all the generators of Sc corresponding to these points 
must pass through one point on fy. The converse is also true, if the generators 
f(x),x € C, all pass through the same point on Ry, then these points lie on 
a line tangent to €. Thus we obtain that Ry is m-multiple curve on Sc. This 
agrees with type 1(2) of quartic ruled surfaces. Also note that C intersects € at 
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2m points corresponding to generators tangent to Ry. If m = 2, we get four 
torsal generators. 

Now, let us see what happens if we choose special plane II. For example, let 
us take II passing through one of the points p1,..., p4, say pı. Then the map 
ou defined in (10.67) is not anymore of degree 3. In fact, it is not defined at 
the quadric Q which has p; as its singular point. The map extends to a map of 
degree 2. Thus the cubic Ry degenerates to a conic. The lines in II correspond 
to quadrics containing the conic fy and some line intersecting the conic. This 
is a degeneration of the singular curve to the union of a conic and a line. 

Finally, let us see how elliptic quartic surfaces arise. Take II passing through 
the points pı and pa. Take a nonsingular cubic C in the plane which passes 
through pı and pa. The linear system of quadrics defining the rational map f 
has two of its base points on ©. Thus its image in G, (P?) is a quartic elliptic 
curve. We see that a ruled surface of degree 6 which corresponds to a general 
cubic degenerates in this case to the union of a quartic surface and two planes 
(the images of the blow-ups of pı and p2). The cubic Ry degenerates to a line, 
one of the two double lines of S. A quadric corresponding to a line through 
pı or pa degenerates to a plane with a choice of a pencil of lines in it. This 
plane does not depend on the line, but the pencil of lines in the plane does. The 
line passing through pı and pa is blown down under f to a point in G4 (P?) 
defining the second double line of Sc. This is the intersection line of the planes 
corresponding to pı and po. 


Exercises 


10.1 Let P, C C[t] be the space of polynomials of degree < n. Let fo,..., fm bea 
basis of a subspace L of P,, of dimension m + 1. Consider the Wronskian of the set 


(fo... ++ fm) 
fo fi ee fim 
fot) fit) m 
W(fo,---, fm) = det ; 
f(t) AMO) fm) 

Show that the map 

Gin(P*) > pam), L [W fo.. fm) 
is well defined and is a finite map of degree equal to the degree of the Grassmannian in 


its Plücker embedding. 


10.2 Show that any ("{*) — 1 lines in G1 (P”),n > 3, lie in a linear line complex. 
Using this, prove that one can choose coordinates in P” so that any linear line complex 
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can be given by Plücker equations pı2 + Ap34 = 0, where A = 0 if and only if the line 
complex is special. 


10.3 Show that the tangent lines of any smooth curve of genus g and degree d in P” is 


contained in a linear line complex if 2(d + g — 1) < ‘ea 


10.4 Show that any k-plane A of Gm(P”) coincides with the locus of m-planes in P” 
containing a fixed (m — 1)-plane and contained in a fixed (m + k)-plane or with the 
locus of m-planes contained in a fixed (k + 1)-plane and containing a fixed (k — m)- 
plane. Identify these loci with appropriate Schubert varieties. 


10.5 Using the previous exercise, show that any automorphism of G',(P”) arises from 
a unique projective automorphism of P” unless n = 2r + 1, in which case PGL(n + 1) 
is isomorphic to a subgroup of index 2 of Aut(G,(P”)). 

10.6 How many lines intersect a set of m general k-planes in P”? 


10.7 Show that Sec, (Gi (P”)) is equal to the set of singular points of Sec, +41(Gi(P”)) 
for all k =0,..., [453]. 


10.8 Using ae vector bundles, prove that the projective plane embedded 
in Gı(P”) as the surface of secants of a normal rational curve of degree d in P? is 
isomorphic to the Veronese surface VŽ. 





10.9 Let Qıand Qz be two nonsingular quadrics in P? with a choice of a ruling of lines 
on each of them. Any general line £ intersects Qı U Qe at four lines, two from each 
ruling. Together with £, these lines span four planes in the pencil of planes through £. 
Show that the closure of the locus of lines £ such that the four planes is projectively 
equivalent to the four intersection points of £ with Qı and Q2 form a Battaglini line 
complex. Also show that any general Battaglini line complex can be obtained in this 
way [525]. 


10.10 Show that the linear system of quadrics in P4 passing through a normal rational 
quartic curve R4 defines a rational map ® : P* --» P? whose image is a nonsingular 
quadric in P? identified with the Klein quadric G(2, 4). Show that: 


(i) the secant variety Sı (R4) is mapped to a Veronese surface; 

(ii) the map ® extends to a regular map of the blow-up of P4 along R4 that maps the 
exceptional divisor to a ruled hypersurface of degree 6 which is singular along the 
Veronese surface; 

(iii) the image of a hyperplane in P? is a tetrahedral line complex; 

(iv) the image of a plane in P? not intersecting R4 is a Veronese surface; 

(v) the image of a trisecant plane of R4 is a plane in G(2, 4). Show that planes from 
another family of planes are the images of cubic ruled surfaces singular along R4. 


10.11 Show that four general lines in P? determine the unique fifth one such that the 
corresponding points in G1 (P*) C P® lie in the same three-dimensional subspace. Any 
plane which meets four lines meets the fifth line (called the associated line). 


10.12 Show that two linear line complexes €, and X, in Gi (P?) are apolar to each 
other if and only if iw (Xw) = Cw. 

10.13 Show that a general web of linear line complexes in G4 (P4) contains five special 
line complexes. 


10.14 Show that the projection of the Segre cubic primal from its nonsingular point is 
a double cover with branch locus isomorphic to a Kummer surface. 


10.15 Using the Schubert calculus, show that the variety of lines contained in a cubic 
hypersurface in P^ with isolated singularities is a surface of degree 45 in the Plücker 
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embedding of G1 (P4). Show that the variety of lines contained in the Segre cubic pri- 
mal S3 is a surface of degree 45 that consists of 15 planes and six del Pezzo surfaces of 
degree 5. 


10.16 Let N be a general 2-dimensional linear system of quadrics in P*. Show that the 
union of lines contained in quadrics Q € N is parameterized by a cubic line complex 
(called a Montesano line complex) [392]. 


10.17 Let pı,..., Pna+ı be points in P” in general linear position. A monoidal line 
complex consists of all codimension 2 linear subspaces II of P” for which there exists 
a monoidal hypersurface with singular locus containing to II. Using the isomorphism 
Gn-2(P”) S Gi(P”), we consider it as a line complex. Show that the degree of a 
monoidal line complex is equal to 33d(d — 1) and it coincides with a Montesano line 
complex when n = d = 3 [178]. 

10.18 Consider a smooth curve C of degree d and genus g in P? and choose two general 
lines £ and £’. Find the degree of the scroll of lines that intersect C, £ and 2’. 


10.19 Let F be a surface of degree 6 in P? which has the edges of the coordinate 
tetrahedron as its double lines. Find an equation of F' and show that its normalization 
is an Enriques surface. 


10.20 Show that the Hessian of a developable quartic ruled surface is equal to the sur- 
face itself taken with multiplicity 2. The Steinerian in this case is the whole space [590]. 


10.21 Consider the embedding of the Klein quartic curve of genus 3 in P? given by the 
linear system |30|, where @ is the unique even theta characteristic invariant with respect 
to the group of automorphisms of the curve. Show that each hyperosculating point is of 
multiplicity 2 and is equal to the image of an inflection point. 


10.22 Show that a generator intersecting the double curve of a ruled surface at a pinch 
point is a torsal generator. 


10.23 Classify all ruled surfaces in P? which have two line directrices. 
10.24 For each type of a quartic ruled surface, find the type of its dual quartic ruled 
surface. 


10.25 Find projective equivalence classes of quartic ruled surfaces with a triple line. 
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The main sources for these notes are [362], [369], [524], [432], and [611]. Line 
Geometry originates from J. Pliicker who was the first to consider lines in 3- 
space as elements of a new four-dimensional space. These ideas had appeared 
first in [445] and the details were published much later in [446]. The study of 
lines in P? was very much motivated by mechanics and optics. An early dif- 
ferential geometrical treatment of line geometry can be found in the works of 
E. Kummer [349] and [350]. The six Pliicker coordinates p;; of a line were 
first introduced by H. Grassmann in 1844 [260] in a rather obscure notation. 
Unaware of the work of Grassmann, in 1859 A. Cayley introduced the coordi- 
nates in its modern form as six determinants of a 2 x 4-matrix and exhibited 
the quadric equation satisfied by the coordinates [80]. In a subsequent paper, 


654 Geometry of Lines 


under the same title, he introduced, what is now called the Chow form of a 
space curve. The notions of a linear line complex of lines and a congruence 
of lines (the intersection of two linear line complexes) are due to Plücker, and 
the first proofs of some of his results were given by G. Battaglini [30]. Among 
other earlier contributers to theory of general line complexes we cite M. Pash 
[433]. 

Plücker began the study of quadratic line complexes by introducing a sin- 
gular quartic surface with 16 nodes. Although, in a special case, many Plicker’s 
results about quadratic line complexes were independently obtained by Battaglini. 
In his dissertation, and later published paper [336], Klein introduced the coor- 
dinate system determined by six mutually apolar linear line complexes and 
showed that the singular surface can be identified with a Kummer surface. The 
notion of the singular surface of a quadratic complex is due to Klein. We refer 
to [306] and [319] for the history of Kummer surfaces and their relationship 
with Line Geometry. We followed [319] in deriving the equation of a Kummer 
surface in Klein coordinates. 

Pliicker defined a linear complex as we understand it now, i.e. as a set of 
lines whose coordinates satisfy a linear equation. The set of lines in a linear 
complex passing through a point x lies in a plane II(x); this defines a linear 
correlation from the space to the dual space. The correlations arising in this 
way satisfy the property x € II(a). They were first considered by G. Giorgini 
[246] and A. Mobius [391] and were called Nullsystems by von Staudt ([540], 
p. 191). The notions of a null-line and a null-plane belong to Mobius. Chasles’ 
Theorem 10.2.10 gives a purely geometric definition of a Nullsystem [93]. 
Linear systems of linear line complexes were extensively studied in Sturm’s 
book [552]. 

In 1868, in his Inauguraldissertation at Bonn published later in [336], [339], 
F. Klein pointed out that Weierstrass’s theory of canonical forms for a pair of 
quadratic forms can be successfully used for the classification of quadratic line 
complexes. This was accomplished later by A. Weiler (see also [593], [519]). 
The classification consists of 49 different types of line complexes correspond- 
ing to different Segre symbols of the pencil of quadrics. As we have already 
noticed earlier, the Segre symbol was first introduced by A. Weiler [598] and 
Segre acknowledges this himself in [519]. In each case the singular surface 
is described. For example, some of the ruled quartic surfaces can be obtained 
as singular surfaces of a degenerate quadratic complex. A full account of the 
classification and the table can be found in Jessop’s book [319]. Many special 
quadratic line complexes were introduced earlier by purely geometric means. 
Among them are the tetrahedral line complexes and Battaglini’s harmonic line 
complexes [31] considered in the present Chapter. A complete historical ac- 
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count of tetrahedral line complexes can be found in Lie’s book [362]. Its 
general theory is attributed to T. Reye [461] and even they are often called 
Reye line complexes. However, in different disguises, tetrahedral line com- 
plexes appear in much earlier works, for example, as the locus of normals to 
two confocal surfaces of degree 2 [42] (see a modern exposition in [527], p. 
376), or as the locus of lines spanned by an argument and the value of a pro- 
jective transformation [94], or as the locus of secants of twisted cubics passing 
through the vertices of a tetrahedron [402]. We refer to [482] and [285] for the 
role of tetrahedral line complexes in Lie’s theory of differential equations and 
groups of transformations. 

Modern multi-linear algebra originates in Grassmann’s work [259], [260]. 
We refer to [51] for the history of multilinear algebra. The editorial notes 
for the English translation of [260] are very helpful for understanding Grass- 
mann’s work. As a part of Grassmann’s theory, a linear k-dimensional subspace 
of a linear space of dimension n corresponds to a decomposable k-vector. Its 
coordinates can be taken as the coordinates of the linear subspace and of the 
associated projective subspace of P”~!. In this way Grassmann was the first 
to give a higher-dimensional generalization of the Cayley-Plücker coordinates 
of lines in P?. Equations (10.3) of Grassmann varieties could not be found in 
his book. The fact that any relation between the Pliicker coordinates follows 
from these relations was first proven by G. Antonelli [9] and much later by 
W. Young [605]. In [504] and [505] H. Schubert defines what we now call 
Schubert varieties, and computes their dimensions and degrees in the Pliicker 
embedding. In particular, he finds the formula for the degree of a Grassmann 
variety. A modern account of Schubert’s theory can be found in Hodge-Pedoe’s 
book [302], v. II and Fulton’s book [231]. 

The study of linear line complexes in arbitrary [n] (the classical notation [n] 
for P” was introduced by Schubert in [504]) was initiated in the work of S. 
Kantor [328], F. Palatini [424] and G. Castelnuovo [68] (in case n = 4). The 
Palatini scroll was first studied in [425] and appears often in modern litera- 
ture on vector bundles (see, for example, [419]). Quadratic line complexes in 
PP? were extensively studied by B. Segre [514]. Although ruled surfaces were 
studied earlier (more from differential point of view), A. Cayley was the fist 
who laid the foundations of the algebraic theory of ruled surfaces [75], [82], 
[83]. The term scroll belongs to Cayley. The study of non-normal surfaces 
in P3 and, in particular, ruled surfaces, began with G. Salmon [488], [489]. 
Salmon’s work was extended by A. Cayley [87]. The formulas of Cayley and 
Salmon were revised in a long memoir of H. Zeuthen [609] and later in his 
book [610]. A modern treatment was given by R. Piene [438]. The fact that the 
class of a ruled surface is equal to its degree is due to Cayley. The degree of a 
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ruled surface defined by three directrices from Example 10.4.11 was first deter- 
mined by G. Salmon [487]. Cubic ruled surfaces were classified by A. Cayley 
in [83], Part II, and, independently, by L. Cremona [139]. The classification of 
quartic ruled surfaces were started by A. Cayley [83], Parts II and III. How- 
ever, he had missed two types. A complete classification was given later by 
L. Cremona [145]. An earlier attempt for this classification was made by M. 
Chasles [94]. The classification based on the theory of tetrahedral line com- 
plexes was given by B. Wong [604]. Ruled surfaces of degree 5 were classified 
by H. Schwarz [507]. Much later this classification was extended to surfaces of 
degree 6 by W. Edge [200]. Edge’s book and Sturm’s book [551], vol. 1, give a 
detailed exposition of the theory of ruled surfaces. The third volume of Sturm’s 
book contains an extensive account of the theory of quadratic line complexes. 
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